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SYNOPSIS 


In the Asynchronous Transfer Mode (ATM) networks, incorporation of service 
priority is desirable for certain real time process control, alarm and network 
control applications It has been found that the incorporation of service 
priority also improves the loss performance of the ATM nodal buffer and redu- 
ces the output port contention in an ATM switch with input buffers [1], [2] 
In the ATM context, the analysis of a queueing system with muliple service 
priorities has been reported only for simple input models in the literature, 
eg for Poisson and Bernoulli models For example, in [1], Gravey et al 
assume two priority classes for the traffic arriving at an ATM switch and use 
a non-preemptive M/D/1 priority model f or obtaining the queueing delays f or 
these classes However these models may not be completely satisfactory for the 
bursty sources encountered in ATM networks and more complex models, such as 
Markov Modulated Poisson Process (MMPP) models, may be more desirable Assum- 
ing the MMPP model and a FCFS discipline, several aspects of Call Admission 
Control (CAC) and nodal buffer design in ATM networks have already been consi- 
dered in the literature [3] These approaches do not, however, account for 
multipnority traffic as results on the queueing model for such traffic are 
not available f or MMPP sources The contribution made by this thesis is in 
presenting such a queueing model Specif ically, we present in this thesis the 
queueing analysis of a multipriority, non-preemptive MMPP/D/l/K system with 
either infinite or finite buffers for the individual priorities, where the 
input processes may be MMPP in nature This analysis is carried out using the 
matrix £Lnal 3 rtic approach Computational results are presented and the approach 
IS verif led by comparing these numerical results with those obtained through 
simulations 
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We study a dual priority system first, under the following assumptions - 

1 The delay sensitive cells and the non-delay sensitive cells arriving at an 
ATM multiplexer are buffered at two separate queues Q1 and Q2 The arrivals 
to Q1 and Q2 are from two independent M {^2), N (^2) phase MMPPs 

2 A single server is shared between the two queues The cells at Q2 have 
non-preemptive priority over those at Q1 for receiving service The prior- 
ity is incorporated at call level The server is asynchronous, le a cell 
arriving when the queue is empty receives service immediately 

3 Cells from each priority class require a constant service time of D sec 

We use the words "cell" and "customer" interchangeably as the basic unit 
of information transferred in an ATM network is a cell 

Using these assumptions the computation of the queue length density (QLD) 
at Q1 and Q2 at the departure epochs of customers from the respective queues 
(viz the probability that the no of of customers in Qi is equal to 0, 1, 
at a departure instant from Qi for i=l, 2) is considered first For the appli- 
cation of the matrix geometric approach for the present problem, some genera- 
lizations of the approach used for the single priority system in [4], [5] are 
proposed and are as follows 

1 The inter-departure time of customers from the low priority queue depends 
on the phase of the arrival process to the higher priority queues and hence 
it should be treated as a vector random variable 

2 In the priority system, the time when the first customer arrives at an 
empty queue and the time when the busy period of the server starts need not 
be identical In view of this, the busy period of Qi (for i=l, 2) is defi- 
ned to be the time that elapses since the beginning of the service for the 
first customer arriving at Qi and the time when Qi becomes empty again 

The analysis approach can be summarized as follows We choose two Semi-Markov 
chains (SMC), one each corresponding to each priority class with the embedded 
points as the departure instants of customers from the respective queue The 
transition probability matrices of these SMCs are denoted as QTt) and Q"(t) 
respectively The stationary vectors of QToo) and Q"(oo) give the required 
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QLDs at Q1 and 02 In view of the non-preemptive priority, the matrices Q'(a>) 
and Q”(co) are coupled and hence the invariant vectors have to be obtained 
Iteratively 

Q’(t) and Q”(t) are expressed in terms of two sets of MNxMN matrix mass 

functions [A'(t), B’(t)] and [A”(t), B"(tJ] respectively Evaluation of 

m m *'m m** 

these matrix mass functions are considered next and it requires the knowledge 
of the busy period distribution of Q2, the counting functions associated with 
the MMPPs to Q1 and Q2 (these functions quantify the probability of there 
being n arrivals in an interval of time along with the phase transition of the 
underlying modulating process), the probability that Ql, Q2 is empty at an 
arbitrary time instant and the QLD of Q2 

In order to compute the above matrix functions, evaluation of some of the 
characteristics of the busy periods of Ql and Q2 are considered Exploiting 
the fact that the service time/cell, is constant a recursive procedure for the 
computation of the busy period distribution is developed Evaluation of the 
counting functions associated with the MMPPs requires numerical integration of 
some differential-difference equations for a general service time distribution 
[4] Exploiting the fact of constant service time/cell an alternate, computa- 
tionally efficient recursive procedure is proposed for computing these funct- 
ions using infinite series expansion The convergence problem associated with 
this series at high traffic rates are overcome by computing them in two sta- 
ges Expressions for the average number of customers served and the average 
duration of the busy period at Ql and Q2 are also obtained 

Numerical computation of the QLDs are considered next Towards this end the 
following issues are considered in detail first 

1 Computation of the probability of finding zero, one cell at the departure 
instant of cells from Qi (for i=l, 2) using first passage time arguements 

2 Computation of the probability of Qi being empty at an arbitrary time t 

3 Evaluation of the moments of the queue lengths at Ql and Q2 

4 Details and the relative advantages of the computation of the QLDs of Ql 
and Q2 using (i) Gaussian elimination method (ii) Block Toeplitz inversion 
method (in) Recursive procedure 

At high traffic loads at Ql, the computational and storage complexity required 
for the evaluation of the QLDs becomes prohibitively high Under this condit- 
ion the practical buffer sizes used for Ql may not be large enough to be 
treated to be infinite Hence the computation of the QLDs of Ql and Q2 when Ql 
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IS f mite sized is considered next As an alternative, computation of the QLD 
of 02 and the moments of the queue length at Q1 without evaluating the QLD of 
Q1 IS also considered 

It may be noted that the computational and storage complexity required for 

the evaluation of the QLD of Q1 and Q2 under the priority system is increased 
2 2 

by a factor of 0(N ) and 0(M ) over that of the corresponding single priority 
system This is because in the priority system the phases of the MMPPs to both 
Q1 and Q2 need to be tracked at all departure instants An approximate model 
which is computationally and storage wise efficient is proposed next This 
model keeps track of the phase of only one of the MMPPs at a time Using this 
model, evaluation of the QLDs of Q1 and Q2 when the inputs to both Q1 and Q2 
are approximated by Poisson processes, is also considered Finally, some 
details on the evaluation of the busy period distribution and the QLDs using 
simulation is considered 

Results on the computation of the QLDs of Q1 and Q2 using the exact model 
(model I) and approximate model (model II) are presented next for a number of 
examples and compared with those obtained using simulation For numerical 
computations. We assume the traffic to Q1 and Q2 to originate from N1 Type i 
on/off sources and N2 Type j on/off sources, respectively (i=j implies 
identical type of on/off sources to Q1 and Q2) . An output link of 150 Mbps 
and a cell size of 53 bytes are also assumed The traffic to Q1 and Q2 are 
approximated by two 2 phase MMPPs using the method proposed m [6] Knowing 
the MMPP model parameters, QT®) and Q”(a) are then found and the QLDs are 
obtained iteratively Due to resource constraints, the evaluation of the QLD 
is considered only for cases where the traffic offered to Q2 is less than or 
equal to 0 35 For cases where the high priority load is greater than 0 35 a 
finite capacity non-preemptive MMPP/D/l/K priority system is suggested for the 
evaluation When the total traffic offered to the server is close to the 
capacity of the server the computational and storage requirements become high 
and hence in these cases Q1 buffer size is assumed to be finite Based on the 
examples considered the following conclusions are drawn 

1 The QLDs of Q1 and Q2 obtained using the exact model agrees well with those 
obtained using simulation in all the examples considered 

2 It appears that model II should not be used if either of the two 
conditions, (a) or (b), are true - in these cases, the model I is recommen- 
ded for computations Otherwise, model II may be preferred due to its 
simplicity 
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(a) if ^ 2/^2 significantly larger than 1, where X” denotes the arrival 
rate of the MMPP to Q2 in the ith phase and are labelled such that ^^^2 

(b) there is a particular phase pair of the two MMPPs which tends to 
overload the server and this phase pair is fairly likely to arise 

3 The QLDs of Q1 computed using model II agrees with those of model I at low 
queue lengths even when the conditions (a) and (b) are true Because of 
this the probability of Qi being empty at an arbitrary time instant compu- 
ted using model I and II turns out to be essentially the same 

4 The QLD of Q2 computed using all the three methods agree under all 
conditions 

Finally, the results on the computation of the QLDs of Ql and Q2 obtained by 
assuming the traffic to be modelled as Poisson process, are presented for some 
typical examples In this case, the QLD of Ql agrees with that obtained using 
model II The QLD of Q2 differs from those of model I and II at higher queue 
lengths 

Next, the expressions for the distribution of the virtual waiting time of a 
customer arriving at Q2 and its Laplace Steiltjes Transform are obtained 
Using these results, the average queueing delay at Q2 as well as that m Ql 
are obtained Extension of these results for the approximate model as well as 
the degenerate case of non-preemptive M/D/1 priority system are considered 
For the examples considered earlier for the evaluation of the QLDs, the aver- 
age queueing delays at Ql and Q2 are computed using the exact as well as 
approximate models and are found to be in agreement with the results obtained 
using simulation For the M/D/1 system, the average queueing delays are compu- 
ted and are found to be in agreement with the results obtained using an alter- 
nate approach given in [1] The expression for the LST of the virtual waiting 
time distribution also enables the computation of the percentile of the queue- 
ing delays at Q2 f 

Next, the computation of the QLDs of a non-preemptive MMPP/D/1 dual prior 
ity system with finite capacity at Q2 is considered The busy period distribu- 
tion (BPD) of the finite capacity system differs from the infinite capacity 
case as follows 

1 Customers arriving when the buffer is full are denied service 

2 The maximum number of customers that can be admitted into the system during 
the service time of a customer depends on the empty space in Q2 Because 
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of this the distribution of the first passage times are not identical and 
depends on the state of Q2 

As in the infinite case, a recursive procedure T or the computation of the BPD 
of Q2 is developed, using the fact that the ser^vice time/customer is constant 
Computation of the BPD for the finite capacit 3 f case requires considerable 
computational effort compared to that of the infinite capacity case This is 
because, in the present case to compute the BPD of Q2 of capacity the BPD 
of capacity of 1, 2, . jV-1 should be computed lirst An indirect method for 

the efficient computation of the BPD of finite capacity Q2 is proposed Modi- 
fications of the equations of the inPinite capacity system for the present 
case are discussed 

The busy period distribution at Q2 is computed for some examples using both 
the direct and indirect methods The latter method is found to require 50% 
less computation time The BPD numerically computed is also compared with the 
simulation results and is found to match well For some typical examples of 
traffic from on/off sources, the QLDs at <31 cLud Q2 are evaluated using the 
exact model as well as the approximate model and compared with those obtained 
using simulation The conclusions drawn for the infinite capacity is found to 
be valid for this case as well. Computation ol the average queueing delays 
is also considered f or the f mite capacity case 

Finally, the computation of the QLDs and the queueing delays of a non- 
preemptive MMPP/D/1 priority system with iriore than two priority classes are 
considered The traffic from each priority class is assumed to arrive at 
separate queues and demand the same service time of D sec /customer The 
computation of the QLD of a triple priority system is considered first and the 
extension of this result for higher number of priority classes are indicated 
The computation of the average queueing delay also proceeds m a similar 
f ashion 

The major contributions of this thesis are summarized as follows 

1 Generalization of the matrix analytic approach for the study of a non- 
preemptive MMPP/D/l/K priority system with cither finite or infinite buffer 
space under the assumption that the traffic from each priority class 
arrives at separate queues 

2 Evaluation of the queue length densities, moments of queue lengths and 
queueing delays at the queues corresponcimg to each priority class as well 
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as the percentile of the queueing delay at the high priority queue 

3 Development of efficient recursive procedures for the computation of the 
busy period distribution of the server in each of the queues when the 
buffer size is either infinite or finite 

4 Development of an efficient procedure for the computation of the counting 
functions associated with the MMPPs 

5 Suggestion of two computationally and storage wise efficient approximate 
models f or the priority system and investigation of the range over which 
they are accurate 
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CHAPTER 1 
INTRODUCTION 


1.1, INTRODUCTION 

Broadband Integrated Services Digital Networks (B-ISDN) are envisaged to be 
the architecture of global networking for the future, integrating diverse 
services such as voice, video and data The Public Switched Telephone Networks 
(PSTN), the Data networks and Narrow band ISDN (N-ISDN) that are in operation 
today, are not completely satisfactory for multimedia applications and the 

B-ISDN is the step towards overcoming their limitations We give a brief 

account of the evolution of these networks first Parallel to the evolution 

of the B-ISDN, the teletraffic theory used to address some of the issues 
associated with the design and operation of these networks has also undergone 
a similar evolution We present a brief look at this next In this thesis the 
teletraffic method is used to study a problem which has potential application 
in B-ISDN A brief statement of this problem as well as the organisation of 
the thesis is presented finally 

1 2 THE PRESENT PSTN AND DATA NETWORKS 

The Public Switched Telephone network (PSTN) has the largest connectivity 
over the globe and is more than a century old Over these years, it has evol- 
ved from the electromechanical systems to the present circuit switched digital 
stored program control exchanges The initial design goal of PSTN was to 

provide switched voice communication among its users Upon recognition of the 
advantages achieved through the use of digital representation of speech f or 
transport and switching of these signals in digital form, the trunk network of 


PSTN has evolved into digital transport and switching technology Parallel to 
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the evolution of the trunk network of PSTN, the user equipments have also been 
increasingly digitized with the development of more powerful microprocessors 
and signal processing techniques With the proliferation of digital technol- 
ogy, the preferred means of communicating user information, including speech, 
has become digital The Integrated services Digital Networks (ISDN), the 
entirely digital version of the PSTN including the subscriber loop, holds 
great potential for communicating user information in digital form 

Compared to the PSTN, the data networks are of recent origin For the 
transfer of computer data between any two remote users, use of the PSTN on the 
one hand and the development of dedicated public data networks on the other 
hand were chosen The data networks entered for the first time in 1960's under 
the guise of time shared computer system The computer vendors in order to 
increase the market for their costly computing system and at the same time 
offer the advantages of "economy of scales", set up data networks to access 
the centrally placed big computers over terminals dispersed over a wide geogr- 
apical area 

The 1970*s brought a tremendous change in the computer networking philoso- 
phy (see for example Schwartz [1]) Thanks to the development and advancement 
of VLSI technology, faster, less expensive processors (CPUs), faster less 
expensive primary memory and faster, larger, less expensive bulk storage 
became a distict reality The personal computers and work stations became more 
powerful as well as cost effective and gave the required impetus for the 
design and implementation of the Local Area Networks (LANs) Interconnection 
of LANs over a wide area and transport of the data efficiently at high speeds 
is now increasingly implemented using frame relay and Switched Multimegabit 


Data Service (SMDS) [2] 
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1 3 NARROWBAND AND BROADBAND ISDN 

The increasing demand for data services and the potential advantages in 
integrating the switching and multiplexing of voice and data over the PSTN 
paved the way for the development of ISDN The computer data may be transpor- 
ted either using the LANs or the ISDN The latest high speed LANs offer 
higher user throughputs by two orders of magnitude over the ISDN Hence, the 
promise of ISDN is not in providing the highest possible speed or setting up a 
performance record in some other way Instead, the universal connectivity with 
sophisticated signalling and control that ISDN offers, makes it the well 
defined and natural evolutionary path of PSTN [3] 

In the 1980* s, ISDN became operational in some parts of the globe The 
essential functional elements of public ISDN [4] are shown in Fig 1 1 These 
are 

1 ISDN local exchanges with digital subscriber lines 

2 Common channel signalling capabilities (CCITT signalling system No 7) for 
transferring signalling information between exchanges 

3 Physical connections with circuit switching 

4 Virtual connections with packet switching 

5 Specialized equipment for additional functions 

Two interfaces are defined for ISDNs the Basic Rate interface (BRI) and 

Primary Rate interface (PRI) The BRI has 2 B channels of rate 64kbps and 1 D 

channel of rate 16 kbps The PRI has either 23 or 30 B channels and a 64 kbps 

D channel The BRI and PRI ISDN offerings are often collectively referred to 
as narrowband ISDN (N-ISDN) to distingush them from B-ISDN The data rates 
associated with N-ISDN are inadequate for many applications of interest [5] 

On the one hand, the BRI providing 64kbps is not a large improvement over the 
modem rates of 9 6 and 19 2 kbps widely available For data transmission the 
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Fig 2 2 Basic functional elements of a public ISDN 
IPE- customer premises equipment DSA- Digital subscriber access 


.E- Local Exchange 


SPC- Stored Programme Control 
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BRI rates are inadequate and much Jess than the 10Mbps and more available from 
LANs The PRI rates on the other hand are no superior than the point to point 
T1 offerings in use today For applications such as interconnection of LANs, 
video, and image, these interfaces are found to be inadequate and this led to 
the need for the design and development of Broadband ISDN (B-ISDN) capable of 
providing flexible customer bandwidths upto hundreds of Mbps 

It is now acknwledged that the technology of choice for B-ISDN multiplexing 
and switching is cell relay or more commonly referred to as the Asynchronous 
Transfer mode (ATM) Initially, the cell based packet switching, later called 
ATM, was driven by the research and development of high speed switch fabrics 
To support the packet switching function at very high speed, hardware soluti- 
ons were mandatory The f ixed size data units were easier to handle than the 
variable size packets In addition to this, ATM is a universal, service inde- 
pendent switching and multiplexing technique that can utilize any of the 
underlying digital transmission technologies and transmission speeds 

The B-ISDN is expected to cater to a variety of application such as conver- 
sational services, retrieval services, messaging services and distribution 
services The Quality of service (QOS) requirements of some of these applica- 
tions (see for example [6]) are quite different as shown in Fig 1 2 The 
physical layer for the B-ISDN is the Synchronous Optical Fibhe Network 
(SONET) SONET has laid out a hierarchy of transmission speeds from 51 8 Mbps 
upto 13 27 Gbps and above These very large communication bandwidths have 
caused a wealth of research and experimentation to take place in fast packet 


switching 
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1.4 TELETRAFFIC ENGINEERING 

We have so far considered the evolution of the communication networks in 
brief It IS clear that the twin objectives of providing cost effective 
service and offering the most satisfactory performance to attract more and 
more customers are very much in the objectives of communication networks In a 
communication network, a major decision regarding how much of resources should 
be made available to ensure a particular level of customer satisfaction and 

cost effectiveness has to be taken after considering several complex and at 
times conflicting factors For example, in a PSTN, for a call to get accepted, 
switching elements, digit receivers, interstage switching links, call proces- 
sors and trunks between the exchanges should all be free The load or the 

traffic pattern varies over the day with heavy traffic at certain times and 

light load at some other time The traffic engineering also called as the 
teletraffic theory provides the basis for the analysis required for arriving 
at these decisions and design the network It enables one to determine the 

ability of a telecommunication network to carry a given traffic at a particu- 
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lar call loss probability It provides the means to determine the quantum of 
equipment required to provide a particular Quality of Service (QOS) for a 
given traffic pattern 
and volume 

Several books have been written on traffic engineering (see for example 
Syski [7], Bear [8]) In traffic engineering, the statistical description of 

the traffics arriving at the system and the holding time of the system by the 
individual customers are modelled and the performance of the system is analy- 
zed using methods like queueing analysis With currently available powerful 
computers, it has become possible to use more complex and realistic models to 
evaluate the system performance and switching architectures With the advance- 
ment in the VLSI technology, signal processing chips capable of achieving 
bandwidth reduction of 20 1 have become a reality With these chips, the 
subband codings have been used to “squeeze in" the maximum information out of 
the available bandwidth This makes the input stream to the system to be often 
too complex that they are not always amenable for being modelled using simple 
input processes This again warrants more complex models for the analysis 

The computational powers have increased so much that the queueing analysis 
is not restricted to the study of the performance of the networks off-line but 
is also used for on-line evaluation For example, for admitting a new call in 
an ATM network, methods based on queueing analysis is also proposed as a means 
for verifying whether the new call can be accepted without degrading the 
overall quality of service of the ongoing calls This requires the develop- 
ment of simple as well as accurate models to capture the characteristics of 
the complex arrival streams The Poisson models which are mathematically 
tractable and at the same time reasonably accurate for the analog telephone 
networks are not completely satisfactory for modelling the bursty traffic 
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arriving at the ATM networks More complex arrival processes like Markov 
Modulated Poisson Process are considered for the study of these networks 

The availablity of the best computing facility has also altered the 
directions of some of the researches in teletraffic engineering In 1970’s, 
alternative techniques for solving the teletraffic problems were proposed and 
are referred to as Matrix Geometric - Matrix analytic methods (see for example 
Neuts [9]) These techniques obtain the solution of some of the complex prob- 
lems in a form that is best suited for numerical implementation 

1.5 STATEMENT OF THE PROBLEM 

In view of the need for the study of queues with more complex arrival 
streams and the desirable features of the matrix analytic approach, the study 
of a non-preemptive priority system in which the arrivals are modelled as 
Markov Modulated Poisson Process using the matrix analytic method has been 
considered in this thesis Under a set of assumptions, the evaluation of the 
distribution of queue lengths, moments of queue lengths, the average queueing 
delays for the customers of different priority classes, the percentile of 
queueing delays of the highest priority queue is considered for the cases 
where capacity of the queues are either infinite or finite The results obtai- 
ned in this thesis have potential application in Asynchronous Transfer Mode 
(ATM) networks 

1 6 ORGANIZATION OF THE THESIS 

The organization of the rest of the thesis is as follows 

In chapter 2, a review of the previous work and the motivation for under- 
taking the work carried out here are presented In section 2 2, in order to 
motivate the need for the study of a priority system with more complex arrival 
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streams an introduction to ATM networks and the role played by the queueing 
analysis in the design operation and maintenance of these networks is highlig- 
hted The need for the incorporation of service priority in the queueing 
model IS examined In section 2 3, a review of the source models used for the 
queueing analysis of modern communication networks is given In section 2 4, a 
review of the previous work carried out in the study of queueing systems with 
priority is given In section 2 5. an overview of the method adopted in this 
thesis for the study of a non-preemptive MMPP/D/1 priority system with dual 
priority classes and infinite or finite waiting space is presented 

Chapter 3 considers the choice of appropriate embedded points f or the 
evaluation of the queuelength densities at the low and high priority queues 
A study of some of the characteristics of the transition probability matrices 
pertaining to these queues is presented In section 3 1, the assumptions used 
for the prioritized queueing system are given A simplified notation for the 
specification of the semi Markov chains pertaining to the low and high prior- 
ity queues (denoted as Q1 and Q2) is presented in section 3 2 Section 3 3 
describes the structure of the state transition probability matrices and gives 
the def ining equations f or obtaining the elements of these matrices In sect- 
ion 3 4 and 3 5 equations f or determining the elements of the state transition 
probability matrices pertaining to Q2 and Q1 respectively are obtained Sect- 
ion 3 6 considers the evaluation of the transform of these elements 

In chapter 4, some characteristics of the busy periods of Q1 and Q2 are 
studied In section 4 2, the so-called G*( ) and G"( ) matrices whose role is 
analogous to that of busy period distribution in an M/G/1 queue is introduced 
and some of their properties are considered In section 4 3, a recursive 
procedure for the evaluation of the busy period distribution of Q1 and Q2 are 
presented In section 4 4, application of this recursive procedure for the 
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computation of the matrices P*( ) and P"( ) whose elements denote the probabi- 
lity of arrivals of customers at Q1 and 02 from the MMPPs and their phase 
transitions are considered In section 4 5, computation of the average length 
of the Busy period(BP) and the average number of customers served in a BP of 
Q1 and Q2 are considered Section 4 6 considers the evaluation of the average 
lengths of busy cycles of Q1 and Q2 

In chapter 5, some details on the evaluation of the queue length density 
(QLD) of Q1 and Q2 and the numerical results are given Section 5 2 consid- 
ers the computation of and which denote respectively (the joint proba- 

bility of Q1 being empty and MMPP to Q1 being in a particular phase at a Q1 
departure instant) and (the joint probability of Q2 being empty and MMPP to Q2 
being in a particular phase at a Q2 departure instant) Section 5 3 considers 
the computation of x* and x" which denote respectively (the joint probability 
of Q1 having one customer in the system and MMPP to Q1 being in a particular 
phase at a Q1 departure instant) and (the joint probability of 02 having one 
customer in the system and MMPP to Q2 being in a particular phase at a Q2 
departure instant) Section 5 4 considers the computation of the probability 
of Ql, Q2 being empty at an arbitrary time instant In section 5 5 the evalu- 
ation of the moments of the QLDs are considered Some details on the evalua- 
tion of the QLDs using (i) Gaussian elimination (ii) Toeplitz matrix inversion 
(ill) recursive procedur^e, are considered in section 5 6 It also considers 
some simple extensions for computing (i) QLDs of Ql and Q2 when Ql has a 
finite size (ii) QLD of Q2 alone without evaluating the QLD of Ql In section 
5 7 approximate models f or the computation of QLDs of Ql and Q2 are conside- 
red In section 5 8 the numerical approximations made for the computation are 
discussed In section 5 9, some details of the simulation routine f or the 
validation of the computational results are presented In section 5 10 the 
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results obtained through computation and simulation are presented 

In chapter 6, the evaluation of the LST of the virtual waiting time at Q2, 
the average delays and average queue lengths at Q1 and Q2 are considered In 
section 6 2, expression for the cumulative density function of the virtual 

waiting time at Q2 is obtained In section 6 3, evaluation of the LST of the 

expression obtained m section 6 2 is considered In section 6 4, extension of 
the results of section 6 2 and section 6 3 for the approximate model proposed 
in section in 5 7 is discussed In section 6 5, some details on the computat- 
ion of the average queueing delays and the approximations made are discussed 
Computation of the average queue lengths at Q1 and Q2 are also considered 
Section 6 6 discusses the extension of these results for the M/D/1 non- 

preemptive priority system In section 6 7 the results obtained through the 
computation is compared with the simulation results 

In chapter 7, the study of the non-preemptive priority system in which the 
high priority queue has a finite size is considered In section 7 2, the 
embedded semi-Markov sequence and the state transition matrices pertaining to 
the low priority (Ql) and high priority (Q2) queues for the case where Q2 has 
a finite capacity is considered Section 7 3 discusses some of the properties 
of the busy period A recursive procedure for the computation of the busy 
period distribution of the finite capacity Q2 as well as a technique for 

minimizing the time for computing the busy period distribution is discussed 
Computation of the average number of customers served during the busy period 
of Q2 IS also considered In section 7 4, the computation of the QLDs at Ql 
and Q2 are considered As in chapter 5, an approximate model is proposed for 
the finite capacity system The numerical results obtained through the comput- 
ation are compared with those obtained using simulation 

Chapter 8, studies a non-preemptive MMPP/D/1 priority system with more than 
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two priority classes In section 8 2, evaluation of the queue length density 
for the case where there are three priority classes and three dedicated buff- 
ers IS considered Extension of these results for the case where the number of 
priority classes are more than three is discussed In section 8 3 the evalua- 
tion of the queueing delay as well as the average queue length for the case of 
three priority classes is considered first The extension for four or more 
priority classes is indicated 

Chapter 9 summarizes the results obtained and the conclusions drawn 
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CHAPTER 2 

REVIEW OF THE PREVIOUS WORK AND AN OVERVIEW OF THE PROBLEM 

2.1 INTRODUCTION 

Integration of various diverse services like voice, video and data on a 
single network can be achieved in a Broadband Integrated Services Digital 
Network (B-ISDN) In recent times, this type of integration [1] has been felt 
desirable in view of the wider connectivity and economies of scale that can be 
achieved with this approach A major difficulty in such an integration is that 
the system should take into account the fact that these services will genera- 
lly have widely different quality of service (QOS) requirements For example, 
traffic such as those generated from voice and some video applications can 
tolerate some loss of packets but are delay sensitive Data traffic generated 
by computers is loss sensitive but can usually tolerate large, random delays 
Some sub-band coded video services are both loss and delay sensitive In order 
to integrate these services and at the same time meet their conflicting QOS 
requirements, incorporation of some kind of priority in the underlying commun- 
ication network may become necessary 

Various schemes have been proposed in the literature to integrate servi- 
ces such as voice and data, with different QOS requirements, on the same 
network This problem has been typically considered for multiple access netwo- 
rks such as Local Area Networks (LANs) and Radio Networks [2-7] Most of these 
techniques use some method for suitably incorporating priority to achieve the 
different QOS requirements for voice and data services However, the design 
issues involved in incorporating priorities in a multiple access network and 
in B-ISDN are quite different In multiple access networks, the design problem 
becomes one of designing suitable protocols to discriminate between the diffe- 
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rent services in awarding permission to access the shared communication med' 
lum, this IS generally done depending upon their delay sensitivity requireme- 
nts In B-ISDN, the problem becomes one of designing suitable queueing discip- 
lines for the different services and studying the extent to which the QOS of 
the various services are satisfied by these queueing disciplines 

In our present work, we are interested in the study of a prioritized 
queueing system which has a potential for use in ATM networks In order to 
motivate the study of the non-preemptive MMPP/D/1 queueing model presented in 
our present work and to appreciate its relevance in the ATM context, we give 
next a brief review of some of the principles, characteristics and issues that 
arise in ATM 

2 2, INTRODUCTION TO ATM NETWORKS 

2.2.L PRINCIPLES OF ATM 

Asynchronous Transfer Mode (ATM) networks are high speed networks designed 
to integrate a wide variety of different communication services (eg services 
like voice video and data) using small fixed size packets (53 b 3 rtes) and 

a statistical Time Division Multiplexing technique [8-10], these small fixed 
size packets are ref erred to as cells in ATM The statistical nature of ATM 

and the absence of fixed reservations sets it apart from the older Synchronous 
TDM (STM) approach In the STM scheme, when a call is set up between two 
parties, the information from userl to userZ (and vice versa) always appears 
in a f ixed TDM slot with respect to the sync bit during the entire holding 

time of the call This has been shown in Fig 2 1 In this figure F denotes the 

slot used for indicating the beginning of the frame With respect to this slot 
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Fig 2 1 Synchronous Time division multiplexing 
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Fig 2 2 Statisticsil Time division multiplexing 
the information corresponding to different channels appear at the same slot in 
each frame Therefore there is no need to transmit the destination address of 

each data packet/cell while the call is in progress However such f ixed 

allocation of slots/channel is inefficient as the channel is also forced to be 

idle during pauses or idle periods of the source involved in the call 

ATM achieves better utilization of the channel by allocating the slots to 
the connections only when there is activity at the source and the cells are 

actually available for transmission This has been shown in Fig 2 2 In this 

figure H denotes the header of a cell from the i^^ call It can be noted that 
the cells from the different calls are not transmitted in the same sequence 

Since a large number of sources are multiplexed in ATM, an incoming cell from 
a particular connection may f ind on arrival that the link is currently 

transmitting the cell corresponding to some other connection, this cell is 

then put into the ATM MUX buffer for later transmission The cells are 

normally transmitted on a FCFS basis Note that even if the cells originate 
periodically from the source, they may spend a random time in the nodal buffer 
and may subsequently appear to be aperiodic at the destination These 

fluctuations need to be smoothened out by "storing and playing" Every cell 

must also carry information regarding its destination to enable it to be 

routed properly in the system 
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2 2 2 SPECIFIC CHARACTERISTICS OF ATM NETWORKS 

The Synchronous Optical Fibre Network (SONET) has been chosen as a physi- 
cal layer media for ATM networks For ATM/SONET networks, bit error rates are 

“8 

guaranteed to be less than 10 Therefore, error recovery on a hnk-by-lmk 
basis IS not required in these systems In these systems, bit transmission 
rates of the order of 150 Mbps is typical and hence the queueing delays in the 
nodes become negligible compared to the propagation delays between the nodes 
This has been shown in Tables 2 1 and 2 2 Table 2 3 shows that buffers of 
moderate size are enough to ensure very small buffer overflow probabilities in 
these systems These results are obtained in [11] using M/D/1 model for the 
queueing system 
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Table 2 1 Queueing delay and Transmission time (in fisecj 
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Table 2 3 Packet loss probability as a function of buffer size 


2 23 ATM CELL STRUCTURE 

The ATM cell format is shown in Fig 2 3 Each ATM cell has a 5-byte 
header and a 48-byte information field 


HEADER 


INFORMATION 


|<= 5 BYTES =>!<= === ==== 48 BYTES 


>1 


Fig. 2 3 Organization of the cell 

The various fields of the header and the number of bits allotted for each 


field are as follows 

1 Generic flow control (GFC) 4 bits 

2 Virtual path (VP) field 8 bits 

3 Virtual channel (VC) 16 bits 

4 Pay load type field 2 bits 

5 Loss Priority 1 bit 

6 Reserved 1 bit 

7 Forward error correcting 

header check sequence 8 bits 


The header of a cell at the network node interface does not have a gfc field, 


instead it has a longer VP field of 12 bits 
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2 2 4 LAYERED ARCHITECTURE FOR ATM NETWORKS 

An ATM network has a four layered architecture as shown in Fig 2 4 


SERVICE LAYER 


ATM ADAPTATION LAYER (AAL) 


ATM LAYER 


PHYSICAL LAYER 


Fig 2 4 Layered architecture for ATM networks 

As mentioned earlier, the physical layer is usually based on SONET with 
transmission rates of the order of 150 Mbps The ATM layer consists of the ATM 
multiplexer, buffer and the ATM switch The function performed by this layer 
IS kept minimal so that these functions can be done quickly and effectively 
using hardware support The adaptation layer attends to the specific needs of 
connection-oriented as well as connection-less services, end-to-end 
synchronization, flow control, error recovery, information segmentation and 
reassembly, and supervision of the Quality of Service (QOS) offered to the 
various services The service layer depends on the specific service for which 
a particular connection is used Typical services include constant bit rate 
voice/video, variable bit rate video, compressed voice and digital data 

2.3 SOME OF THE DESIGN ISSUES IN ATM NETWORKS 

In this section we shall consider some design issues associated with the 
management of traffic in ATM networks For brevity, we shall not consider here 
the other design issues like Switching, Routing etc , these issues are 
discussed in detail in [8], [11-161 
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2 3 1 CALL ADMISSION CONTROL 

As mentioned earlier, instead of allocating the bandwidth permanently for 
each call, it is allocated in a dynamic manner in ATM Taking into account the 
bursty nature of cell arrivals from each call in an ATM network, more calls 
are allowed to co-exist than is actually permissible if all calls were to be 
allocated f ixed bandwidth The cells arriving at the ATM multiplexer are 
queued in a buffer and served usually on a FCFS basis as shown in Fig 2 5 
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Fig 2 5 ATM multiplexer and the buffer 


If a large number of calls are allowed to coexist, then the queueing 
delay in the ATM buffer becomes large and overall end-to-end delay may reach 
objectionable limits Even if delays are not very critical, the fact that 
buffer sizes are finite will cause problems when the number of simultaneous 
calls are large In this case, the entire buffer may become full and an incom- 
ing cell will then have to be discarded Hence the maximum permissible queue- 
ing delay and the acceptable cell loss probability restrict the maximum 
number of calls that can be simultaneously allowed at the ATM mux/buffer 
without degrading the QOS (cell loss probability, queueing delay) requirements 
of the individual calls Call Admission Control procedures (CAC) are developed 
to handle this problem[17] At the time a new call is requested, the QOS 
requirements of the call as well as its traffic parameters (peak cell rate, 
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average cell rate, peak duration etc ) are furnished to the ATM mux The CAC 
procedures are invoked to check whether there is adequate bandwidth to support 
the new call satisfactorily without degrading the QOS of the other on-going 
calls Since the CAC is invoked for every incoming call, it must be both 
accurate and simple enough to be executed on-line The CAC procedures can 
either use queueing analysis or use virtual bandwidth concepts to ascertain 
whether an incoming call can be accepted In the former case, assuming some 
suitable models for the traffic sources undergoing service and the incoming 
traffic, queueing analysis is carried out to see whether the average queueing 
delay and the cell loss probability that results using the finite buffer is 
below the QOS requirements of the calls [18-23] As this has to be done in 
real time, only simple traffic models can be used for the analysis In the 
other method, the traffic parameters of the calls are converted into some 
equivalent bandwidth requirements and then the problem becomes one of assess- 
ing whether the total bandwidth requirement is below the bandwidth available 
on the outgoing link [24-27] 

In ATM networks, cell loss requirements are very stringent and cell loss 
probability due to buffer saturation (overflow) should not exceed 10 Stud- 
ies [28] have been carried out to see which of the traffic parameters need to 
be considered for CAC for various buffer sizes It has been found that only 
the peak and mean rates need to be considered for CAC when the buffer size is 
small, when the buffer size is large, CAC procedures have to consider the 
burst length as well as the probability distribution of the burst, in addition 
to the peak and average cell rates of the caJls 

Two methods of CAC have been considered in [29] In the virtual channel 
method, each call for a particular source-destination pair has to get its call 
accepted at each of the intermediate nodes invoking each of their own CACs 
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alongwith their on-going call statistics The call is accepted only when all 
the nodes have the required bandwidth In the virtual path (VP) method, the 
bandwidth is reserved for various destinations in an apriori fashion at each 
node A new incoming call request needs to be processed only at the source 
node and the CAC need not be invoked in the intermediate nodes The bandwidth 
allocated apriori to each of the destination nodes is done in anticipation of 
the traffic for them and has to be updated from time to time depending on the 
actual utilization statistics An incoming call which does not get the requi- 
red bandwidth will be denied access It is claimed that the VP method reduces 
the control costs by 30% However, the bandwidth allocated to one virtual path 
may be under utilized even while calls made through other virtual paths are 
being rejected for lack of sufficient bandwidth This may offset the advanta- 
ges of statistical multiplexing 

2 3 2 TRAFFIC PARAMETER CONTROL (POLICING FUNCTION) 

CAC will be effective in ensuring the QOS of each call only if the sour- 
ces restrict the traffic within the negotiated range of parameters In pract- 
ice, the actual values of the traffic parameters (peak cell rate, peak durat- 
ion, average cell rate) from a source may be different from what was negotia- 
ted, this may be due to (a) inadequate apriori statistics about the traffic, 
(b) malfunctioning of equipment or (c) by deliberate attempts to understate 
the parameters to avoid higher tariff rates In order to ensure the QOS for 
the disciplined user, a policing function is introduced to monitor the traffic 
from each source and mark the cells whenever any parameter range is violated 
for that source Such marked cells may be transmitted to the destination only 
if there is no congestion in the intermediate nodes Otherwise, the marked 
cells are dropped Additional revenue may also be charged at penalty rates for 
the marked cells that actually reach the destination 
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A popularly implemented policing scheme, known as the leaky bucket mecha- 
nism (LB), consists of a counter which is incremented by 1 each time a new 
cell comes and is decremented periodically as long as the counter value is 

positive [30] If the momentary arrival rate exceeds the decrementation rate, 
the counter value starts increasing It is assumed that the source has exce- 
eded the admissible parameter range if the counter value reaches a predef ined 
limit At that time, all subsequent cells are discarded or marked (as appropr- 
iate), until the counter falls below its limit once again Single LB mechanism 
is inadequate to simultaneously detect both peak rate and average rate violat- 
ions, two stages are employed to detect both these violations, one after 

another The LB mechanism is not effective in detecting burst duration violat- 
ions Methods other than the Leaky Bucket mechanism have also been considered 
[8] These are however more difficult to implement 

2 3 3 CONGESTION CONTROL IN ATM NETWORKS 

As noted in section 2 3 1, if a large number of sources become active 

simultaneously, the nodal (ATM mux) buffers saturate and network congestion 
results In view of the large bit rates used, the transmission time of a cell 
is much smaller than the propagation delay between the source and its destina- 
tion Therefore, by the time the first cell reaches the destination, the 
source would have already transmitted thousands of cells Because of this, 
efforts of the destination to reduce the input rate would be ineffective in 
controlling the cell arrival rate Moreover, since high bit rates are used, 
the protocols at the ATM nodes should be simple enough to be implemented 

inhardware Hence, congestion control mechanisms should be implemented on an 
end-to-end basis rather on a link-to-link basis [31] 
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Preventive control is exercised in ATM networks to protect the network 
from reaching unacceptable levels of congestion The call admission control 
and the traffic parameter control discussed earlier fall in this category As 
mentioned earlier, when congestion occurs, the marked cells will be dropped to 
reduce congestion 

In addition, the sources themselves can organize their cells into ones 
which are important and those which can be dropped in case of network 
congestion (without too much degradation in the overall performance of the 
associated service) As an example, consider the following 

Consider voice sources where we assume that the Adaptation layer header 
is 4 bytes long, and that the actual voice information is 44 bytes/cell The 

time taken for 44 bytes to be available for transmission from a voice source 

coded using ADPCM is 11 msec Instead of generating a cell every 11 msec , 
samples corresponding to 22 msec wil be organized into two cells with all the 
MSBs of the samples in one cell and LSBs in the other cell [32] The first 

cell IS identified as non discardable and the other as discardable by 
appropriately setting the loss priority f leld in the ATM header An 
alternative to the above scheme is to put all the odd speech samples in one 
cell and the even samples in the other cell and mark one of them as droppable 

Three methods are considered for network wide congestion control [331 As 
discussed earlier, in the first method, a capability for selectively shedding 
the cells under congestion conditions is achieved by marking the cell loss 
priority (CLP) indicator in the cell header This bit will be made 1 either by 
the source itself or by the policing device The cells with CLP=1 will be 

discarded in case of congestion 

The congestion condition existing along a particular virtual circuit/path 
may also be conveyed to the destination through the Forward congestion 
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indicator (FCI) in the header This bit will be set to 1 if any intermediate 
node IS congested The combination of the FCI and CLP indicators provides 
information on the status of congestion in the network At low levels of 
congestion, cells with CLP=1 and FCI=1 will be received at the destination At 
higher levels, cells with CLP=0 will be received with FCI=1 and cells with 
CLP=1 will probably be lost 

The third technique, is to generate backward notif ication to the 
originating nodes on the congestion encountered for cells with CLP=0 However, 
this technique requires the network to originate congestion messages and hence 
increases the overload traffic 

2 3 5 INCORPORATION OF PRIORITY IN ATM NETWORKS 
SPACE PRIORITY MECHANISMS 

Consider a situation where calls with different QOS requirements are 
being served at the ATM mux If all calls were to be treated alike, then the 
the maximum number of calls that can be allowed to coexist will be based on 
the most demanding QOS specification For example, signalling and sub-band 
coded video involve vital cells which must be received by the adaptation 
layer On the other hand, voice and data communications, which represent the 

majority of calls, could cope with higher cell loss rates and delay jitters 

An efficient way to accomodate maximum amount of traffic is to have two bearer 
services - one for the vital, highly loss sensitive cells and the other for 
the ordinary cells Incorporation of such a technique is known as the space 

priority mechanism Space priority can be incorporated either at the call 

level or at the cell level 

Two popular schemes for implementing space priority in ATM networks are 
partial buffer sharing and the push out mechanism In both of these, the loss 
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sensitive as well as ordinary cells arrive at a single buffer In partial 
buffer sharing, the incoming ordinary cells are stored in the buffer only if 
the number of cells in the buffer is below a particular threshold However, 
the loss sensitive cells will be accepted as long as the buffer is not full 
While this scheme is easy to implement, a higher priority cell may be lost 
because it arrives late compared to ordinary cells already in the buffer 
Study of the partial buffer scheme has been carried out under various assumpt- 
ions about the input arrival statistics in [34-36] 

In the push out scheme, an incoming ceil will be accepted into the buffer 
if there is space The ordinary cells which arrive at the filled buffer will 
be discarded However, the loss sensitive cells will still be accomodated in 
a full buffer as long as space for it can be made by pushing out any lower 
priority ones which may already be in the buffer The incoming loss sensitive 
cell will be discarded only if the buffer is full and there are no lower 
priority cells in the buffer Compared to partial buffer sharing, this is more 
effective in ensuring a low cell loss probability for the higher priority 
cells However, the implementation complexity is more for this scheme Evalua- 
tion of the cell loss probability for both the priority classes is considered 
in [37-39] 

INCORPORATION OF TIME PRIORITY 

In ATM networks, the need may arise in some cases to offer time priority 
(i e transmission of cells from the buffer on a priority basis instead of 
using FCFS discipline) either to enhance a space (loss) priority mechanism or 
to provide certain classes of traffic with faster network transfer rates with 
smaller transfer delays and lower delay jitters For example, in manufacturing 
environments, alarms and real time control informations are time critical and 



Review of the previous work 


26 


may be earned at a higher priority If an ATM switch with an input buffer is 
used, then it has been found that incorporation of priorities can actually 
increase the throughput of the switch [38] In real“life systems, it may be 
necessary to provide higher priority service to transactions which are associ- 
ated with network monitoring and control This may indeed be the mam driving 
force behind incorporating time priority mechanisms in future ATM systems 

2 3 6 TRAFFIC MODELS FOR ATM SOURCES 

For the analysis of queueing models, one of the simplest models used for 
characterizing the arrival process is the Poisson process This has the 
advantages of leading to simple queueing analysis and is fairly accurate if 

the number of sources are large Moreover, some data sources can indeed be 
modelled as Poisson sources reasonably well However for the bursty traffic 
arriving at an ATM mux , the variance to mean ratio is greater than unity, and 
hence the Poisson process model is not accurate [40] 

Another model commonly used to characterize a source is the on/off model 
In this model, the source is assumed to emit cells periodically in the on 
state, It does not emit cells in the off state The on and off durations are 

generally assumed to be exponentially distributed The parameters of the 
on/off source model can be suitably obtained from measurements made on the 
actual traffic A single on/off source may be inadequate to represent all 

types of sources In a generalized on/off source model, the source output is 
represented as the superposition of N on/off sources [41] The parameters of 

the generalized on/off source model for some typical sources are given in 


Table 2 4 



Review of the previous work 


27 


SOURCE TYPE 

^S 
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ON 

AR 

P 

POISSON 

00 
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0 



c 



CBR 

1 


1 

« 

VBR VOICE 

1 

0 35msec 

0 35 

64kbps 

VBR CATV 

30 

33 msec 

0 38 

44 1 Mbps 

VIDEO CONFERENCE 

15 

33 msec 

0 32 

1 Mbps 


Table 2 4 Parameters of the generalized on/off source model for 

some typical sources 

In this table CBR denotes the constant bit rate sources (uncompressed voice, 

video), VBR denotes the variable bit rate source and T denotes the cell 

c 

transmission time Some of the important parameters of the on/off source model 
are 

peak bit rate p 

average on duration t 

activity ratio(% of on duration) AR 

number of identical sources required 

In Table 2 4 the values of the parameters marked as (*) depends on the 
particular source 

Another alternative is to model the arrival process as a Markov Modulated 
Poisson Process (MMPP) MMPP is a doubly stochastic Poisson process In this 

model, the arrival process is assumed to be in one of n possible states and in 
each state i, arrivals are assumed to come from a Poisson process with mean 
arrival rate A. The state of the arrival process in turn is governed by an 

n-“State Markov process The limiting case of a 2-state MMPP in which the 

arrival rate in one state is zero is ref erred to as an Interrupted Poisson 
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Process(IPP) This model has been used to model overflow systems in [41-42] 
The MMPP model can be used for voice as well as video sources Further, super- 
position of two MMPPs also results in a new MMPP process whose parameterscan 
be obtained from the parameters of the constituent processes A two state MMiPP 
model is adequate for modelling the voice sources as shown in [44,45] Approx- 
imate 2 state MMPP model for video sources has been attempted to arrive at 
practical algorithms for CAC and other control procedures in [18] However, 
the numerical procedures using the MMPP model has the disadvantage of slow 
convergence for a bursty traffic at high traffic intensities [46] The compu- 
tational complexity also grows rapidly with an increase in the size of the 
state space In spite of this, MMPP has been widely used in the analysis of 
ATM networks [18-19], [39], [47-51] 

There are several approximation techniques proposed for choosing the para- 
meters of the MMPP [45,47,49,50] We shall consider the method proposed in 
[45] in some detail A 2-state MMPP has 4 parameters which need to be chosen 
These parameters are obtained by matching the statistical characteristics of 
the composite arrival process from measurements of 

1. The mean cell arrival rate 

2 The variance to mean ratio of the number of arrivals in a short time 
interval 

3. The long term variance to mean ratio of the number of arrivals 

4 The third moment of the number of arrival of cells in the short term 
As the number of voice sources sire increased, Xi and X 2 become closer, in the 
limit, when the number is very large, they become equal and the model reduces 
to the Poisson process 

Another popular method used to model the composite traffic from ATM sources 
is the Fluid Flow model Fluid flow models assume the cells to be generated 
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continuously rather than at individual instants The systenm dynamics is speci- 
fied in terms of first order differerential equations as a function of the 
probability density function of the system state [52,53] By assuming some 
appropriate boundary conditions, the probability of the system state can be 
evaluated While the burstiness and the correlation in the input stream can be 
represented by a fluid flow model, it cannot take care of periodicities in the 
input stream or account f or the discrete nature of the arrivals It also 
cannot capture the stochastics of the input and tends to be inaccurate for 
small buffer sizes [49] 

In addition to these, several models like the Bernoulli process, Interrup- 
ted Bernoulli process, Switched batch Bernoulli process, Discrete Batch Berno- 
ulli process etc have been proposed in the literature for modelling ATM 
sources [54-56] Autoregressive Models (AR) have also been proposed to charac- 
terize the arrivals from video sources However, this model is suitable only 
for simulations and not for a queueing analysis As the ATM system is a 
slotted system, the superposed traffic can also be modelled as a Markov chain 
with a known transition probability matrix This approach has been used for 
dimensioning a buffer in an ATM node in [57,58] 

2.4. REVIEW OF THE PREVIOUS WORK 

Having reviewed some of the characteristics of the ATM networks and some 
design issues involved. We present a summary review of the work done to study 
the behaviour of prioritized queues However, we restrict ourselves to methods 
and models which have potential applications m ATM networks and to systems 
where only service priorities are being considered 

In [59] Niu et al propose a partial preemptive priority (PPP) for the call 
level and a selective packet discarding strategy for the cell level to handle 
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the delay sensitive and non-delay sensitive cells in ATM networks Two prior 
ity levels are assumed both for the call level and for the cell level The 

call level priority is used to allocate the Cell Assembler, Disassemblers 

(CLADs) for the individual calls For the call level, an Ml,M2/Ml,M2/s(oo,s) 
model IS assumed where Ml and M2 refer to the arrival processes modelled as 
Poisson processes corresponding to the low and high priority calls respectiv- 
ely The storage space for the low and high priority calls are assumed to' be co 
and s respectively The high priority calls that arrive when there are already 
s high priority calls in progress are blocked Using the matrix geometric 
method, the probability of blocking for the high priority calls and mean 

waiting time of the low priority calls are obtained For the cell level, an 
[x] 

M, MMPP / / (oo,N) queueing model is used For the loss insensitive 

cells, a batch MMPP with size=2 is assumed Each batch consists of 2 cells 

with one corresponding to the most significant (MSP) and the other correspond- 
ing to the least significant part(LSP) of the original information The buffer 
size for the loss sensitive traffic and non loss sensitive traffic are assumed 
to be infinite and finite respectively When the buffer size is below ml, both 
the cells of a batch will be accepted Above ml, only the MSP cell of the 
batch will be retained An Erlangian distribution with 30 phases or more is 
assumed for the server in order to approximate the constant service time/cell 
Using this model, the probability of both the MSP and LSP being lost and the 
probability of only the LSP being lost for the non-loss sensitive cells are 
obtained The waiting time distributions of the delay sensitive and delay 
insensitive cells are also obtained 

In [60], Arvidsson studies the performance of a circuit switched link fed 
with calls of different priorities The allocation of link bandwidth m this 
case IS analogous to the allocation of CLADs considered in [59] 



Review of the previous work 


31 


In this paper, the calls are assumed to be accepted at random with probability 
depending on the priority class of the call and the load on the link at the 
arrival instant Assuming exponentially distributed holding times, the steady 
state probability of losing a call, the moments of the blocking periods, the 
time dependent probabilities of loss and the moments of the overflow intervals 
for each class are evaluated The arrival process of calls has been considered 
to be either a Poisson process or has been modelled as an MMPP. 

In [61], Yong et al use the matrix analytic method to analyze the queueing 
characteristics of an integrated services TDM system with two priority clas- 
ses A TDM frame with a capacity of M packets is used to transmit a high 
priority packet at every time step Any unused capacity is utilized to trans- 

mit low priority packets This system is modelled as a discrete time system 
with a fluctuating number of servers for the low priority packets The LP 
sources are assumed to be Poisson The dependency of the aggregate arrivals 

from several high priority sources is represented by a one-step transition 
probability matrix Under this f ormulation, the mean queue length and the 
standard deviation of the queue length for both the classes are obtained 

In [62], Potter et al consider a multi-priority queueing system which 
involves several distributed local queues and a central server This priority 
model is an extension of Kleinrock’s processor sharing model [63] with genera- 
lization to multiple priorities and the addition of a buffer at each traffic 
source for each priority class to buffer additional packets queued at that 

source Assuming the traffic from each priority class to be modelled as a 

Poisson process and under a non-preemptive priority discipline, the M/G/1 
queue is studied to evaluate the mean packet delay as a function of the packet 
length for each priority class The application of these results for a DQDB 


sub network is also considered 
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In [64], Khamisy et al consider a class of discrete priority queueing 
systems with Markov modulated arrivals In these systems, N queues are served 
by a single server according to priorities that are assigned to these queues 
Packet arrivals are modelled as discrete time batch processes with a distribu- 
tion that depends on the state of an independent, common, two state Markov 
chain Expressions for the moments of the queue lengths as well as for the 
average delays are obtained While this formulation is able to cater to Appli- 
cations where the parameters of the arrival processes are not fixed over time, 
the commonness of the underlying modulating process limits these results to be 
unsuitable for cases where the sources are independent and follow their own 
modulating processes 

In [65], Chen et al study a packet switch with input queues and two 
priority classes The arrivals from both the priority classes are assumed to 
be modelled as Bernoulli processes Higher priority packets preeempt the 
service of lower priority packets in the same queue When a Head of the Line 
(HOL) contention occurs, higher priority packets are preferred In case of 
contention between the high priority packets, two strategies are considered 
In one case, the high priority packets which cannot be transmitted in a single 
attempt are dropped In another case, these packets are also queued back for 
further attempts It is obvious that the high priority traffic sees only a 
single priority switch To study the performance for the low priority switch, 
the switch IS viewed as a system of N parallel queues with N servers If we 
denote the probability of the low priority packet being successful in a single 
attempt as p, then the no of slots required for transmission of a low prior- 
ity packet has a geometric distribution with parameter p Under some independ- 
ence assumptions, the resulting GEO/GEO/1 queue is studied and the queue 
length distribution of the low priority packets is obtained The expression 
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for the maximum throughput of the switch is also derived and is found to 
exceed that of a single priority switch 

In [66], Mitrou et al study the performance of the ATM multiplexer with 
two service classes and a combined space priority and service priority mechan- 
isms The server is allotted to the two classes probabilistically with prob p 
and 1-p (It is obvious that for p other than 0 5, one of the classes will 
get a better service rate) If the cell belonging to a particular class is 
absent in a time slot, then that slot is given to the other class The buffer 
space IS partitioned into two and a cell arriving at the buffer when the 
portion of the buffer belonging to its class is full, is lost With this 

formulation, the queueing behaviour can be characterized by a two dimensional 
Markov chain Using this, the buffer occupation probabilities as well as the 
cumulative density function of the queueing delays of cells from each priority 
class are obtained through numerical analysis With some approximations, the 
problem reduces to two loosely coupled GEO/GEO/1 queues and analytic expres- 
sions for the buffer occupancy probabilities and queueing delays are obtained 

The work done on the optimum queueing policies for an ATM switch will 
also be of some relevance to our present work and is briefly reviewed next 

Optimum queueing policies f or catering to the needs of both delay sensitive 
and loss sensitive applications are considered in Awater et al [67] It is 
shown that these complementary performance requirements can be exploited with 

an LDOLL (Low delay or low loss) queue where the sources get either service 

priority or storage priority Using Markov decision theory and concepts of 
linear programming, an efficient solution for the LDOLL switch is obtained It 
is observed that the performance of a cell type improves, the more this type 

is in a minority This effect is most articulate for low loss (LL) cells In a 

“6 — 1 2 

typical case, the loss probability goes from 10 with 80Z LL cells to 10 
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with 20Z LL cells On the same range, the delay for the low delay (LD) cells 
halves and the delay variance shows a corresponding reduction 

In [68], Hiroshi Saito considers the optimum queueing discipline that 
minimizes the number of cells being discarded when their delays exceed the 
maximum permissible value It is shown that the earliest due date discipline 
(EDD) - alternately known as the dynamic priority discipline - is optimum for 
minimizing the loss of cells due to outage Further the EDD discipline also 

preserves the order of the cells within a class and resequencmg at the 
receiving node is not necessary Several versions of the dynamic priority 
discipline have been discussed in the literature [69-72] We review two of 
them in more detail 

Youngho Lim et al [71] proposed and analysed a dynamic priority discipline 
known as HOL-PJ (Head of line with priority jumps) for a packet switch serving 
multiple classes of delay sensitive traffic Several levels of priority are 

proposed A packet at the lowest priority level jumps to the next higher 
priority level if the delay experienced by that packet exceeds a particular 
threshold This process is repeated for packets at each priority level The 

packet with the largest queueing delay in excess of its delay requirement gets 
the transmission priority It is shown that under realistic traffic 
conditions, for the different classes of traffic, this discipline can make the 

tail probabilities of the delay distribution in excess of their respective 
delay requirements approximately the same 

In [72], Fratini considers a dynamic, non-preemptive priority queueing 
system with a single server and two independent Poisson streams of customers 
with general service time distributions Type 2 customers have a finite 
waiting room of size K-1 and Type 1 customers have infinite waiting space The 
server offers higher priority to Type 2 customers when there are at least N of 
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them in the queue, otherwise, the Type 1 customers get higher priority For 
this model, the various queueing characteristics of both priority classes are 
obtained using the matrix geometric approach 

In [73], Hluchyl et al compares the relative merits of the FCFS, Head of 
the Line (HOD and Weighted Round Robin (WRR) disciplines for the integrated 
fast packet networks It is shown that with the FCFS discipline, in order to 
obtain sufficiently small packet loss probability either low link utilization 
or small source peak rate is required With the HOL discipline, when the burst 
sizes and the delay requirements of the various classes are different, then 
better delay performance for the high priority traffic can be achieved with a 
marginal increase in the delay for the low priority traffic However, if the 
delay requirements of the various classes are the same, the HOL discipline is 
shown to be unsatisfactory In this case the WRR discipline is found to be 
satisfactory as it ensures that none of the priority classes are starved of 
service A hybrid WRR and HOL discipline is proposed to combine the advantages 
of each of these disciplines 

In [74], Hashida et al present a conservation law for a class of discrete 
time queues and use it to find the mean waiting times in a SBBP,BBP/D/1 queue 
with non preemptive priority discipline The high, and low priority traffic 
are modelled as a Switched Batch Bernoulli process and a Batch Bernoulli 
process, respectively 

In [75], Zhung studies the performance of a dual priority system with two 
separate queues and a single server using a fluid flow approach The traffic 
arriving at both the queues are assumed to be modulated by the state of a 
common two state Markov chain Expressions for the mean queue lengths of both 
the queues as well as the mean waiting times are obtained as a function of the 
fraction of the traffic offered to the high priority queue, this fraction is 
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denoted as a It is found that the average waiting time is more sensitive to a 
than the average queue lengths 

Gravey et al [38] study the effect of combining loss priority and service 
priority for two priority classes in an ATM switch with an output buffer The 
output buffer of the ATM switch is modelled as a single server queue Assuming 
an M/D/1 model with a non-preemptive priority discipline the LST of the 
waiting time of both classes of cells as well as the moments of the delays are 
computed For implementing space priority, a push out mechanism is assumed It 
IS found that, by mcoporating the service priority, the delay for the high 
priority cells can be reduced significantly at the expense of a marginal 
increase in the delay of the low priority cells When both space and time 
priorities are used for a particular class of cells, it is found that the loss 
probability is signif icantly lower than the case where only loss priority is 
used Hence service priority may even be used to improve the loss performance 
of the switch 

In [76], Gupta et al study the performance of a fast packet switch with a 
dual plane switch architecture and an input buffer Assuming an M/D/1 model 
for the queueing at the input buffer of the switch and assuming two priority 
classes with a non-preemptive priority discipline, the mean delay for the 

cells belonging to each priority class can be obtained 

In [77], Jacob et al also study the performance of a packet switch with 
input buffers Here, the scenario in which the traffic at the various input 
ports of the switch have different burstmess in the selection of output port 

IS considered For example, if the traffic at one port originates from local 
traffic either from a Metropolitan Area network or from B-ISDN terminals, the 
resulting traffic will seek all output ports from time to time and the 

duration for which it seeks a particular output port will be bursty On the 
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other hand, when the traffic is a transit traffic from an adjacent ATM node, 

then the probability that it seeks a particular output port and the duration 

for which it continues to seek the output port will be high and hence is 
termed as a ’’smooth " traff ic Output port contention occurs in the switch 
when a number of input ports look for connections to a single output port It 
IS shown that under this scenario, output port contention in a switch can be 
minimized and the throughput of the switch can be increased by offering 
non-preemptive priority for the cell stream with the largest burstiness 
Assuming two priority classes, the high priority input queue is modelled as a 
GEO/GI/1 queue and expressions for mean waiting time of a burst is obtained 
The mean waiting time of a burst from the low priority class is analysed using 
a more complex Markovian model 

In [78], Schormanns et al consider an ATM switch modelled as a GEO/D/1 
queue with two priority classes The distribution of the waiting times for the 
low and high priority cells for both preemptive and non-preemptive service 

disciplines are obtained using combinatorial methods The server is assumed 
to be synchronous, i e the cells that arrive at an empty queue do not receive 
service immediately but wait for the beginning of the next time slot Extens- 

[ X ] 

ion of these results for the corresponding GEO /G/1 priority system is 
considered m [79] 

Some general limitations of the type of studies described above can also be 
summarized It can be noted that the queueing analysis with a SBBP/D/1 becomes 
intractable as the number of phases of the modulating process increases 
Markov Modulated fluid flow models have the the same problem, moreover, they 
cannot take care of periodicities in the input Even though performance stud- 
ies of ATM switches becomes tractable with assumptions of Poisson and/or 
Bernoulli arrival processes, the results obtained thereby are not always 
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accurate Neither of these processes are capable of taking into account the 
periodicities, correlations and burstiness that may occur in the input to an 
ATM switch Results in [80] have demonstrated that the ATM switch performance 
is much worse for periodic streams as compared to the Bernoulli cell arrival 
process While periodicities at the edges of the ATM network arise due to 
source periodicities, periodicities on links inside the network could arise 
due to to certain aspects of the switch design For example, in the preferred 
method of output buffering in a switch, the output appears periodically due to 
the slotted nature of the link Further, in addition to periodicities in the 
traffic, burstiness may also arise as the link alternates between talk and 
silence periods (corresponding to non-empty and empty states of the buffer) 

2.5. AN OVERVIEW OF THE PROBLEM 

In view of the inaccuracies that result from the simple models considered 
for an ATM network with priorities, it is interesting to know how "good" an 
MMPP model can be in such a situation Even though an MMPP model cannot take 
care of periodicities in the input [40], it can take care of correlations and 
burstiness m the input stream and is computationally simple to use In [50], 
the performance of the switch obtained using an MMPP model is modified to take 
care of periodicities and the results are compared with that obtained using a 
more accurate discrete time model It is found that the MMPP model is reasona- 
bly accurate in predicting the performance of the switch 

In view of the above and because MMPP has been widely used to study 
various overflow systems, we choose MMPP to characterize the traffic arriving 
from each priority class The traffic from each priority class is considered 
as arriving at separate queues A non-preemptive priority discipline and 
constant service time/cell from each priority class are also assumed Under 
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these assumptions, the evaluation of the queue length densities and queueing 
delays correponding to each priority class, when the queue capacities are 
either infinite or finite, is the central problem that is considered in our 
present work 

The methodology used for the analysis given in our present work is summari- 
zed briefly next We generally restrict ourselves to a dual priority and 
assume that the low and high priority traffic arrive at two separate queues 
denoted as Q1 and Q2, respectively The method given in Neuts [81] for the 
analysis of queues under the f ramework of structured stochastic matrices of 
the M/G/1 type has wider applicability and has been used to study the queues 
with more complex arrival processes [81-83] In fact, the MMPP/D/1 queue with 
nonpreemptive priority has a lot of similarities to an N/G/1 queue and hence 
the approach used by [82] can be adopted appropriately for the present 
problem 

It is similar to the N/G/1 queue because when the busy period starts there 
may be more than one customer in the respective queues It may be noted here 
that when the busy period (BP) of the low priority Q1 queue starts, there may 
be more than one customer in Q1 The first customer arriving at Q1 will have 
to wait for the high priority Q2 queue to become empty and, in this period 
more customers may arrive at Q1 Even the first customer arriving at an empty 
Q2 may have to wait for the ongoing service, if any, for a Q1 cell to be over 
before receiving service, hence Q2's BP may also start with more than one 

customer In that respect, the present problem differs from an MMPP/D/1 with 
FCFS discipline and resembles an N/G/1 queue However it differs from the 
N/G/1 queue in three respects Firstly, unlike in an N/G/1 queue, the time 

when the queue becomes non-empty and the time when BP starts are not the same 

Secondly, the number of customers in the queue (either in Q1 or 02) when the 
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BP of Q1 or Q2 starts also depends on the state(whether empty or non-empty) of 
the other queue Thirdly, the inter departure time of the customers from Q1 
depends on the phase of the MMPP to 02 at the previous departure instant 
Hence the transition probability matrices pertaining to Q1 and Q2, though 
similar to the one corresponding to N/G/1 queue, are coupled and are more 
complex 

We shall see in the next chapter that we should know the busy period 
distribution of the server in 02 m order to study the queues Q1 and Q2 (We 
develop a recursive procedure for the computation of the busy period distribu- 
tion of 01 and Q2 in Chapter 4 ) The maximum length up to which the distribu- 
tion of the BP of Q2 needs to be known depends on the traffic offered at Q2 
and determines the computational complexity and the storage requirements 
required for the above study When the higher priority traffic is very high, 

the storage requirements and computational complexity may become unmanageable 
when the storage capacity for Q2 is assumed to be infinite In practice, this 
may not be a serious limitation due to the following reasons Firstly, as 

observed in [60], if significant reductions in the cell delay and its jitter 
is desirable, it can be achieved effectively only if the higher priority cells 

are m a minority Hence we expect that the high priority traffic will be 
small Secondly, if the high priority traffic is indeed high then the practi- 
cal buffer sizes used cannot be considered to be infinite and we have to 
actually deal only with a BP that results from a finite buffer In fact this 

second reason motivated us to consider the non-preemptive MMPP/D/l/K priority 
system as a follow up problem 

The priority system considered in our present work will be useful in the 
study of ATM systems incorporating priority service Firstly, it can be used 
to determine the buffer sizes required for an ATM switch given the maocimum 
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high and low priority traffic it is expected to carry Secondly, it can be 
used in CAC to determine whether the new call can be accepted or not For it 
to be executed on line, CAC procedures should be simple and less time consum- 
ing In this context, we examined the possibility of reducing the computatio- 
nal and storage complexity by sacrificing some accuracy (after all in CAC one 
is interested only on the bounds on the QOS parameters and not the exact 

values) This led to two approximate models which are computationally Simple 
and give correct results under most normal traffic conditions For the compu- 
tation of various moments of queueing delays at Q2, we derive an expression 
for the LST of the virtual queueing delay at 02 Using this the average queue- 
ing delays at Q1 and Q2 are evaluated 

As mentioned earlier the non-preemptive MMPP/D/l/K system is studied 

along the same lines The computation of the busy period distribution of the 
finite sized Q2 is considered by developing an efficient recursive procedure 

The validity of the computational approach for all the above cases is verified 

by comparing the results obtained using the numerical computation with that 
obtained using simulation Finally, we consider the extension of our results 
when the number of priority classes are more than 2 
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CHAPTER 3 

EMBEDDED SEMI-MARKOV SEQUENCES AND TRANSITION PROBABILITY 
MATRICES OF THE HIGH AND LOW PRIORITY QUEUES 

3.1, INTRODUCTION 

The queueing analysis of an MMPP/D/1 non-preemptive priority system with 
two priority classes and constant service time/customer from each priority 
class is considered m this thesis A possible area of application for these 
results will be in an ATM network for the design of the ATM nodal buffer as 
well as for use in Call Admission Control (CAC) when non-preemptive priority 
service is being provided As mentioned in Chapter 2, we adopt a numerical 
approach for obtaining the characteristics of the prioritized system The 
evolution of the states of the high and low priority queues are stochastic 
processes For studying the statistical characteristics of these states, we 
have to first choose appropriate embedded points in the time evolution of 
these processes which satisfy the Markovian properties Having thus chosen the 
semi-Markov chains (SMC), the transition probability matrices of these SMCs 
are quantified Once these matrices are known, the evaluation of the statist- 
ics of the queues can be done using numerical analysis, as in Kieinrock[l] We 
consider the selection of the embedded points and the evaluation of the tran- 
sition probability matrices 

The basic unit of information transferred from one node to another, 
corresponding to a particular connection (call), is referred to as "cell" in 
ATM terminology This corresponds to the "customer" in a queueing situation 
We theref ore use the terms "customer" and cell interchangeably in present 
work For ease of analysis, we assume that the delay sensitive and non-delay 
sensitive cells arrive at two separate queues Q1 and Q2 as shown in Fig 3 1 
A single server is shared between the two queues on a non-preemptive 
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basis The cells arriving at 02 have higher priority than those arriving at Ql 
and the priority is assumed to be incorporated at the call level All the 
cells belonging to a particular call arrive at the same queue (either Ql or 
Q2) and are served with the same priority The server is assumed to be asynch* 
ronous le a cell arriving at either Ql or Q2 when the server is idle, starts 
receiving service immediately All cells require a constant service time of D 
sec/cell, irrespective of their priorities 
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Fig 31 Model for the time priority mechanism 


The cells arriving at Ql is assumed to occur according to an M-phase 
Markov modulated Poisson Process(MMPP) with arrival rate and infinitesimal 
generator matrices given by A’ and Q** respectively Similarly, the arrivals 
to Q2 occur according to an N phase MMPP with arrival rate and infinitesimal 
matrices given by A" and Q*" respectively 

Under these assumptions, the probability distribution of the occupancy of 
the queues Ql and Q2 as well as the delays experienced by the cells arriving 
at these queues are evaluated using the Matrix-Analytic approach of Neuts [21, 
[3] In the next section, we give more details about this approach In 
essence, by choosing the embedded points appropriately, we obtain two 
Semi-Markov Sequences (SMCs) - one corresponding to each queue Invariant 
probability vectors of the transition probability matrices corrp^^c|ndi^g ^ 
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these SMCs give the required queue occupancy probabilities 

It can be noted that these vectors cannot be independently obtained as 
the transition probability matrices of Ql and 02 are coupled This can be 
verified as follows In view of the non-preemptive priority used by the 

server, the first cell arriving at an empty Q2 does not always receive service 
immediately If Ql is non-empty, it waits for the Ql cell under service to 
complete its service, during this waiting time more cells may arrive at Q2 

Hence the number of cells in Q2 when the busy period (BP) of the server in Q2 

starts and the duration of the (BP) depends on the probability of Ql being 
empty at an arbitrary time instant Further, at the departure instants of the 
cells from Ql, if Q2 is non-empty, the server goes on ’’vacation" to clear the 
cells in Q2 The probability of occurence of this vacation period (BP of the 

server in Q2) as well as its duration depends on the characteristics of the 
arrival process to Q2 Hence the inter-departure times of cells from Ql and 
hence the transition probability matrix of Ql depends on the BP distribution 
of Q2 as well as on the probability of Q2 being empty We noted already that 
the BP of Q2 depends on the probability of Ql being empty Hence the 

transition probability matrices are coupled However, the desired queue length 
densities (le the probability that the queue length is n, n2^0) can be 

evaluated iteratively 

The following notational conventions are used throughout the thesis All 
the parameters pertaining to Ql are indicated by a superscript of (’) and 
those of Q2 by (’’) Matrix mass functions of time are denoted by bold faced, 

upper case alphabets and the Laplace Steiltjes Transform (LST) of these 

functions are denoted by a superscript of tilde ('-I The vectors are denoted 
by bold faced, lower case alphabets 
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3.2. EMBEDDED SEMI - MARKOV SEQUENCES OF Q1 AND 02 

We denote the departure epochs of cells from Q1 and Q2 as and x” respec- 
tively for n = 1,2,3, . The number of cells in Q1 (le both those waiting 

and the one possibly being served) and the phases of MMPPl and MMPP2 at x^ are 
( 1 )> ( 2 )* 

denoted by X’ , J and J respectively At an arbitrary time t, these 
n n n 

(1)» (2)’ 

parameters are denoted by X’(t), J (t) and J (t), respectively Simila- 
rly, the number of cells in Q2 (those waiting and being served), the phase of 

( 1 )” ( 2 )’* 

the MMPPl and MMPP2 at x" are denoted as X" , J and J respectively, 

n n n n 

( 1 )" 

these parameters at an arbitrary time t are denoted as X**(t), J (t) and 

( 2 )” 

J (t) respectively It can be noted that, conditioned on the phases of the 

MMPPs at x’ , , the successive inter departure times from Ql, (x* - x* J for 
n-1 ^ n n-1 

n=l,2,3 are independent and are identically distributed when > 0 Hence 

( 1 )' ( 2 )’ 

the sequence {X’ , J , J ,x* - x’ n2: 1} forms a Semi-Markov Chain 

^ ' n n n n n-1 ^ 

(SMC) with the state space {0,1 }x{l,2 M)x{l,2, N} Similarly, it can be 

shown that { X” , ,x” - x” , n^ 1} also forms an SMC with the 

n n n n n-1 

same state space 

With this formulation, in order to specify the various elements of the 
transition probability matrices corresponding to these SMCs, six indices are 
required However, a compact notation can be obtained by redefining the state 
variables of the queueing system as follows Consider the process obtained by 
superposing the Markov processes (Q**, Q*") governing the transitions of the 
states of the MMPPs to Ql and Q2 Proceeding as in Neuts 13, pp 277] it can be 
shown that the composite process is a Markov process with the infinitesimal 
generator Q* given by 

Q* = Q*’® I + I €> Q*” (3 2 1) 

where I is the NxN identity matrix and ® is the Kronecker product The 
N 

Kronecker product of two matrices (see for eg Bellman [4]) B and C is 
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defined as 


B ® C = 


B C B C 
n 12 


B C 

1 m 


B C B C 

nl n2 


B C 

nm 


.th 


Here B is a nxm matrix with the (i,j) elements as It may be noted 

*»• 

that the dimensions of Q and Q are M and N respectively If J(t) is the 
phase (state) of the composite process at time t, then there exists a unique 
one-to-one mapping from the phases of the MMPPl and MMPP2 to that of the 
composite process and vice versa and is given by 


J(t) 

=(M-l)J’(t)+J"(t) 

(3 2 2) 

J’(t) 

=J(t)mod M 

(3 2 3) 

J"(t) 

=<J(t)-J"(t)}/ M-1 

(3 2 4) 


In terms of the composite process, we can consider the arrival processes 
to Q1 and Q2 to be from two MN-phase MMPPs denoted as MMPP 1 and MMPP 2, 
respectively, whose transition rate processes are perf ectly correlated and are 
identical to that of the composite phase process, the phase of the composite 
process and those of MMPP 1 and MMPP 2 are equal at all time instants The 
arrival rate matrices of MMPP 1 and MMPP 2 are chosen as follows Since the 
arrivals to Q1 depends only on the phase of MMPP 1, the arrival rate matrix of 
MMPP 1 denoted as A’ is also made to depend on only the phase of MMPP 1 as 
f ollows 


A* = A’ ® I (3 2 5) 

N 

Similarly, the arrival rate matrix of MMPP 2 denoted as A" is chosen as 
A" = I ® A" (3 2 6) 

M 

where I^ , I^ are MxM and NxN identity matrices, respectively Let A* and A" 
denote the arrival rate of MMPPl, MMPP2 in phase i, then for M = 2 and N = 2 
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A’ and A" are given by - 


A’ = A’ ® I 

N 


a; 0 0 0 

0 a; 0 0 

0 0 A^ 0 

0 0 0 A^ 


A” = I (8> A*’ = 
M 



0 

0 


0 0 0 

A" 0 0 

0 A’* 0 

0 0 A" 


Defining the composite process, MMPP 1 and MMPP 2 in this fashion, we 
need to use only one index to keep track of the phases of MMPP 1 and MMPP 2 
simultaneously Let, J^, denote the phase of the composite process at 
t", respectively Then, it can be observed that the sequences - 


n -n 


x" ~ t" , ,n 2: 1} and {X* , J' x* - x', ,n ^ 1} 

n n-1 ^ ^ n -n n n-1 ^ 


also form SMCs with the state space [0,1, ]x[l,2, MN] The transition 

probability matrices of these SMCs pertaining to Q1 and Q2 are denoted as 
Q’(t) and Q"{t) respectiveijc 


3.3. STRUCTURE OF THE TRANSITION PROBABILITY 
MATRICES OF 01 AND 02 

In this section we show that the transition probability matrices Q’(t) 
and Q"(t) can be expressed in a form similar to that of the transition 
probability matrices of the queues of the "M/G/1 type" considered in Neuts 
[3] Expressing the transition probability matrices of the prioritized queues 
in the framework of the transition probability matrices of the queues of the 
"M/G/1 type" require several generalizations These generalizations are also 
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useful for the study of queues whose service time distribution depends on the 
phase of the arrival process 

In order to highlight the generalizations that are proposed here, we 
first consider the structure of the transition probability matrix of the N/G/1 
queue The N/G/1 queue with FCFS discipline is an example of the queues of the 
"M/G/1 type ” and is studied in detail m Ramaswami [5] Let the departure 
epochs of customers from this queue be denoted as for n = 1,2,3 Let 

and denote respectively the number of customers m the system and the phase 
of the arrival process at The phase of the arrival process at an 

arbitrary time instant t, is denoted as J(t) The sequence “ 

^ ni 1} forms a Semi-Markov Cham (SMC) with the state space 
{0,1 -}x{l,2 M) where M is the total number of phases of the arrival 
process The transition probability matrix Q{t) of this SMC is given by 


B (t) 

B (t) 

B (t) 

; 0 

1 

2 

A (t) 

A (t) 

A (t) 

1 0 

1 

2 

|o 

A (t) 

A (t) 


0 

1 

0 

0 

A (t) 
0 

0 

0 

0 


(3 3 1) 


where B (t) and A (t) are MxM matrices with (i,j)^^ elements given by- 
[Am(t)]^^ = P[Given a departure at time 0 which left at least one customer 
in the system and the arrival process in phase i, the next 
departure occurs no later than time t with the arrival process in 
phase j, and during that service there were m arrivals] 

[B^(t)]^^ = P[Given a departure at time 0, which left the system empty and the 

arrival process m phase i, the next departure occurs no later 
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than time t with the arrival process in phase j, leaving m 
customers in the system} 

Queues with embedded Markov renewal processes whose transition probability 
matrices have the above structure are referred to in Neuts [3] as queues of 
the ”M/G/1 type” or queues of the ”M/G/1 paradigm” 

In order to consider the queue in more detail, we consider the expressions for 

B (t) and A (t) Let the service time distribution of the customers be denoted 
m m 

as H(t) Let the counting function associated with the arrival process be 
denoted as P(m,t), with the (i,j)^^ elements given by - 
[P(n,t)]^^ P[N(t)=n, J(t)=j I N(0)=0, J(0)=i] 

N(t) No of arrivals at the queue in (0,t] 

Let U^(t) denote MxM matrix mass functions with the (i,j)^^ elements as- 
[U^(t)]^^ P[the first batch of customers of size k arrive at or before 

time t, J(t) = j|the queue is empty at time 0 and J(0) = i] 
Using these matrices, A (t) and B (t) are given by- 

m m 

t 

A (t) = r dH(<r) P(m,cr) m^O,t^O (3 3 2) 

m J 

0 

m+1 t 

B (t) = y f dU (t-(r)A (cr) (3 3 3) 

m L J k m-k+l 

k=l o'=0 

Further generalizations are required if this approach is followed for 
studying prioritized queues with non-preemptive service discipline of the type 
required in our thesis We assume that customers belonging to different 
priority classes arrive at different queues Even though, only a dual priority 
system is considered in detail in this thesis, the generalizations are the 
same for any number of priority classes and hence we consider that situation 
here (Analysis of a Queueing system with more than two priority classes are 
considered in Chapter 8) 
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First, let us consider the case when the i^^ priority queue is non-empty 

at the tune of the previous departure from this queue Let us compare the 

distribution of the inter departure time of customers (IDT) from this queue 

with that of a queue with single priority level (i e with FCFS discipline) 

With the FCFS discipline, the distribution of the IDT from the queue and the 

distribution of the service time are equal In a multi-priority system, these 

distributions are not the same for the low priority queues This can be 

verified as follows The IDT from a low priority queue consists of two parts 

(i)service time for a customer from this queue and (n)the busy periods of the 

higher priority queues that might be initiated by the higher priority 

customers who arrive during this service Obviously, the service time 

distributions take care of only the contribution from part (i) Hence in a 

th 

multi-priority system the distribution of IDT from the i priority queue 
should be used to characterize the transition probability matrix of the 

corresponding queue 

In the queues of the M/G/1 type, distribution of the IDT from the queue 
IS assumed to be a scalar function and is independent of the phase of the 
arrival process In a multi-priority system, IDT from a low priority queue 

does depend on the phase of the arrival process In this system, f rom the 

point of view of the low priority queue, the server goes on vacation after 
serving a low priority customer if any higher priority customer is f ound 

waiting when the low priority service terminates This vacation period ends 
only when all the high priority queues become empty and its duration depends 
on the arrival rates at these queues The arrival rates will in turn depend on 
the phases of the arrival processes to these queues In view of the dependence 
of the IDT on the phase of the arrival phase, IDT should be def ined as a 

vector However, in order to simplify the notation and to retain the form of 
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the equations for A similar to that for an M/G/1 type of queue, we define 

m 

them as diagonal matrices It should be noted that the arrivals at the higher 
priority queue are assumed to be more complex than a simple Poisson process 
If this IS not true, then IDT can be considered to be a scalar function 

We now consider the IDT corresponding to the case in which the system 
became empty at the previous departure instant In the M/G/1 type of queues, 
the moment a batch of customers (of batch size ^ 1) arrive at the empty queue, 
the busy period starts The time that elapses between this arrival instant and 
the time when the queue becomes empty once again constitutes the busy period 
of the server In a multi-priority system, the arrival instant of the f irst 
batch of customers at the i^^ priority queue need not be the beginning of the 
busy period of the server The server might already be busy serving a customer 
of some other queue In addition to this, even when the i^^ priority queue 
actually becomes empty, the server may still have to continue serving 
customers of other priority classes In this thesis, we define the busy period 
of the priority queue as the time that elapses between the beginning of 
service for the first customer arriving at the i^^ queue and the time when the 
queue becomes empty again Obviously this is different from the busy period of 
the server 

In a single priority system, the characteristics of the busy period of 
the server is used to obtain the characteristics x>f the queue In the 
multi-priority system considered in this thesis, we find the busy periods of 
the queues (defined as above) to be playing a similar role It may be noted 
that even when the higher priority arrivals are modelled as Poisson process, 
the busy periods have to be defined for the individual queues rather than for 
the server 

For the multi-priority system, we shall choose the argument for the 
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function ”U^( ) ” to be the time when the busy period of the ith queue 
starts It may be recalled that in the queues of the "M/G/1 type", this is 
chosen to be the time when the first batch of customers arrive at the empty 
queue 


With these generalizations, We shall show that Q*(t), the transition 
probability matrix of Q1 is given by- 


Q (t) = 


B (t) 

B (t) 

B (t) 

0 

1 

2 

A‘(t) 

A it) 

a’ci) 

0 

1 

2 

0 

A it) 

0 

A’(t) 

1 

* 

0 

0 

A^(t) 


(3 3 4) 


where B’(t) and A * (t) are MNxMN matrices with (i,j)th elements given by- 
m m o 

[A’(t)] = P{Given that a cell departed from Q1 at time 0. leaving at least 

*■ m ij 

one cell in Q1 and the arrival process MMPP 1 in phase i, the 
next departure occurs at no later than time t with MMPP 1 in 
phase j, and in the intervening period there were m arrivals} 


[B^(t)]^^ = P{Given that a cell departed from Q1 at time 0 leaving Q1 empty 
and the arrival process MMPP 1 in phase i, the next departure 
occurs at time no later than t with MMPP 1 in phase j, leaving m 
cells in Ql) 

These matrices in turn can be expressed in terms of the MNxMN matrices 
PTm,t), H*(t) and whose (i,j)^^ elements are defined by - 

[P’(n,t)]jj P[N’(t)=n, J(t)=j I N’(0)=0, J(0)=i] 

No of arrivals at Ql in (0,t] 


N'{t) 
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[H’(t)3 P[(t’ - t’, ) i tl J’ , = 1 and X’ , > 0] 5 

'• •'ij '• n n-1 ' -n-1 n-1 •' ij 

P[Busy period of Ql starts at or before time t, k cells 

arrive at Ql in (O.t], J(t) =j|X’(0)=0, J(0)=i] 

Using these matrices we next show that Q’(t) is given by (3 3 4) and the 

matrices A ’ (t) and B ’ (t) are given by 
m m 


v’ (t) = f dH* 

m J 


(<r) P (m.cr) 


m i 0 , t a 0 


(3 3 5) 


m+1 

B (t) = y U, (t-D)P’(m-k+l,D)u(t-D) 
m Ld K 

k=l 


(3 3 6) 


where u(t) is the unit step function 

In order to do this, we start with the defining equations for the 
elements of Q’(t) and consider separately the cases corresponding to X^ ^ > 0 
and 0. where the (i.j.i-,^) element of Q’(t) for i i 0, i i 0, 1 ^ j, 

j, s MN IS given by - 

[Q’(t)] = P<X’ =c, J’ =^, t’ - t’, £ tiX’ , =1. J’ , =j} (3 3 7) 

i.J.-*-!# n -n ^ n n-1 ' n-1 -n-1 

Case 1 > 0 (Ql not empty at (n-1)^^ departure instant from Ql) 

The event {X’ = t, T = ^|X’ = i, J* , = J. t’ - x’ = t> implies 

' n Ti ‘ n-1 Ti-1 n n-1 

(i.- 1 +l) arrivals at Ql from MMPP 1 and a phase transition of j to ^ in an 
interval of t sec It may be noted that the MMPP is a special case of the 
versatile point process considered in Neuts [6] Hence as in Neuts [3,pp 281], 
we associate with MMPP 1 the MNxMN probability matrices P’(m,t), whose (i,j)^^ 
elements are given by - 

(3 3 8) 

= 0 for m < 0 


[P’(m,t)]^^ = P{N’(t) = m, J’(t) = j|N’(0) = 0, J’(0) = i} 


Conditioning on the length of the interdeparture time (x^ - t^_j) and using 


(3.3 8) in (3 3 7) we get - 
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t 

cr=0 


(3 3 9) 


Writing this in matrix form, we get - 
t 

[Q’(t)]^^ = J dnV) p’(i-i+l,o-) (3 3 10) 

o'=0 

where P*(m,t) = 0 for m < 0. [Q*(t)]^^ = 0 for t < i-l Keeping i=l and 

substituting -6 = 0,1,2 in (3 3 10) , we get the elements in the second row 

of Q’(t) as follows 
t 

[Q’{t)]jQ = J dH’((r) p’(0,o-) = A^(t) {3 3 11) 

cr=0 

t 

[Q’(t)]ii = J dH(o-) p’(l,<r) = Aj(t) (3 3 12) 

c=0 

t 

[Q’(t)], = r dH’(o-) p’(m.o-) =A’(t) (3 3 13) 

Im J m 

<r=0 

It can be verified that for i=3,4,5 , the i^^ row can be obtained by cyclic 

shift of the elements of the (i-l)^^ row of matrices with the leading element 
replaced by 0, the MNxMN null matrix 

Case 2 ^ = 0 (Q1 empty at (n-1)^^ departure instant from Ql) 

In this case the server goes on vacation at ^ and the busy period of 

Ql starts again only when Q2 is empty and at least one cell arrives at Ql 

Hence (x’ -x’ ) is the sum of the vacation period of the server and the 

n n-1 

service time of one cell Let the number of cells arriving at Ql during the 
vacation interval and the subsequent cell service time be k and m-k+1, 
respectively as shown in Fig 3 2 
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service f or the 1st 
Q i c e 1 1 St arts 

t ime T * T * “ D t’ 

n-i n n 

phase 1 ^ j 


vacation period 1 => 

«== one Ql cell service ==> 


«= k cells arrive at Ql=> 

<==m-k+l more cel Is at Ql==^ 



Q1 becomes Q1 BP 

idle starts 

Fig 3 2 Arrivals and phase transitions at QJ during the IDT of Q1 
given that Q1 empty at the last departure instant 


Let the phase of the MMPP i at t* , t* - D and x* be i, ^ and j, 
^ " n-1 n n 

respectively Then using the definition of and P’(m,t) along with 

Fig 3 2, It can be shown that 
m+1 t-D 

, m . = F f du’ (O') p’ (m-k+l,D)u(t-D) (3 3 14) 

k=l cr=0 

Integrating (3 3 14) and writing in matrix form we get 
m+1 

[Q’(t)]„ = Y ujt-D)P’(m-k+l,D)u(t-D) = B (t) (3 3 15) 

•'O.m L k m 

k=l 


Substituting m=0,l,2 it can be verified that we get the elements in the 
first row of Q’(t) The above derivation shows that Q’{t) indeed has the form 
given in (3 3 4) with its components obtainable using (3 3 5) and (3 3 6) and 
the other associated expressions 

The other matrix Q"(t) for the higher priority queue can be obtained in a 
similar fashion The (i,j,4,^)^^ element of Q"(t) for i a 0, i, a 0, 1 j, ^ < 
MN is given by - 


[Q"(t)] = P{X" J" =^. t " - r" £ tlX" , = 1 . J" , =j> 

n -n ^ n n-1 ' n-1 “n-l 

Comparing this with (3 3 7), it is obvious that the structure of Q"(t) is 


(3 3 16) 
the 
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same as that of Q’(t) Hence, 0"(t) can be obtained by replacing the 
parameters of 01 by those of 02 Analogous to 01. we define MNxMN matrices 
P"(m,t) ,H"{t) and whose (i,j)th elements are defined as follows 


[P"(n,t)] 
N"(t) 


U 


[H"{t)]^. 

[U"(t)],. 


P[N"(t)=n. J(t)=j I N"(0)=0. J(0)=i] 

No of arrivals at 02 in (0,t] 

P[(t" - t" ,) £ t. I J" , = 1 and X" , > 0] 5 
'• n n-1 ' -n-1 n-1 •' ij 

P[Busy period of 02 starts at or before time t, k cells 
arrive at 02 in (0,tl. J(t) =j|X"(0)=0, J(0)=i] 


A''(t) and B"(t) can then be expressed as follows 

m m 

t 

A"(t) = f dH”(cr) P"(m.cr) m i 0 , t i 0 

m J 


(3 3 17) 


m+1 

B"(t) =y U, (t-D)P"(m-k+l.D)u(t-D) (3 3 18) 

m L K 

k=l 

where 

[A^(t)]^^ = P{Given that a cell departed from Q2 at time 0, leaving at least 

one cell in 02 and the arrival process MMPP 2 in phase i, the 
next departure occurs at no later than time t with MMPP 2 in 
phase j, and in the intervening period there were m arrivals} 

= P{Given that a cell departed from Q2 at time 0, leaving Q2 empty 
and the arrival process MMPP 2 m phase i, the next 
departure occurs at no later than time t with MMPP 2 in phase j, 
leaving m cells in Q2} 


3.4. COMPUTATION OF A"(t) AND U;;(t) 

M K 

For the computation of A^(t) using (3 3 17), P"(m,t) and dH"(t) are to be 
evaluated first In Sec 4 4, we give a recursive procedure for the 
computation of P'‘(m,D) We next consider the computation of dH”(t) In view of 
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the constant service time demand of D sec /cell and the high priority of Q2, 

the inter departure time of cells from Q2 viz (x" - x*’ J for X" > 0 is 

n n-1 n-1 

constant and is independent of the phase of MMPP 2 at x” Hence we get ” 

— n-1 

H"(t) = u(t-D)I^^ (3 4 1) 

Using (3 4 1) in (3 3 17), we get 

Ai^(t) = P"(m,D)u(t-D) (3 4 2) 

Next, an expression for is obtained As mentioned earlier, 

th " 

(t), the (i,j) entry of U, (t), gives the probability that the busy period 
ij 

of Q2 starts with MMPP 2 m phase j and k cells arrive at Q2 at or before time 
t, given that the idle period started at time 0 in phase i Let t be a 

particular instant when the busy period starts If Q1 is not empty (n e ) when 
the first cell arrives at an empty Q2, it waits for the residual service time 

(RST) for the current Qi cell in service to be over before receiving service 
and k-1 additional ceils arrive at Q2 during this RST The residual service 

time of a Ql cell is uniformly distributed in the interval (0,D) for t^D When 
t, the time at which the busy period of Q2 starts is less than D sec , the 

maximum RST seen by the first cell arriving at an empty Q2 is t sec Hence the 
pdf of RST IS given by 

P{RST=Ui^) = for 0 s 05 < Du{t-DJ+tu(D-t) ^ (3 4 3) 

= 0 otherwise 

Let the phase of the arrival process at times 0, t-w and t he i, t and j, 
respectively Then 

MN .. 

RST=a5, 
t=t , 

Ql n e 

This can be written in matrix form as 


E dm P^^(k-l,a5) 


£ = 1 


(3 4 4) 


^uj^(t) 

dt ij 
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d U (t) 
dt 


= P {0,i-Uf] A duj P {k-l,us) 

RST=us, 
t=t , 01 n e 


(3 4 5) 


Removing the condition on RST using (3 4 3) 


(t) 

dt 


1-/ u V 

= ^ f P" 
t=t ° J 


Du(t-D_)+ tu(D-t) 

II II 

(0,t-“U?)A dm P (k“l,usi) 

0 


(3 4 6) 

^ J - 

n 

Q1 n e 

The expression corresponding to the case where Q1 is empty can also be 
obtained by substituting k=l in (3 4 6) as the busy period of Q2 starts with 
a single cell in that case Removing the condition on the state of Q1 when the 
1st cell arrives at an empty Q2 we get - 


j Du(t-D_)+tu(D-t) 

^U,"(t) = —=^ rp"(0,w)A"dw p"(k-l,t-w) + p’5„p"(0,t)A" (3 4 7) 

at K J 0 iK — 

0 

A” = I ® A’* (3 4 8) 

— M 

where is the MxM identity matrix and p^ is the probability that Ql is empty 
at an arbitrary time instant 5^^^ denotes the Kronecker delta (1 if k=l and is 
0 otherwise) 


3.5. COMPUTATION OF A^(t) AND U^(t) 

Of these two quantities, the evaluation of A^(t) is considered first 

From (3 3 5) it can be observed that computation of A^(t) requires the 

evaluation of P’(m,t) and dH’(t) P’(m,t) can be evaluated using the recursive 

procedure given in Sec 4 4 The expression for ^ H’{t) is obtained next 

Let us consider the inter departure time of cells from Ql (IDT 1), le 

(t’ - t’ J , when Ql is non-empty at the (n-l)^^ departure instant (i e X’ 
n n-1 n-1 

> 0) It IS the sum of a single cell service time for Ql and the busy period 
of Q2 (BP) that might have been initiated by the cells arriving at Q2, if any, 
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in the interval D, "The number of cells arriving at Q2 in this 

interval depends on the phase of the MMPP 2 at D Hence IDT 1 depends on 

the phase of MMPP 2 Further IDT 1 is an integral multiple of D sec and an 
IDT 1 of t sec implies that BP of Q2 which follows a Q1 cell service time is 
equal to (t-D) sec for t greater than D Hence for evaluating H*(t), an 
expression for the busy period distribution of Q2 is required and is obtained 
next 

For the computation of the busy period distribution of 02 we define MNxMN 
matrices G"^^^(t) as follows, their (i,j)^^ elements denote the probability 

that the BP of Q2 which starts with m cells at time 0 with phase J(0) equal to 

1 is of duration less than or equal to t sec and the phase of MMPP 2 at time 

t, 1 e J(t), is j (We recall here that the phase of the composite phase 
process is equal to those of MMPP 1 and MMPP 2 at all time t) Let 
1 e the probability density function of G'’^’^\t), be denoted as for 

t=kD, k=l,2, and let to be the MNxMN identity matrix Then can 

be expressed as 

g"(m)(t) = u(t-kD) (3 5 1) 

k=m 

Here the lower limit for k is m because the BP which starts with m cells in 02 

will at least be of length mD sec In Sec 4 2, we develop a recursive 

( m) 

procedure for the computation of G” 

We recall that the i^^ diagonal element of the diagonal matrix HTt) 

denotes the probability that IDT 1 is of length less than or equal to t sec 
(or equivalently BP of Q2 is of length less than or equal to t-D sec) given 
that the BP of Q2 starts at time 0 with phase J(0) of i The pdf 

corresponding to the cumulative probability HTt) for t = kD. k=l,2 can be 
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service for the 1st 
Q2 cell starts 


T 


time t' - D 
n ~ 1 


n- 1 


service for th 
Ql cel 1 star 

T 

t’ - D 


phase 1 


<= 1 Qlcell service 

«= BP of Q2 (kD sec ) 


<= m cells arrive at 02===» 

<== k-m cells arrive at 

Q2=:^ 


Q2 empty 
Ql not empty 


Q2 BP starts 
Ql not empty 


02 empty 
aga in 


Fig 3 3 Arrivals and phase transitions at Q2 between adjacent Ql service 
beginning epochs given Ql not empty at the previous departure instant 


obtained by using Fig 3 3 and considering the following chain of conditional 
events - 

(i) The phase of the MMPP 2 at x* - D is equal to i (i e J(t* - D) is i) 
given that Q2 is empty 

(ii) Busy period of Q2 starts at time with m cells in Q2 and with arrival 

phase equal to I given that MMPP 2 is in phase i at x^^^ - D (i e at the 
beginning of the service for the Ql cell) 

(ill) The busy period is of duration kD sec and ends in phase j given that the 

busy period started with m cells and with arrival phase equal to I 

Let c(k,i), the i^^ element of the MNxl vectors denote the joint probability 

that the BP of Q2 is of length kD sec and starts when MMPP 2 is in phase i 

Then, using the above conditional events, c(k,i) is given by - 



k MN 

1 1 
y" 


f MN X 

c(k,i) 

= 1 1 

P" (m.D) 


m=(l-5ok) J = l' 

*^0 

J 

L k J 

1 £=1 J 


(3 5 2) 


where the i^^ element of the MNxl vector y" gives the probability of finding 


Q2 empty and MMPP 2 in phase i at an arbitrary time instant and p^ = y^e, 


where e is the MNxl unit vector 
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The terms inside the f irst, second and third brackets of (3 5 2) denote 
respectively, the probability of occurence of the events (i), (ii) and (in) 
referred to above The upper limit for m is k because any busy period which 
starts with more than k cells in Q2 will be of duration greater than kD sec 
The lower limit is 1 if there is indeed a busy period at all (i e k greater 
than 0) and is 0 otherwise 

Finally, Let C(k) denote the MNxMN diagonal matrices whose diagonal 
is equal to P[BP= kD sec | JF i ], le the probability that BP of Q2 is of 
length kD sec given that it started at time with MMPP 2 in phase i Using 

(3 5 2), It can be verified that 

[C(k)]^^ = P[BP = kD|j;_j=i] 5^^ 


= c(k,i) 


[ [ 

n=l 


5 

U 


(3 5 3) 


As mentioned earlier an IDT 1 of t sec implies that the BP of Q2 following the 

dH’ (t) 

service of a Q1 cell, is of length t-D sec Hence . is given by 


dH’(t) 

dt 


= C(k-l) 5’(t-kD) 


(3 5 4) 


Using (3 5 4) in (3 3 5) we get 

CD 

A’(t) = Y u(t-kD)C(k-l) p’(n.kD) (3 5 5) 

n L 

k = 1 

d * 

An expression for is derived next As noted in Sec 3 3, if Q2 is 

not empty (n e ) when the first cell arrives at an empty Ql, it waits, first, 
for the completion of the residual service time of the on going service, it 
then waits for the additional busy period (ABP) that the cells m Q2 might 
require after the last service to be over before receiving service 

Let the residual service time and the ABP of Q2 be denoted as m and iD {i ^ 
0), respectively Let the time at which Ql becomes idle, the time of the first 
cell arrival at an empty Ql, the time at which the ABP of Q2 starts aind the 
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time at which the busy period of Q1 starts be 0» t-iD-m, t-iD and t, 
respectively, as shown in Fig 3 4 The arrival phase of MMPP 1 at these 
instants are i, £, m and j respectively Let the number of Ql cells arriving 
during the residual service time of the present cell and the ABP be n and 
k-n-1, respectively Then - 


time 0 t-iD-is 


ser V ice for the 1st 
Ql cell starts /n 


t-tD 


phase 1 I 


m 


J 


4 == RST of a Q2 cell 
n cells arrive at 



= ABP of Q2 == 
k-n-1 more cells 


Ql becomes 1st cell 
idle arrives 

at Ql 


Fig 3 4 Time of occurence of various events in the idle period 
of Ql and the phase of the MMPP to Ql at these instants 


(t) 

dt 


k-1 MN MN . 

"Ill dm P^(n.U9)P (k-n-1, iD) (3 5 6) 


RST=itt 
ABP=tD 
t=t, Q2 n e 

Here, denotes the minimum value of n The value of n^ depends on the 

existence of the ABP following the Residual service time of a Q2 cell seen by 
the first cell arriving at an empty Ql When ABP is not the present(i e t=0), 

then out of the k cells present at the time when BP of Ql starts , k-1 cells 

arrive during the RST of the Q2 cell undergoing service Hence the minimum 

value of n is equal to k-1 in this case When ABP is non-zero, n^ is zero and 

hence n^ is given by 


= (k-l)6 


lO 


(3 5 7) 
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We also def me the MNxMN diagonal matrices F(k) whose ith diagonal 
element denotes P[ABP= kD sec |ABP starts at time 0 with MMPP 2 in phase i], 
le the probability that an ABP of 02 is of length kD sec given that it 
started at time 0 with MMPP 2 in phase i Removing the condition on the length 
of ABP using the matrices F(k), (3 5 6) becomes - 


(t) 

dt 


k-1 CO MN MN . 

= I E E I das P^(n.as)[F(0] 


mm 


RST=m 
t=t, Q2 n e 


n=n ^=0 £ = 1 /n=l 

0 


P (k-n-1, D) 
mj 


(3 5 8) 


This can be written in matrix form as 


(t) 

dt 


k-1 , 


RST=a», 


= ^ P (0,t-tD-as)A das P (n.as)F(/.) P (k-n-l,tD)u(t-iD) 


t=0 n=n^ 


(3 5 9) 


t = t , Q2 n e 


The residual service time of a Q2 cell seen by the first cell arriving at an 
empty Q1 is also uniformly distributed between the interval (0,D) and hence 
its pdf is given by (3 4 4) Removing the condition on the RST using 
(3 4 4) and noting that when 0 < t-tD < D, the maximum RST is we get - 

Du(t-ZTTD ) + ( t~^D)u(mD-t ) 


d_U (t) 
dt 


k-1 00 


^ p’(0,t-aD-as)A’das P (n,as)FU)P (k-n-l,tD)(3 5 10) 


D 

n = n - ^=0 0 
Q2 n e 0 

t=t 


We now consider the case where Q2 is empty when the first cell arrives at an 
empty Q1 In this case, the BP of Q1 always starts with a single cell The 
corresponding expression for can be obtained using (3 5 10) by setting 

k=l, Combining the expressions corresponding to both these cases, we get 


I I 

a=0 n=(k-l )5 


00 k-1 


Du{t-t+lD_) + ( t-aD ) u( a+ID-t) 
|u(t--tD)J P (0,t-aD-w)A dw P (n,w) 


cQ 
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FU) P (k-n-l,<.D) 


(1-Po) 


{0.t)A 


(3 5 11) 


In order to use (3 5 11), an expression for F(^,) needs to be derived 
Analogous to the computation of the conditional probability distribution of 
the Busy Period (BP) viz C(k), we define the MNxl vectors f(^) whose i^^ 

element denotes the joint probability that the ABP is of duration -tD and 

starts m phase i Let the i^^ element of the MNxl vectors x denote the 

steady state joint probability of finding 4. cells in Q2 and the process MMPP 2 
in phase i at a departure instant of Q2 Note that if the ABP is to be of 
duration -cD sec, then the number of cells left in 02 when the ABP starts can 
at most be c Using this and the definition of the matrices it can be 

verified that the i^^ element of f(.t) and the (i,j)^^ element of Fl-t) are 

given by - 



(3 5 12) 


fU,i) 


c MN 

= I 

m=l £=1 




x 


mi 


G"(m) 


(3 5 13) 


3.6 TRANSFORMS OF THE ELEMENTS OF Q'( ) AND Q''(.) 

It IS well known that the moments of a function can be computed by 
differentiating the appropriate transform of this function In many cases, the 
computational effort required in this approach turns out to be small compared 
to the one where the function is differentiated directly Hence we use the 
transform domain approach for the study of some of the characteristics of the 
busy periods of Q1 and Q2 as well as the moments of their queue lengths For 
this, we need to evaluate the transforms of the elements of Q’{ ) and Q"( ) 
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We start with the z-transform of P'(m,t) and P"(m,t) and state some of 
their properties It can be shown using the results of section 5 4 of Neuts 
[3] that the z-transform P”(m,t), denoted by SP"(z,t), is given by - 

CO 

= y P"(n,t)z" = exp{R"( 2 )t} (3 6 1) 

n=0 

where R"(z) = A"z - A" + Q* 

Substituting z=0 and z=l in (3 6 1), we get - 

P"(0.t) = exp{(Q* - A")t} (3 6 2) 

00 

y P"(n,t) = exp{Q*t} (3 6 3) 

n=0 

Further, if the MMPP 2 is in phase i at time 0, it has to be in one of the 

phases j (l^j:sMN) at time t Hence, the row sums of LHS of (3 6 3) are equal 

to 1 and hence exp{Q*t} is stochastic, i e 

exp{Q^t} e = e (3 6 4) 

The corresponding expressions for the z-transform of P’(n,t), denoted as 
?*(z,t), and P*{0,t) can be obtained using (3 6 1) and (3 6 2) by replacing 
the parameters of 02 by those of Q1 

Next, the LST of A”(t) and U,"(t), denoted as A"(s) and U"(s) 

m k m K 

respectively, are obtained The LST of a function is denoted by that function 

with a superscript of tilde (~) Using (3 4 2), is obtained as- 


A"(s) = P"(m,D)exp{-sD} 

m ^ 


(3 6 5) 


U”(s) IS evaluated using (3 4 7) and (3 6 2), Considering the case where Q1 is 
non-empty (n e) when the 1st cell arrives at an empty Q2 we get - 

00 Du( t-D)+tu(D-t ) 


ui;(s) 


= P"(k-l,w) 


(3 6 6) 


Q1 
n e 


t=0 


w=0 


D t 

J_ r..rt(sI-R"(0)) 

D 


D 


-J 


dte 

t=0 


I 


dwT"(w,k) + ^|dwT"(w,k)(3 6 7) 


w =0 


t=D 


w=0 
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Proceeding along the same lines as for the computation of G”(s), C^(s) can be 
computed using (3 5 11) and is given by - 

k-1 OD ^ 

U|^(s)= [si - R’(0)]'V-p^)-^ I I [A’P’(n.w)dw€“®^'^^''°V(t)P’(k-n-l.tD) 

n=o t-o ^ 

w=o 

+ [si - R’{0 )]'Vq (3 6 14) 

Using (3 3 18) and (3 6 14), B ’ (s) the LST of B ’ (t) can be obtained as - 
, m m 

m+1 

B’(s) =y U,’{s)e®'^ P’{in-k+l,D) (3 6 15) 

m L k 

k=l 

One immediate application of these transforms would be the computation of 

Q*(co) and Q"(co) Substituting s=0 in (3 6 5), (3 6 11), (3 6 13) and (3 6 14), 

A"(cx»), U"(aj), A * (cxd) and UMoo) can be computed These matrices are required for 
m k m k 

the computation of the QLDs as discussed in Sec 5 6 Using these transforms, 

we can also compute the double transforms (z transform of the LST) of A*’(t), 

m 

U''(t), A’(t), U,’(t), B"(t) and B’(t) denoted as A”(z,s), U’’(z,s), A’(z,s), 
k m k m m 

U’(z,s), B’'(z,s), and B*(z,s) respectively In the subsequent sections, we 

find these transforms useful for examining the the stability of the queues Q1 
and Q2 and for studying their busy period characteristics These are also 
required for the computation of the probabilities p" and p^ of the queues Q2 
and Q1 being empty 

Using (3 6 1) and (3 6 5) it can be verified that - 


A’‘(z,s) 


w 

= i 


m=0 


A " {s)z 
m 


m 


[R"(z)-sI]D 

€ 


Similarly using (3 6 13) and (3 6 1) we get - 


(3 6 16) 


A’(z,s) = ^ A^(s)z'^ = ^ C(k-1)€ 

m=0 


[R’ (z)-sl IkD 


k=l 


(3 6 17) 


For the computation of U"(z,s), we consider the case where the first cell 
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arriving at an empty 02 finds Ql not empty Using (3 6 11) and expanding the 
summation w r t n we get - 


U"(z,s) 


= y U"(sz 
Ql n e 


m 


Ql n e 
D 


(3 6 18) 


= [si - R"(0)]"^-^ I A"dw[ P"(0.w)z + P"(l,w)z^+ ] 

w=0 

D 

“SW 

= [si - R"(0)]~^-^ I A"z dw p"( 2 ,w) e (3 6 19) 

w=0 

Considering the case where Ql is empty when the f irst cell arrives at Ql and 

removing the conditioning on the state of Ql we obtain - 

D 

U"(z,s) = [si - R"(0 )]“^|a"z p^ + (1-p^)^ J A"z P"lz.w)e j- (3 6 20) 

w=0 


The evaluation of U’(z,s) is carried out along the same lines as for the 
computation of U"(z,s) Using (3 6 14), expanding the summations on the 
variables n and t and combining the like terms, we get - 


U’(2,S) 


Q2 n e ™ 


m 


(3 6 21) 


Q2 n e 
D 


= [si - R’(0)]~^-^ I r e"^^'^'^^°^A’dwjp’(0,w)F(<.)P’(0,<.D)z 

w=0 


+ {P*(0,w)FU)P*(l,^D)+ P’(l,w)Fa)P’(0,-tD)}z + 


(3 6 22) 


-s(w-l-tD) 


. . A »T * t 

= [sl - Rn0)f -~ I A’zdwc T* (z,w)FU)PHz,tD) 

t-o ^ 
w=0 


(3 6 23) 


Considering the case where Q2 is empty when the f irst cell arrives at Ql and 
removing the conditioning on the state of Q2 we obtain - 
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U’(z,s) = [si - R’(0)]"^(l-p|j) 




00 -s{w+tD) 

£ A’z dwe T’{z,w}FU)T’iz,LD) 

1 — r» 

w =0 


•L=0 


+ [sl - R’(0)] ' A’z p" 


(3 6 24) 

Using (3 6 12) and {3 6 15) and combining the like terms as in (3 6 22) we get 

B"(z.s) = U"(z,s)P"(z,D)e”^’° (3 6 25) 

B’(z,s) = U’(z,s)?>’(z,D)e"^'^ (3 6 26) 

Finally, we consider the evaluation of these transforms when z=l and s=0 
Using theorem (5 3 2) of Neuts[3l, it can be verified that - 

= e (3 6 27) 

Using (3 6 27) and (3 6 4), it can be shown that A’'(1,0), A’(1,0), U"(1,0) and 
U*(1,0) are stochastic matrices 


[A’ - Q*]"^ A’e 


= [A" - 0*]“^ A"e 
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CHAPTER 4 

CHARACTERISTICS OF BUSY PERIODS OF 01 AND Q2 

4 1. INTRODUCTION 

In the study of queueing systems with arrivals from more complex 
processes like Neuts process , MMPP etc , the so called G( ) matrices and 
their moment matrices play a crucial role (eg Neuts li], Ramaswami [2], 
Lucantoni[3]) Their role is analogous to that of the busy period and its 
transform in the study of simple M/G/1 systems In Ramaswami [2], these 
matrices were used to study some of the characteristics of N/G/1 queue In 
this chapter, we define appropriate G( ) matrices for studying some of the 
characteristics of the queues Q1 and Q2 (as described in the earlier chap- 
ters) and consider the application of the results of Neuts[l] and Ramaswami[2] 
to the problem considered in this thesis 

4 2 FIRST PASSAGE TIMES AND BUSY PERIODS OF Q'( ) AND Q"( ) 

First, we motivate the need for the study of the busy period characteri- 
stics for the study of the QLD of a queue Let us consider the evaluation of 
the QLD of the simple M/G/1 queue using embedded Markov chain approach Let 
us choose the embedded points to be the departure instants of customers from 
this queue Let X denote the number of customers m the system at the n^^ 

n 

departure instant from the queue The sequence {X 0 } forms a semi- 

n 

Markov chain (SMC) and let the transition probability of this SMC be denoted 
as Q with (i,j)^^ elements as Let the steady state probability of 

f inding 1 customers at a departure instant be denoted as These system 


probabilities can be evaluated by solving the system of equations given by- 
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CD 

CO 




= y X Q 

L I^IJ 

1=0 

I 

J=0 

(j = 0. 1, 2, 

) 

(4 2 1) 


There is an alternate method for finding the * s (See for eg 

Takacs[4], Feller [5]) We shall consider this method next We shall assume 

that the traffic arrival rate to the system is less than the service rate and 

hence the system is stable Under this condition, it can be noted that the 

above Markov chain is irreducible as starting from any state (X^ = j) any 

other state (X = i) can be reached for 12 : 0 and m > n It is also aperiodic 

m 

Let us assume that the system was initially in the state = { X^ = i} Let 
f|^^ denote the probability that the system returns to state again after m 
transitions(i e after m departures) The mean recurrence time of the state 

E^ is denoted as and is given by 

CO 

m 2 2) 

m=l 

As the system is stable, < 00 and E^ is a non-null state As the system is 

stable, E is also a recurrent state 1 e 
1 

00 

f s Y =1 (4 2 3) 

1 L 1 

m=l 

In an irreducible and aperiodic Markov chain with recurrent null states x^ is 
given by (see for eg [4], [5]) 

X = -t— (4 2 4) 

Hence, in principle, by f inding the mean recurrence times of the various 
states, the system probabilities can be found The need for finding at least 
some of the system probabilities using this method may arise due to the follo- 
wing reason When the traffic offered to the queue is close to the capacity of 
the server, the dimension of Q may become very large and hence the system of 
equations given by (4 2 1) may have to be solved recursively The recursive 
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procedures require the knowledge of the probabilities and to start with 

Let us next illustrate how the mean recurrence times for i = 0, 1, 

can be found Let us consider the case when i=0 first le The system 
starts m the state = {X^ = 0) This state implies that the system has 
become empty For this state to be visited again at least one customer has to 
arrive at the system and the busy period has to start first When this busy 
period ends the state is visited again Hence the recurrence time of this 
state IS equal to the number of customers served during the busy period The 
mean recurrence time is obviously equal to the average number of customers 
served during a busy period Hence the characteristics of the busy period is 
required for computing 

To illustrate the computational complexity associated with the evaluation 
of the higher system probabilities using (4 2 4), evaluation of the MRT of E^ 
is considered next For computing the MRT of E^, the following events have to 
be considered To start with, the system state is E^ This state is visited 
again if one of the three things happen 

(1) During the service time that follows, exactly one customer arrives 

(2) At the next departure instant the system became empty In one of the 
subsequent busy cycles (idle period followed by busy period), the state E^ 
IS visited again 

(3) During the service that follows, more than one customer arrives In this 
case the state E^ is visited again before the ongoing busy period ends and 
the recurrence time is greater than 1 

We shall not proceed with the evaluation of the MRT of E^ Next we list the 

events that need to be considered for the evaluation of the MRT of E To 

2 

start with the system state was E^ This state is visited again when one of 
the following three set of events occur 
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(1) exactly one customer arrived at the system m the service time that 

f ollows 

(2) no customer arrived in the service time that follows and one of the 

following two events occur 

(i) The state is visited again at one of the subsequent departure 

instants before the ongoing busy period ends 

(ii) The state is not visited again in the ongoing busy period and it 
is visited again only in one of the subsequent busy cycles 

(3) More than one customer arrived at the system m the service time that 

follows, during a later departure instant in the ongoing busy period, the 

state E^ IS visited again 

From these list of events, it can be observed that the number of events that 
has to be taken into account for the computation of the MRT of E^ increases as 
the value of i increases Hence the computation of the system probabilities 
using (4 2 4) is not preferred for large values of i 

Having noted the role played by the characteristics of the busy period in 
an M/G/1 queue, next we consider the generalizations required for the study of 
prioritized queueing system Let us concentrate on 02 first 

(1) The system probabilities depend on the phase of the arrival process and 

hence x s have to be considered as vectors whose i^^ element denote the 
1 

joint probability that X" = i and the phase of the arrival process =j 

n 

We shall define the system to be in level i {i,j isj :sMN> when the number 
of customers in the system =i and the phase of the arrival process = j 

(2) For brevity of notation we denote the semi-Markov Process whose transition 
probability matrix is 0*'( ) as the semi-Markov process Q”( ) We define 
the time taken for the semi-Markov process Q”( ) to go from the set of 
states {i+l} ={i+l,j, 1^ j ^MN> to the set of states {i} ={i,j, 1:^ j :sMN> 


as the first passage time 
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(3) The busy period can start with more than one customer in the system The 

busy period distribution depends on the phase of the arrival process at 
the beginning of the busy period and hence should be treated as matrix 
functions We assume the busy period of Q2 to be characterized by MNxMN 
matrices G"^^^(k.t) Their element denotes the probability that, 

given that the semi-Markov process Q”( ) starts in the state (i,j), it 
reaches the state (0,j*) for the first time after k transitions and the 
time taken for such a first passage is at most t 

(4) We denote G"^^\k,t) as G"(k,t) These matrices for k=0,l,2 specify 

completely the first passage time distribution of 0”( ) i e the time 

taken for Q"( ) to return to level 0 starting from level 1 (Here, the 

time is expressed in terms of the number of customer services) 

From our discussion on the computation of the MRTs for the M/G/1, it is clear 
that for the prioritized queue as well, we need to compute the statistics like 
the number of customers served during the busy period In section (3 5), we 
noted that the busy period distribution of the higher priority queue is requi- 
red to compute the distribution of the mter-departure time of customers from 

Q1 Efficient procedures for the evaluation of these statistics can be arri- 

ved at using the double transform (the z transform of the LST) of G"(k,t) 
denoted as G"(z,s), i e G"(z,s) is given by- 

co 

CO 

G"(z,s) = ^ 2 ^ jdG”(k,t)exp(-st) (4 2 5) 

k=0 0 , , 

The double transform of G”^^ lk,t) is denoted as G" (z.s) The matrices 

G”(k,t) are similar to the matrices G(k,x) defined in Neuts [1,3] and 

Ramaswami [2] and hence G"{ 2 ,s) satisfy the following properties 

(i) In view of the structure of Q"( ), the first passage times from the set of 

states {i+1} to {i} are identically distributed and hence - 
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(i) 

G" (z.s) = [G"(z,s)]‘ (4 2 6) 

(u) G"(z,s) satisfies the non-Iinear matrix equation 
00 (m) 

G"(z,s) = z y A (s) G" (z.s) (4 2 7) 

L m 

m=0 

where A*’(s) is the LST of A"(t) 
m m 

(ill) For 0^z:£l, s>0 , there exists a unique non-negative matrix G”(z.s) which 
satisfies (ii) This solution is such that G"=G”(1,0) is an irreducible sub 
stochastic matrix (The Markov Renewal process Q"( ) is said to be irreduci- 
ble iff there is a positive probability of visiting the state {i-l,j'), 

from any initial state(i,j)) The matrix G" is the entry wise 

smallest non negative solution of the nonlinear matrix equation 
00 

G" = y A''(0)G"" {4 2 8) 

n=0 " 

(iv) Let p" denote the average traffic offered at Q2 Then Q‘'( ) is recurr- 
ent, G" is stochastic and Q2 is stable if p” < 1 Analogous to that in an 
M/G/i queue, p” can be obtained as 

p" = 7r”/3*' (4 2 9) 

where 7i" is the IxMN, invariant probability vector of A"(1,0) The (i,j)^^ 
element of A’'(1,0) gives the probability of finding the MMPP 2 in phase j at a 
departure instant of Q2 given that the previous departure from Q2 left the 
system non-empty and MMPP 2 m phase i The i^^ element of the MNxl vector, 
P*' denotes the average number of customers arriving at Q2 during the inter 
departure time of customers from Q2 given that at the previous departure 
instant Q2 is non-empty and the MMPP 2 is in phase i 

Using these properties computation of the busy period distribution of Q2 
IS considered in section (4 3) The statistics on the number of customers 
served during a busy period is considered in section (4 5) The matrix G” 
plays a central role m the computation of the f irst passage times The 
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element of G" denotes the probability that the busy period of Q2 ends 
in phase j given that the busy period started with the MMPP 2 in phase i 

Next we consider the computation of G” For the case where the interdep- 
arture time distribution of the customers from the queue (IDT) is a scalar 
function, an iterative procedure for the computation of G is given in 
Lucantoni [6] This iterative procedure has been generalised for the present 

case where the IDT is defined to be a matrix function Using (3 4 1), the 
Iterate of G” , denoted as GJ^ can be obtained using the following 
equations - 


G" =0 
0 


09 



r" 

n 



k 


(4 2 10) 


H", = I 
~o,k 


H" , , = [I - 
— n+l,k '• 


'r-(o)] * e 


.,-1 


A” H" , G." 
- — n.k k 


(4 2 11) 


0" = max(A" - Q* ) is js MN 

-JJ -JJ 

/r (^t)" 

n J n' 

0 

-e"D ( 0 "D)" 

= e r I 

n ' 


(4 2 12) 

(4 2 13) 

(4 2 14) 


Let r" = 
0 


-0"D, 
e I 


then can be computed recursively as follows 


r" 

n 


r" , 

n-1 


0"D 


n 


(4 2 15) 


Following an approach similar to that for Q2, we define for Q1 the MNxMN 
matrices G’^*^(k,t) whose (j,j’)^^ element denotes the probability that, given 
that the semi-Markov process Q’( ) starts in the state (i,j) , it reaches the 
state (O.j’) for the first time after k transitions and the time of such a 
first passage is at most t The results (i) -(iv) given earlier for Q2 are 
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also valid for Q1 when the parameters of Q2 are replaced by those of Q1 
Similarly G’ can also be computed using (4 2 10) - (4 2 13) n can be 
obtained using (3 5 4) as follows 

r’ = r e~^'^ dH’(t) (4 2 16) 

n J n' 

0 



-e’t (e’t) ^ 

n‘ 


C(m)5(t-mD)dt 


(4 2 17) 


= E « 


m=0 


-0’mD ( 0*mD ) 
n ‘ 


n 

C(m) 


00 


= I 

m=0 


C(m)r* 


m,n 


(4 2 18) 


Here, D denotes the sevice time/cell and C(m)s are the matrices defined in 

section (3 5) Let F ’ = e ^ then F ’ can be recursively computed for 

m, 0 m, n 

any particular value of m starting from n=0 as follows 


F’ 

m,n 


( 0’mD ) 
m,n-l n 


(4 2 19) 


4 3. THE BUSY PERIOD DISTRIBUTION OF Q1 AND 02 

As mentioned in Sec 3 5, for computing the elements of Q’( ), the busy 
period distribution of the server in Q2 must be known The busy period dist- 
ribution can be computed using Ramaswami [7] and this requires the computation 
of the inverse LST However, taking advantage of the fact that the service 
time per cell is constant, an efficient procedure for the computation of the 
busy period distribution of Q2 is developed here which does not require the 
computation of inverse transforms The busy period distribution of Q1 can 
also be computed along the same lines 

It can be noted that the LST of the busy period distribution of Q2 can be 
obtained using (4 2 6), (4 2 7) and (3 6 5) by substituting z=l as follows, 

G (l.s) = y A (s) 6 ^"^^{l.s) 

L m 

m=0 


(4 3 1) 
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® If T-\ r fi 1 m 

= [ P G (l,s) 


(4 3 2) 


m=0 


It may be noted that the matrix G"^^\t), defined in section (3 5), for m=l 
gives the distribution of the busy period of 02 starting with a single custo- 
mer Hence the LST of G^^ V) is also equal to G’'(l,s) Using (3 5 1), 
G (l,s) can be written as 


00 „{1) 

:-a.s) = [ Cj e 

1=1 


-sDl 


(4 3 3) 


** — sD ” ( 1 ) ” 

Let 6 (l.s) , e and be denoted as G(?), ^ and G^, respectively 


Then, using (4 3 3) in (4 3 2), we get 




P (m.D) ? 


m =0 




(4 3 4) 


Because of the appearance of a lone ” ^ " on the RHS of (4 3 4), by comparing 

the coefficients of on both sides of (4 3 4), it can be verified that 

G'j' = P"(0.D) (4 3 5) 

G^ ~ E ^ (k,D)-^coefficient of ^ in ^ 

k=0 f=l 


(4 3 6) 


Let the coefficient of ) in (G';? + G"C^ + G"?^ + be 

12 3 

represented as a matrix array Y(k) whose i^^ element Y(k,i) gives the coeffi- 
cient of It may be noted that the coefficient of in 

£ 

+ ) IS zero for n < £ 1 e 

Y(£,n) = 0 for n < £ (4 3 7) 

Using the array representation and using (4 3 7), (4 3 6) can be rewritten as 

ft II 

G =r Y(l.n)= ) P (m,D)Y(m,n-l) (4 3 8) 

n L 

m=0 

A recursive procedure for the computation of P’'(m,D) is developed in the 
next section If these are known, our problem becomes one of computing the 
elements of the matrix arrays Y(m) 's It may be noted that the coefficient 
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n 2 3 2 

of ^ in + ) can be obtained by convolving the sequ- 
ence (Gj G" G|^ ) with (G^’ G" G” ) and is given by 

n-1 n-1 

Y(2,n) = ®n-k E Y(l,n-k) (4 3 9) 

k=l k=l 

Similarly, the coeff icient of in (Gj'^ + + G^^^ + can be 

obtained by convolving the sequence (Y(2,l) Y(2,2) Y(2,3) ) with (Gj' G^ G^ 

) and IS given by 
n-1 

Y(3.n) = Y(2.k) Y(l.n-k) (4 3 10) 

k=l 

Generalising this result, the coefficient of in (G'^^ + G^^^ + 

can be obtained by convolving the sequence (Y(m-l,l) Y(m-1,2) Y(m-1,3) ) 

with (G" G” G^ ) and is given by 
n-1 

Y(m,n) = Y(m-l,k) Y(l.n-k) (4 3 11) 

k=l 

Finally let Y(0,n) be defined as 

Y(0,n) = I 5 „ (4 3 12) 

nO 

We then compute G^ =Y(l,n) for n=l,2,3 as follows - 

(i) Y(l,l) IS given by (4 3 5) Using (4 3 7), we note that Y(m,l) =0 for 

m>l Hence Y(m,l) is known for m=l,2,3 

(ii) Knowing Y(0,1) and Y(l,l), we can then find Y(m,2) for m=l,2, using 

(4 3 8), (4 3 12) and (4 3 7) 

(ill) Knowing Y(0,2), Y(i,2) and Y(2,2), we find Y(m,3) for m=l,2, next 
using (4 3 8), (4 3 12) and (4 3 7) 

(iv) Proceeding in this manner, at the step we find Y(m,n) for m=l,2, 
using (4 3 8), (4 3 12), (4 3 7) and the values of Y(0,n-1), Y(l,n-1) and 

Y(2,n-1), Y(n-l,n-l) computed in the (n-l)th step 

It 

Using this procedure, G^ for n==l,2, can be found recursively More- 

over, this recursive procedure also yields Y(k) and hence [G (l,s)] In 
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’’(k) 

light of (4 2 6), Y(k.n) 's are nothing but the s Hence, as a by- 

product, this recursive procedure also enables the computation of the matrices 
C(k) and F(k) defined in Sec 3 5 

We can now consider the application of these results for an MMPP/D/1 
queue with a FCFS service discipline Let the parameters of this queue be 
denoted by the corresponding parameters of Q2 without the superscript of (*’) 
In this case, the busy period always starts with a single cell 
G^^^{t) are of the same form as (3 4 2) and (3 5 1) respectively and hence the 
above recursive procedure is also valid for this queue Let G^= Then 

It can be shown that the probability that the busy period of this queue is 
equal to nD sec is given by 
y (G e 

P(BP=nD) = — (4 3 13) 

If the arrival parameters of this MMPP/D/1 FCFS queue are chosen to be 
equal to those of Q2, then G^ is equal to G” Hence the busy period distri- 
bution of Q2, given that the busy period starts with a single cell in Q2, is 
the same as that of an equivalent MMPP/D/1 queue with FCFS discipline 

Next, the extension of the above results to Q1 is considered For this 

» (k) 

purpose, analogous to that for Q2, we define MNxMN matrices G^ for k ,n = 

1,2, . The (i,j)^^ element of these matrices gives the probability that 

the busy period of Q1 is of duration nD sec and ends with MMPP 1 in phase j 

given It started at time 0 with k customers in Q1 and with MMPP 1 in phase i 

*( 1 ) " 

For ease of notation let G be denoted as G Using these matrices G’(l,s) 

n n 

can be written as 

CO ,(1) « 

G’Cl.s) 3 14) 

t=\ 

By replacing the parameters of Q2 by those of Q1 in (4 2 7) it can be verified 
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that G*(l,s) satisfies the equation 

:,(m) 


G^{l,s) = y A*{s) G*^^^l,s) 

L m 

m==0 

00 00 r *1 

= 'l 'l C(k-l)P’{m.kD)e'^^° G’(l.s) 


m 


(4 3 15) 


(4 3 16) 


m=0 k=l 


(4 3 16) IS obtained from (4 3 15) by substituting the expression for A^(s) 
using (3 6 13) Let ^ = e Substituting (4 3 14) in (4 3 16) we get 


00 ,( 1 ). 00 03 

[ Gj 5* " [ I C(k-l)P’(m,kD)5'‘ [ [ 

£=1 


m=0 k=l 


® ,(1) D Tm 

£=1 


(4 3 17) 


Comparing the coefficients of ^ on both sides of (4 3 17), is given by 


n 


nn“k / vf^ 

""I I C(k-l)P’(m,kD) jcoeff of in f 3 

k=l m=0 £=1 


18) 


Since for k > n, the exponent of ^ becomes less than 0, the upper limit on k 
is set to be n Similarly, it can shown that the upper limit of m is n-k 
Analogous to the procedure outlined for Q2, we can recursively obtain G^ for 
n=l,2,3, by defining similar matrix arrays 


4 4. COMPUTATION OF P"(M,D) AND P’(M,ND) 

We consider the computation of the matrices P"(m,D) first One direct 
way of obtaining these matrices is to solve the differential-difference equa- 
tions satisfied by the matrices P"(m,t) (eg Neuts [1], [8]) However, these 
equations do not have closed form solutions and hence they have to be solved 
through numerical integration Since the other parameters like ’s and U" 
's have to be evaluated using these matrices, these numerical integrations 
have to be performed with a very high degree of accuracy and require a lot of 
computational effort We next show how these matrices can also be evaluated 
efficiently using the recursive procedure suggested for the computation of the 



busy period distribution 


We start with the expression for the z-transform of P (m,D) m terms of 
the parameters of the arrival process (MMPP 2) - 


Tiz.D) = J: p"(m.D)z"^= 
ni=0 


(4 4 1) 


This can be rewritten in terms of the inf mite series expansion as 
00 „ 00 

'I P {m,D)z'" = j; {(A"(z-1)+Q»)D>"' (4.4 2) 

m=0 m=0 ^ ^ 

It IS now obvious that P"(m,D) can be evaluated by comparing the coefficients 

of on both sides of (4 4 2) Let the coefficient of (z^,z\ z^, ) in 

{[A"(z-1)+Q*]D be represented as a matrix array V(n) whose i^^ element 

V(n,i) gives the coefficient of z^ ^ Let V(0) be defined to the matrix array 

with V{0,n) = 15 For n2:2, the elements of V(n) can now be obtained by 
on 

convolving V{n-1) with V(l) and hence V(n,m) and P (m,D) are given by 


V(n,m) 

V(n,m) 

p"(m,D} 


2 

= Y. V(l,k)V(n-l,m-k+l) 
k=l 

= 0 for m > n+1 

_ ” V(k,m+1) 

L I 

k=m 


(4 4 3) 

(4 4 4) 

(4 4 5) 


It can be noted from (4 4 3) that, for the computation of V(n,m), only 
two elements of V(n“l) {viz V(n-l,m) and V(n-l,m-l)} are required Hence, 
only two elements of V(m) need to be stored at any stage of the computation 
{(We call It stages because starting with P”(0,D), first P"(1,D), then P”(2,D) 
etc will be computed in that order } This implies that the storage require- 
ments for V(m) is minimal even though we have defined them as infinite dimen- 
sional matrix arrays Further, because of the factor " k* " in the denomi- 
nator of (4 4 5), only finite terms need to be considered for the computation 
of P"(m,D) The maximum value of m upto which P"(m,D) is significant depends 
of course on the traffic arrival rate A*' and D When the elements of the 
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matrix A"D is less than 1» this procedure converges with reasonable speed 

It can also be noted that if the diagonal elements of the arrival rate 
matrix of the MMPP had been distinct no further reduction in the computation 
time IS possible However, in order to keep track of the phases of MMPP 1 and 
MMPP 2 simultaneously, we defined MMPPs, MMPP 1 and MMPP 2 whose diagonal 
elements are not all distinct In this case some simplifications are possible 
and are considered next 

The (i,j)^^ element of P”(m,t) can be rewritten in terms of the 


parameters of MMPP 1 and MMPP 2 as follows 

[P"(m,t)]^^ = P[N"(t)=m, J(t)=j|J(0)=i] (4 4 6) 

= P[N"(t)=m, J*(t)=j*, r(t)=/|JTO)=i’, J"(0)=i’‘] (4 4 7) 

=P[N"(t)=ni.J"{t)=j"|J"(0)=r']P[J’(t)=j’|J’(0)=i’] (4 4 8) 

=[P"(m.t)]^..^., (4 4 9) 


where i = (i’-l)M + i" and j = (j’-l)M + j" Here M denotes the total number 

of phases of MMPP 1 We obtain (4 4 8) from (4 4 7) using the fact that MMPP 

1 and MMPP 2 are independent P"(m,t) is the matrix P(m,t) corresponding to 

MMPP2 The advantage of this observation is that, for computing P"(m,t) it is 

enough if we find the matrices P"(m,t) whose dimension is small by a factor M, 

resulting in smaller computation time For the computation of P"(m,t) the 

0*’t 

above recursive procedure can be used The computation of e is straight 
forward and for 2x2 matrices, it is given by 


Q»’t 


l-r(t) 


— r r(t) 
rl 


r(t) 


1 - ^ r(t) 
r 1 


(4 4 10) 


rlt) 


rl f, -(rl+r2)t 1 

“ FrfF2[‘ ■ ' J 


where rl , r2 are the (1,2)^^, (2.1)^^ elements of Q*‘ 


It may also be noted that (4 4 8) can be written in matrix form as 
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= e 


Q*^t 


0 P*'(m,t) 


(4 4 11) 


Similar simplifications could have also been done in the computation of 
busy period distribution of 02 Busy period distribution of Q2 could have 
been expressed in terms of the parameters of MMPP 2 and MMPP 1 In order to 
keep the recursive procedure simple we have not done that here However, in 

the case where the high priority queue size is finite and the traffic offered 

is high (the case studied in Chapter 7), we find that this approach helps in 

reducing the computation time and storage requirements signif icantly and is 

worth the additional complexity 

Finally we consider the computation of the matrices P’(m,nD) One direct 
approach is to follow the same steps as that for the computation of P"(m,D) 

However, even though the recursive procedure for P*(m,nD) converges fast for 

n=l when the elements of A*D are less than 1, it may not do so for higher 
values of n The covergence problem is overcome as follows Using the above 
recursive procedure P*(m,D) is computed To compute PTm,nD) for n > 1 ano- 
ther recursive procedure is used the details of which are considered next We 

first note that the z transform of the matrices P*(m,nD) corresponding to an 
MMPP can be expressed in terms of that of P*(m,D) This can be verified by 
looking at the corresponding expressions given by 

y (z.D) = I p’(m.D)2"' = 

m=0 

y te,nD) . E p'(m,nDte'"= 
m=0 


(4 4 12 ) 


(4 4 13 ) 


(4 4 14 ) 


Let the coefficient of {z^,z\ z^, ) in {P*(z,D)}^ be represented as a matrix 
array W(n) whose element W(n,i) gives the coefficient of ^ 


From 
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(4 4 13), It can be noted that W(n,i) is equal to P'Ci“l,nD) Let W(0) be 

defined to be the matrix array with W(0,m) = 15 The (m+1)^^ element of 

om 

W(n) denoted as W(n,m+1) is equal to P’(m,nD) and the elements of W(n) can be 
obtained by convolving W(n-l) with W(l) Hence, W(n,m+1) and P*{m,nD) are 
given by 

m- 1 

P’(m,nD) = W(n,m+1) = ^ W(l,k)W{n-l,m+l-k) (4 4 15) 

k=l 

Hence knowing W(l) or equivalently knowing the P’(m,D)s, the P’(m,nD)s can be 
recursively computed 


4 5. AVERAGE DURATIONS OF THE BUSY PERIODS AND NUMBER OF CELLS 
SERVED DURING THE BUSY PERIODS OF Q1 AND 02 

We consider Q2 first The computation of the average length of the busy 
period and the average number served during the busy period of Q2 can be 
earned out along the same lines as for the N/G/1 queue It may be noted that 
the busy period of Q2 which starts with i customers is the sum of i f irst 
passage times of Q”( ) i e the busy period of Q2 starts in level i It 
takes one first passage time of Q”( ) for Q2 to reach level i-1 It takes 
another first passage time for it to reach level i-2 and so on until the level 
0 IS reached Hence next, we consider the computation of these parameters in 
an interval of the first passage time 

It can be noted that that the average number of customers served during 
the first passage time and its average duration can be found by computing the 
first moments of G”(z,s) wrt z and s respectively Let the element of 
the vector p” denote the expected first passage time from (i+Lj) to (i,j) for 
1^0 in the semi-Markov process Q*‘( ) and the element of ji” denote the 
number of service completions during such a first passage from (i+l,j) to 
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(i,j) Using Theorems 4 and 7 of Neuts [3] on the mean length of the first 
passage time and the mean number of customers served in the first passage time 
of a semi-Markov process, p” and p” can be computed and is given by 


= [I-G + eg ][I-A +(e-p )g ]e (4 5 1) 

z=l,s=0 

= [I-G + eg ][I"A +(e-g )g ]e p^^^ (4 5 2) 

z=l,s=0 

where g" is the invariant probability vector of G" and A" = A*'(1,0) Using 
(3 6 12) and (3 6.3), we get 
A" = exp I0*D] 

p" IS def ined in section (4 2) and can be computed as- 


^*'(z,s) 

6s 



P" =Z m A"(0) e = 

- m 5z 

m=0 


(4 5 3) 


z=l, s=0 


fi denotes the average interdeparture time of cells from Q2 given that the 
previous departure left Q2 non-empty It can be computed as- 


( 1 )" 
M e 


I 


t dA"(t)e = - 

m os 


(4 5 4) 


z=l, s=0 


We next consider the evaluation of p" Using (3 6 5) in (4 5 3), we get 


= I m P"(m.D)e = (4 5 6) 

m=0 z=l 

Hence to find the first moment of ?’"{z,t) wrt z should be computed 
This is a standard problem and the results are known for an MMPP (e g Heffes 
19], Fischer [10]) However, since the intermediate steps used for computing 
the moment is useful for simplifying some of the later expressions we go 
through the steps involved in the evaluation as in Neuts [1] We start with 
the Chapman-Kolmogorov equation satisfied by the counting functions P"(m,t) of 


the MMPP 2 given by 
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4r P-(0,t) 


* 

= P"(m,t)(0 -A") + for t£0 


= P"(0,t)(0* -A”) 


tsO 


(4 5 6) 


Let V (t) and V (t) be defined as follows - 
1 0 

00 

V (t) = y mP"(m,t) 
m=o 
00 

V^(t) = I 

m=o 

Multiplying both sides of (4 5 6) by m and adding the terms corresponding to 
m=0,l. it can be verified that 

- 4 - V (t) = V (t)Q* + V (t)A" (4 5 7) 

dt 1 1 - 0 - 

m 

Integrating (4 5 7) and multiplying it by e and noting the fact that Q e = 0, 
we get 

t t ^ 

Vj(t)e = J A"e = | e- A"e (4 5 8) 

0 0 

The integral on the RHS of (4 5 8) can be evaluated using Theorem (5 3 1) of 

Neuts[l] which states that for any irreducible infinitesimal generator matrix 

Q with stationary vector n, the matrix en-Q and en^i-Q are nonsingular and 
t 

J e^^du = eirt + [I - [en ~ <?] ^ (4 5 9) 

0 


ent + [e^ - I] [eir + Q] 


(4 5 10) 


In view of the nonsigulanty of en+Q it also follows that 

n = Tr(e7r+(?) ^ (4 5 11) 

* 

Let n be the invariant probability vector of Q and let l/(t) be def ined as 

y{t) = eirt + [e? ^-I][e7r + Q*]“^ (4 5 12) 

Using (4 5 10) and (4 5 12) in (4 5 9) we get 

p" = V {D)e = l/(D)A"e 
1 


(4 5 13) 
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Finally, can be computed, using (3 6 16) and (3 6 3) in (4 5 4), as 

( 1 )" 

p e =D e (4 5 14) 


Next we consider the computation of the average duration of the first 

busy period of Q2 and the number of customer served during this period Tow- 
ards this end, we define D'Cz.s) to be the joint transform of the number 
served and the duration of the f irst busy period of the server in Q2, given 

that at time 0 there are no customers in the system The matrix of mass 

functions L”(k,t) associated with D'Cz.s) is such that its entry is 

the conditional probability given X"(0)=0 and J(0)=j, that the first busy 

period is of duration less than or equal to t and consists of k services and 
that at the epoch where the BP of 02 ends, the phase of MMPP 2 is j’ Consid- 
ering all the possible ways in which the BP of 02 can start, we get 


L”(z,s) = I U"(0)G ^(z,s) = UlG”(z,s),0] (4 5 15) 

k=l 

Let Ji” and p” be the MNxl vectors whose i^^ elements denote respectively, the 
mean number served during and the mean duration of the first busy period of 02 

II 

given that* X"(0)=0 and J"(0)=j It can be noted that and can be compu- 
ted by finding the first moments of L"(z,s) wrt z and s respectively The 
details of the computation of these moments and the simplifications that can 
be achieved are considered next Differentiating L"(z,s) wrt z and using 
the fact that G" is stochastic we get 


E G"(o)|- 

k=l 


M'i = E U"(0)-|-||"^^’®^[G"(z,s)]’^"^e + G"(z.s)-|p-"^^’^^[G"{z.s)]^'^e 


8z 

k-1 


+ [G*’(z.s)] 


5G 

5z 


■(Z,=) 1 


(4 5 16) 


z=l, s=0 


" 6G"(z.s)_ . 5G"(z.s)^ . ^,.2 5G"(z.s)_ ^.,k-l 6G"(z,s)„ 

e + G-^ e + G-^ e G e 

k=i 


6z 


6z 


dz 



Characteristics of busy periods 


91 


W Jtv J, . 

= I I [I - G" + eg”][I -G" + eg"]‘ Ji" (4 5 17) 

k=l 
00 

= I [* - C"*^ + keg"][I -G" + eg"]"^ji" (4 5 18) 

k=l 

= [U (1,0)-U (G",0)+ 0 {1.0)eg ][I-G -eg"]“^M (4 5 19) 


where u”(l,0) = £ kO"(0) = 


k=l 


(4 t 20) 


2=1, S=0 


It may be recalled that the matrix U"(z,s) is defined m section (3 6) 
Similarly, differentiating (4 5 5) wrt s and evaluating the resulting 
expression at 2=1 and s=0 we get 


»t « 


1 " 


= [U (1,0)-U (G'\0h u (l,0)eg ][I-G -eg ] p 


(4 5 21) 


It may be observed that the corresponding expressions obtained for the 
N/G/1 queue in Ramaswami [21 differs from (4 5 19) and (4 5 21) in the third 
term within the first square bracket This is because in the N/G/1 queue the 
time when the f irst batch of arrival occurs at the queue is identical to the 
time when the busy period starts, however in Q2 of our system, the BP does not 
start the moment a cell arrives at an empty Q2 if Q1 is non-empty at that 
instant 

We consider the evaluation of and p" using the results of Sec 3 6 
Using (3 6 18) and (3 6 3), we get 


U"(1.0) = [- R'’(0)]‘^|p^ A" + (I-Pq)-^ jA-dwe'? j- 

w=o 

U"(G”,0) = [- R"(0)]'^|p^ A" + (I-Pq)-^ Ja" 

w=o 


(4 5 22) 


(4 5 23) 


* 

Let Tt be the invariant probability vector of Q Then, using (4 5 10) and 
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(4 5 12) in (4 5 22), we get 


C"(i,o) = [a"-o* 3 'V p;i + (1-p;)-^ ^^(D) 


(4 5 24) 


For evaluating the integral in (4 5 23), it may be noted that the matrix 

R"(G") satisfies the properties of an irreducible, infinitesimal generator 

matrix To illustrate this point, let us compute R(G) corresponding to a 

2-state MMPP/D/1 queue Let (A, Q*) be the arrival rate and infinitesimal 

generator matrices of the 2-phase MMPP Denoting the (i,j) elements of G as 

G and the i^^ diagonal element of A as X we get 
ij 1 


A G 

A G 


A 

0 


- X G 

X G 

1 11 

1 12 


1 


= 

1 12 

1 12 

A G 

A G 


0 

A 


X G 

- X G 

2 21 

2 22 



2 


2 21 

2 21 


AG - A = 

Hence AG - A satisfies the properties of an infinitesimal generator matrix 

(viz row sums zero, diagonal entries negative and nondiagonal elements non- 

♦ * 

negative) As Q is an infinitesimal generator matrix, R(G)=AG-A+Q also 

forms an infinitesimal generator matrix Hence (4 5 10) can be used to comp- 
ute the integral in (4 5 22) Let n" denote the invariant probability vector 
of R"(G") Using (4 5 10) in (4 5 22) 

•’•if ( ~ 1 R"fG")n 

U"(G",0) = [A -Q ]' A'IPqI + (1-P;)|e7r" * ^ 


[err" + R"{G")] 


-1 


G" 


(4.5 25) 


Using (3 6 19), (4 5 10) and (4 5 12) in (4 5 20) and noting that U"(l,0)e =e, 
we get 

D 

,.,57’"(z,w) 


U"(l,0)e = U"{l,0)e + [-R"(0)]" V-P^)-^ A" 

w=o 

[-R"(0)]"^(l-pp-^ Jdw A"|en"w + [e- I][e7i" + Q 3 | A"« 


= e + 


w=o 
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= e + + I_^y(D)-I][en" + 0*]~^J-A''e 


(4 5 26) 


We now consider the other queue Q1 The computation of the average length 
of the busy period and the average number served during the busy period of Q1 
is earned out along the same lines as f or Q2 Let g* denote the invariant 

probability vector of G* Let the element of the vector fi* denote the 
expected first passage time from (i+l,j) to (i,j) for i2:0 in the semi-Markov 
process Q’( ) and the element of ii* denote the number of service comple- 
tions during such a first passage from (i+l,j) to (i,j) Further let and 
be the MNxl vectors whose i^^ elements denote respectively, the mean number of 
cells served during the first busy period of Ql and the mean duration of the 
first busy period of Ql given that X’(0)=0 and J*(0)=j 

The expressions for p*, and can be obtained by replacing the 

parameters of Q2 by those of Ql m (4 5 l)-{4 5 4) and (4 5 15)-(4 5 21) To 

( 1 )» 

evaluate these expressions, we obtain the expressions for ^ e, , 

U’{1,0), U’(G*,0) and U*(l,0)e using the results of Sec 3 6 Using this, 

(1)» 

fi e can be f ound by replacing the parameters of Q2 by those of Ql in 


(4 5 4) Using (3 6 17) and noting that exp{R*{l)kD} is stochastic, we get 
(1) _ 6A'(z,s)^l 


z=l,s=0 


= ^ C(k-l)kDe 


lR’(l)]kD 


e = ^ C(k-l)kDe 


(4 5 27) 


is computed using (3 6 15) and (4 5 10) and (4 5 12) and is given by 


= r m A (0) e 

^ r^ in 

m=0 


5A’(z,s) 


z=l. s=0 


(4 5 28) 


X C(k-l)V(kD)A’e 


(4.5 29) 


To simplify the notation, we define a matrix function ?(G’) as follows- 
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5(G’) = ^ 

4=0 

The matrix obtained by replacing G’ by I in ?(G’) is denoted as ?(I) 
Using (4 5 10), (4 5 12) and (4 5 30) in (3 6 22), it can be verified that 



= e + [-R’(0)]"V-ppA’-|-^T(D)[ FU)y(4D)A*e 

4=0 

+ eir-^ + [_^y(D)-I][eir + 9*r^j- A’e (4 5 33) 

Finally, we consider some of the approximations that can be used in the above 
expressions It may be noted that the elements of the matrices C(k) and F{t) 
become negligible for large values of k and t respectively and hence only 
finite terms need to be considered for the computation and f(C*) The 

maximum values of k and t depends on the traffic offered at Q2 and is expected 
to be small Similarly, as P’(n,w) becomes small for large values of n, again 
only finite terms need to be considered in (4 5 32) The integral in (4 5 32) 
has to be numerically computed, it may be precomputed and stored for being 
repeatedly used m the successive iteration of the QLDs 


4.6. AVERAGE DURATION OF THE BUSY CYCLES OF Q1 AND Q2 

We define the busy cycle of Q2 to be the time between the successive 
visits of Q"( ) to the level 0 In other words it is the sum of the vacation 
interval and the busy period of the server as viewed from Q2 It may be 
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recalled that the server goes on vacation from Q2 as and when it becomes 

empty The server resumes service for Q2 when it finds 02 to be non-empty 

again and the ongoing service, if any, for the Q1 cell is completed The 

vacation period consists of the idle period (when no cell is found in Q2) and 

the residual service time of a Q1 cell For the computation of the average 

duration of the busy cycle, we define matrices K"(n,t) whose (i,j)th element 

gives the joint probability that the busy cycle is of length s t , consists of 

n customer services and ends with the MMPP 2 phase as j given that at time 0 

the phase is i We denote the double transform of K"(n,t) as K"(z,s) An 

0 0 

expression for K”( 2 ,s) can be obtained as follows Busy cycle is the sum of 2 
random variables viz vacation period and busy period The number of cells 
served again is the sum of two random variables viz the number that arrived 
in the vacation interval and the number that arrived during the busy period 
Hence K^(z,s) is given by 

k"(z,s) =l u"(s) g""’(z,s) (4 6 1) 

0 ^ ^ m 

m=0 


Let the ith element of the vector p” denote the average length of the busy 
cycle given that the busy cycle started in phase i Using (4 6 1) p" can be 
obtained as follows 


6K"(z,s) 
~o e 


6s 


f ^ 

= *“ i I U 

V IB=0 


2=1, S=0 
d 


(0)5^[G (l.s)]e 


s=0 m=0 


s=0 ^ 


(4 6 2) 




where the ith elements of the vectors fXj and ^2 denote the average length of 
the vacation interval and the busy period starting in phase i 


Computation of the vector has been considered in detail in section 

ti 

(4 5) Hence, we obtain an expression for m this section Towards this 
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end, we need an expression for the derivative of the inverse of a matrix 
function Y(t) Using the following matrix identity and differentiating it, we 
get 

[Y(t)][Y(t)r^ = I 
^ |[Y{t)3[Y(t)r^| = 0 

■[^[Y(t)]|[Y(t)]'^+ [Y(t}] ^[Y(t)]"^ = 0 

Thus 


^[Y(t)]'^ = - [Y(t)]’^|^[Y(t)]| [Y(t)]'^ 


(4 6 3) 


Using (3 6 18), (3 6 3)-(3 6 4) and (4 6 3) m the second term of (4 6 2) we 

get 


m=0 


s=0 




s=0 


=[A" - Q*]"^e + (1-p;) e 


(4 6 4) 


It can be noted that the the first term of (4 6 4) is equal to the average 
idle period of Q2 when Q2 is empty The second term gives the contribution 
from the residual service time of Ql If the service discipline had been FCFS 
the second term would have been absent 

Busy cycle of Ql is def ined along the same lines In this case vacation 
interval consists of 3 parts viz the initial idle period, the RST of the Q2 
cell undergoing service and the ABP of Q2 that follows We define for Qi the 
vectors and whose ith elements denote the average length of the 

busy cycle, the vacation interval and the busy period starting in phase i 
respectively These vectors can be obtained using (4 6 i)-{4 6 3) by 

replacing the parameters of Q2 by those of Ql 

As the expression for |i' has been obtained m section (4.5), We next 
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consider the evaluation of Using (3 6 24), (3 6 3)-(3 6 4) and (4 6 3) 

in the second term of (4 6 2) we get 


m=0 


s=0 


^[U-(l.s)]e 


s=0 


= [A’-Q*]'^e + (1-pp^-e + (l-p")[A’-Q*]"^A’~y(D)^ F{/.)tDe (4 6 5) 

4=0 

It can be observed that the second and third terms of (4 6 5) arise due to the 
residual service time(RST) of a Q2 cell and the additional busy period that 
might follow this RST respectively 

Finally, we consider the computation of the stationary vector of K^(1,0) 

and K^(1,0) denoted as and respectively It may be noted that K”(1,0) = 

U”(G",0) and K’(1,0) = U’(G\0) Hence k” and k* can be computed using 

0 0 0 

(4 5 25) and (4 5 32) However, for the N/G/1 queue (which is referred to as 
BMAP/G/1 in Lucantonilil]), simple formulae for the computation of the vectors 
Xq ' ^0 ^ were obtained in terms of the stationary vector g of the matrix 

G This results in significant reduction in storage and computational requir- 
ements as the expressions analogous to those of section (4 5) and (4 6) which 
were required to be evaluated using the approach of Ramaswami[2] could altog- 
ether be dispensed with We have so far been following closely the approach 
of [2] We now examine whether the simplifications suggested in [11] carry 
over to the present problem 

Since the inter departure time of cells from Q2 (IDT 2), given that at the 
previous departure left Q2 non-empty, does not depend on the phase of the 
arrival process, the IDT 2 is a scalar stochastic process Let the c d f of 
IDT 2 be denoted as K"(t) Using (3 4 1) we get 

J{”(t) = u(t-D) (4 6 6) 

Now, proceeding along the same lines as in [11], it can be shown that the 
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matrix G"(z,s) satisfies the equation given by 


G”(z.s) 




-st {R"[G"(z,s)l)t 


e e 


dJf"(t) 


Substituting s=0 and z=l we get 


(4 6 7) 


G" = J g gj 

0 

In section (4 5) we have shown that R'*(G") is the infinitesimal generator of 
an irredudicible Markov process Let w be its stationary vector i e we=l 
and w R"(G") = 0 Using (4 6 8) it can be verified that w is also the static- 
nary vector of G" Since the stationary vector of G" is unique, w has to be 
equal to g" Hence we get 

g"R"(G”) = g"(A"G" - A” + Q*) = 0 (4 6 9) 


Next, we consider the computation of k" For an MMPP/D/1 queue with FCFS 
discipline, the application of the results of [11], yields k^ to be equal to 
g(A-Q ) Analogous to this, we examine whether g"(A"-Q ) is equal to 

Using (4 5 25) and (4 6 9) we get 


g"(A"-Q*)K"(1.0) = g"(A"-Q*) [a"-Q*]~V[po‘^” 

+ (l-p;)|eg" + ^ ^ 

= g"A"p’G’’ + g"A"(l-p^)|eg"+-^[e*^"^^"^^- I3[eg" + R"(G")3"^G'j 
= g”(A"-Q*)p^ + g"A"(l-p;)|eg'’+-^[€*^"^^"^° I][eg" + R"(G")]"^G’j 


(4.6 10) 


It can be noted from (4 6 10) that for the FCFS discipline (single priority 

m « 

case) p’ = 1 and g"(A"-Q ) = k" Otherwise g’'(A"-Q ) * k" This is a major 
break down and is a departure from the BMAP/G/1 queue behaviour. Hence it can 
be concluded that simplifications of 111] are not applicable for Q2 Since 
the inter departure time of cells from Q1 (IDT 1), given that at the previous 
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departure left Ql non-empty, depends on the phase of the arrival process, the 

IDT 1 IS a vector stochastic process and G’( 2 ,s) does not satisfy the equation 

analogous to (4 6 7) Hence no simplification is possible also for Ql 

REFERENCES- 

IMF Neuts, ’’Structured stochastic matrices of the M/G/1 type and their 
applications, Marcel Dekker, New York, 1989 

2 V Ramaswami, "The N/G/1 queue and its detailed analysis’’, Adv Appl Prob 
12(1980), pp 222-261 

3 M F Neuts, "Moment formulas for the Markov Renewal branching process’’, 
Adv Appl Prob 8, pp 690-711, 1976 

4 L Takacs, "Introduction to the theory of queues’’, Oxford University Press, 
New York, 1962 

5 W Feller, ’’Introduction to probability theory and its applications", 
Second Edition, John Wiley & sons , Inc New York, 1966 

6 DM Lucantoni and V Ramaswami, "Efficient algorithms for solving the 
non-linear equations arising in phase type queues", Commn Statist Stocha- 
stic Models 1, 1985, pp 29-51 

7 V Ramaswami, "The busy period of queues which have a matrix-geometric 
steady state probability vector", Opsearch 19, 1982 pp 238-261 

8 M F Neuts, "Matrix - Geometric Solutions in Stochastic Models An Algori- 
thmic Approach", The Johns Hopkins University Press, Baltimore, 1981 

9 H Heffes and D M Lucantoni, ’’ A Markov modulated characterization of 
packetized voice and data traffic and related statistical multiplexer 
performance", IEEE J Selected Areas in Commn, 4(6), 1986, pp 856-868 

10 W Fischer, K Meier-Hellstern, "The Markov modulated Poisson process 
(MMPP) cookbook". Performance evaluation 18, 1993, pp 149-171 



Characteristics of busy periods 


106 


11 D M Lucantoni, '’New results on the single server queue with 
Markovian arrival process", Commn Statist Stochastic Models 7, 
1-46 


a batch 
1991, pp 



107 


CHAPTER 5 

EVALUATION OF THE QUEUE LENGTH DENSITIES OF Q1 AND Q2 

5.1. INTRODUCTION 

In this chapter, we present the details of the evaluation of the QLDs of 
Q1 and Q2 using numerical computations Validations of these results using 
simulations are also discussed We have introduced the exact model for the 
numerical computation in Sec 3 2 The evaluation of some of the parameters 
required for computing the QLDs using this model have been discussed in Chap- 
ters 3 and 4 In this chapter, we consider first the computation of the 
remaining set of parameters required for finding the QLDs Some numerical 
approaches for computing the QLDs are then discussed This is followed by a 
discussion on an approximate model which is computationally and storage wise 
efficient for computing the QLDs Some details on two simulation models for 
the computation of the busy period distribution of the higher priority queue 
and another model for computing the QLDs are presented next Some details on 
the numerical computation of the QLDs for some typical examples and the appro- 
ximations made for this purpose are discussed Finally, the results obtained 
through the numerical computation are presented for a number of examples and 
compared with those obtained using simulations 

5.2. EXPRESSIONS FOR Xq AND X;; 

It may be recalled that the element of the vector x'^ denotes the 
joint probability that a departure from Q2 leaves Q2 empty and the process 
MMPP 2 in phase i Similarly, the i^^ element of the vector denotes the 

joint probability that a departure from Q1 leaves Q1 empty and MMPP 1 in phase 
1 Computation of and x|^ is a crucial step in the computation of the QLDs 
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of Ql and Q2 For example, knowing x” for i=l,2,3 can be recursively 

computed as discussed m Sec 5 6 Moreover, for the computation of and p”, 

X* and x" must be known We consider 02 first, for this, x” can be evaluated 
0 0 0 

by considering the Markov Renewal Process(MRP) 0”( ) at its successive visits 

to the set (0,j) We shall follow the approach given m Neuts [1] 

It is obvious that whenever Q”{ ) visits the state (0,j), the SMC Q"(oo) 

also visits the state (0,j) Hence we shall concentrate on the successive 

visits of Q"( ) to the set 0 We shall say that = J, J ^ MN , if the 

state entered at the n^^ visit to the state 0 is (0,j) Let the random vari- 

th th 

able n 2:2 denote the number of transitions between the (n- 1 ) and n 

visits to the set 0 As the embedded points of Q"( ) are chosen to be the 

departure instants of Q2 cells, 9 " also gives the number of customers served 

between the adjacent visits Let 0 ^ denote the length of time between (n-1)^^ 

and the visits to the level 0 We assume and 0 ” to be 0 Initially, 

00 

MRP Q"( ) will not be in the set 0 , hence, let 9 ?" and 0 ’^’ be defined as the 

number of transitions and the time required to reach the set 0 for the first 
time 

With this notation, it can be observed that for every n^2, the pairs (^”, 

0 "), {(p'\ 0 ”), ((p'\ 0 "), {(p'\ 0 ”) are conditionally independent given the 

1 2 2 3 3 n n 

random variables € In other words, the values of 

^0 ^2 m+i 

i<p” , 0 ** ) depends only on and not on the values of 0 ") Hence 

^n+i n+i ^ ^n ’^n n 

{(?^, ^”), n^O) and ^-0 } form semi-Markov sequences respectively 

with the state spaces {1,2 MN}x{0,l ) and {1,2, MN}x[0,co) 

When Q”( ) is recurrent, both Markov renewal sequences possess proper 
transition probability matrices It may now be observed that the transition 
probabilities P{?^ = j’, = k, 0 " ^ ^MN, k^:!, t^O are 

essentially the same as the element of the matrices KJ^(n,t) defined 
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in Sec 4 5 Hence the mean recurrence time (MRT) of the state (O.j) m the 
Markov chain Q"(oo) is the same as that of the MRT Of (0,j) in the Markov 
renewal process of the lattice type K|J(2,0) = L"(z,0) 

By applying Theorem 2 11, pp 196, of Hunter [2] on the mean f irst passage 
time of a Markov Renewal process, the MRT of the state (0,j), denoted as 
m(0,j) IS given by 

m{0,j) = (k" ii")[(k")j]"^ (5 2 1) 

th 

where (k*') is the j element of the invariant probability vector of K"(1,0) 

0 j 0 

and x”(0,j) is the inverse MRT of the state (Oj) in Q"(c») is given by 
(4 5 19) Hence is given by 

x" = fk" fi'')‘^k’’ (5 2 2) 

Let be the invariant probability vector of K^(1,0) It can be shown that 
x’ = (k’ M')"^k’ (5 2 3) 

fx’ IS obtained by using (4 5 31) - (4 5 33) in (4 5 19) 

5.3. COMPUTATION OF X'; AND X; 

Iterative schemes like the Block Gauss-Seidel scheme (see for e g Neuts 
[1]) for the computation of the QLDs of Ql and Q2 require x^ , x", x^ and x’ 
for starting the iteration Hence we consider the computation of x.” and x’ 
It may be noted that the steps used here may be used to compute x’ and x^ for 
any value of i£l However the computational complexity becomes very high for 
large values of i 

It may be noted that the vector x^ denotes the joint probability that a 
departure from Q2 leaves behind one cell in Q2 and the MMPP 2 in phase i 
Analogous to that in Sec 4 5 we define the matrices K”(n,t) as follows 
K'^'(n,t) IS an MNxMN matrix whose (i,j)^^ element denotes the probability that 
starting in (l,i), the Markov renewal process Q"( ) returns for the first time 
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to the set 1 in exactly n steps at or before time t and that the phase of MMPP 
2 at the epoch of such a first return is j An expression for the double 

transform of K"(n,t), denoted as K’^’Cz.s) can be written down as in Ramaswami 
[3] by considering the various possible ways in which the first return to 
level to 1 can occur starting from level 1 Firstly, after serving the curr- 
ent cell, Q2 may become empty Following this there may be r busy periods of 
duration D sec each followed by r idle periods During these periods, level 1 
IS not visited Finally there may a BP which lasts longer than D sec in 
which case the level 1 will be definitely visited Hence the first return 
time in this case is the sum of 1 cell service time, r busy cycles of Q2 in 

each of which only one cell is served and the time to taken to visit level 1 
starting from level 0 In the second case, starting from level 1, Q"( ) may 
return to level 1 without visiting level 0 This implies that during the 
service time that follows level 1, v[^l) customers arrive and hence before 

returning to level 1, (v-1) first busy periods (i e the time taken for 0"( ) 

to go from level i+1 to i) will ‘precede Considering these two chain of 
events we get 

00 00 00 

k"(2.s) = 2A|;(s)J] 2 [b;;(s)]’' [ 2b;;(s)[g"(z,s)]^’^ za;;(s)[g"(2.s)]'^"‘ 

r=0 V=1 V=1 

00 

= 2^A|^(s) [I-2B"(s)]'’ [ B7s)[G"{2.s)]^’‘ 

V=l^ 


+ 


2a;;(s)[g"(2,s)]'''‘ 


(5 3 1} 


Let k'^' denote the stationary vector of then proceeding along the same 

lines as for the computation of and using Theorem 3 2 11 of Hunterl2l, we 
get 

x" = (k" ic")^ k" 

1 '• 1 r 0 


(5 3 2) 
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where k"= (6/6z)K”(z»0) is the mean number of steps in a first passage from 1 
to Itself and can be computed using (5 3 1) Simplifying the resulting expre- 
ssion along the same lines as for the computation of p" in Sec 4 5 we get 


k" = e + A" + 

1 0 *• O'* 


/ 

r 00 00 

00 N 

A" . 

0 0*^ 

E b; - 1 b; b-'"‘ * 

1 (v- 1)B; eg'j 


L v=l V=1 

v =2 ^ 


03 CO r ^ -1 

+ (A" - A^) - A" ^ (v-l)A" eg" I - G" + eg" fi" (5 3 

V=l'^ V-2 t ) 


3) 


where G" = G"(1,0) and g" is the invariant probability vector of G" Similar- 
ly, the element of the vector xj denotes the joint probability that a 

departure from Q1 leaves behind one cell m Q1 and the MMPP 1 in phase i It 
can be verified that x* can be computed using (5 3 1) and (5 3 3) by replacing 
the parameters of Q2 by those of Q1 


5.4. MOMENTS OF THE QUEUE LENGTHS OF Q1 AND 02 

The evaluation of the QLDs of the queues of the "M/G/l type", using the 
numerical methods, requires the infinite dimensional matrices like Q’'( ) and 
0*( ) to be truncated appropriately The truncation may be carried out based 
on the value of the mean and variance of the queue lengths (see for eg [3]) 
and hence the computation of the QLDs may have to be preceeded by the computa- 
tion of the first and second moments of the queue lengths Further, when the 
traffic offered to Q1 becomes close to the capacity of the server, the comput- 
ational complexity and storage required for the computation of the QLD of Q1 
may become prohibitively high and one may have to get limited to the knowledge 
of the first few moments of the queue lengths Finally, computation of the 
moments of the queue length will enable the computation of the average queue- 
ing delays of cells arriving at Q1 Hence we consider the computation of the 
moments of the queue lengths in some detail It may be noted that f or the 
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queues of the ”M/G /1 type”, the steps involved m the computation of these 
moments is now standard and is given in Neutsll] We go through these steps 
for the present problem in some detail and indicate the simplifications that 
can be earned out 

First we obtain an expression for X”(2), the 2 transform of x" Let B”, 

n m 

A” and P" denote the matrices §”( 00 ) , A"(eo) and P”(m,D) respectively Then 
mm mm 

using the system of equations 
Q”(co) x” = X” 


x"e=l 


x"= I x” , x" , x" ] 
0 12 

r T T T ,T 

e = [e , e , e ] 


we get 

1 + 1 

x” = x" B" + y xf A” 

1 0 1 L k 1 - 

k=l 


k+1 


(5 4 1) 


W W W 1 -r j, 

X"(z) = x" z^= x" z* B" +[ z^ [ x” A” 


CD 

r 1 

1 + 1 
r 

1 ^ 


1=0 

k=l 


-k+1 


(5 4 2) 


1=0 1=0 

The first term of (5 4 2) can be simplified by using (3 3 6) and collecting 
the like terms as follows 

1=0 1=0 k=l 


= — / U"z P" + U"z( P"z) + U"z^ P" 

Z 1 0 11 2 0 

+ U"z(P"z^) + U"z^( P"z) + U”z^ P"+ 

12 2 1 3 0 

+ U"z(P"z^) + U"z^( P"z^) + U"z^ P"z + U"z^ P" + 

- 2 2 3 1 4 0 


1 3 


} 


= — ■(u"zrp" 

Z \ 1 [ 0 

+ U”z^ j^l 


+ P"2 + P”2^+ P”2^ + P 

1 2 3 


••z" + 1 

4 


2 n 4 

p»* ^ P’*2 + P”2 + P”2 + P”2 + 

12 3 4 
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U”(z,0)!P"{2,D) 


(5 4 3) 


Similarly it can be shown that 


00 1 + 1 

I 1*1: 

1=0 k=l 


’(2)- X’ 


jA"(z,( 


Using (5 4 3) and (5 4 4) in (5 4 2) and simplifying further we get 
X"( 2 )= X" |^U"(z.O)-iJa"(z.O) zI-A"(z,0)j~^ 

X”{z)|^2l-A"(2,0)j = mz) 


(5 4 4) 


(5 4 5) 


(5 4 6) 


where 


U{z) = |U"(2.0)-lj9’"(z,D) 


(5 4 7) 


The moments of the queue lengths at Q2 can now be computed by differentiating 
(5 4 6) w r t 2 successively To obtain compact expression, we use the follo- 
wing notation The superscripts (") are omitted, the nth moments of X"(z), 
A"(z,0) and Uiz) w r t z evaluated at z=l are denoted as X^'^\ A^’^^ and 
respectively X"(z), A"(z,0) and U(z) evaluated at z=l are denoted as X, A 

and V. respectively With this notation, rewriting (5 4 6) and differentiating 


w r t z we get 
X(z)[zl - A(z)] 


(5 4 8) 


x'^T 2 )[zI - A(z)] + X(z)[I - a'''(z)] = W^\z) 


(5 4 9) 


X'^Tz)[zI - A(z)] + 2X'''(z)[I - A“Tz)] - X(z)a''^''(z) = K'^Tz) 


(5 4 10) 


x''^Tz)[zI - A(z)] + 3X^^''(z)[I - a'^Tz)] 


- 3X^^\z)A^^^z) - X(z)A^^^(z) = n^^\z) 
Multiplying (5 4 9)-(5 4 11) by e and evaluating at z =1 we get 


(5 4 11) 


X[I - A^^^je 


= 


(5 4 12) 


2X^^^[I - A^^^]e = X A^^^(2)e + 


(5 4 13) 
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= ^ ^ ^( 3 )^ ^ ^( 3 )^ 


(5.4 


Let 7T be the stationary vector of A Then it can be verified that [I - A + 
IS nonsingular and hence we get 


■1 


Tr[I - A + eir] = ir = 7r[I - A + err] 

Adding both sides of (5 4 9) by and using (5 4 15) we get 

X^^^ = X^^^eir + X(I - A^^^)][I - A + eir]”^ 

Substituting (5 4 16) m (5 4 13) and using (5 4 12) we get 




= _L_/ 

2(l-p) \ 


XA^^\z)e + X(I - A^^^)][I-A+en] 


•'4 


(5.4.1 


(5.4.16 


(5 4.17: 


(1) 


r(2) 


where ^ = A e and p = 

Multiplying both sides of (5 4 10) by X^‘''eTi and using (5 4 15) we get 

,-l 


x(2) ^ x^^^err + - 2X^^^[I - A^^^] + XA^^^j [I-A+ert]' 

Substituting (5 4 18) in (5 4 14) and using (5 4 12) we get 


(5 4 18 ) 


x“>. 


” 3(l-p) { 


3x'‘>A«'e * XA«'. . liO'e 


» 3|X A*^’ + -2x'*’[I - a"M [I-A*eA]‘'s 


15.4.19) 


Hence A^”^ and for n=0,l,2 and 3 should be known for the computation or 

the first two moments and their evaluation is considered next 
Using (3 6 5) it can be verified that A^^^ is given by 

. (n) t„(n) 


= ?)' 


' (^)Vw 

^ ^ k=0 


(5 4 20) 


the n^*^ moment of ^(z,t) has to be computed using numerical integration, 
for a general service time distribution and the details are given in Sec 3 23 
of Neutsll] However, since the matrices P(k,D) are evaluated using th^ 
procedure given in Sec 4 4, computation of A^^^ is straight forward an^ci 
requires only moderate computational effort 
Let the n^^ moment of U"(z,0) be denoted as U^^^ 


Then using (5 4 7) we get 


Evaluation of the QLDs 


115 


<y(n) _ Y' ^(rn)yj(n~rn)^ „ 

0 ^ r> ~ 0 

m=0 

,(n). 


Finally we compute U for n= 0-3 using (3 6 11) and are given by 
= [-R"(0)]'^| A" p; + (i-p;)(^„ + S^)] 

} 


( 2 ) 

= [-R”(0)] 


(3) 

^ = [~R”(0)] 


where 


* 3S * 3J^ * 


(5 4 21) 

(5 4 22) 

(5 4 23) 

(5 4 24) 


'n '^--crj 


^^^^(2,w)dw 


w=0 


✓x 


(5 4 25) 


w=0 k=0 


J for n=0 can be evaluated using (4 5 9), and for nal they have to be numeri- 
n 

cally integrated using (5 4 25) This completes the set of equations required 
for the evaluation of the first two moments of the queue lengths of Q2 The 
higher order moments can also be computed along the same lines 

Next we consider the evaluation of the corresponding moments for Q1 It can 
be noted that the equations (5 4 l)-(5 4 19) are also valid for Q1 if the 
parameters of Q2 are replaced by those of Q1 Hence we need to consider only 
the details on the computation of the moments and corresponding to 


Q1 


An) 


Using (3 6 13) It can be verified that, for Ql, A is given by 

nz.tD) 


t=l 

CO 


£=1 


Z=1 


“I I irar 


(5 4 26) 


1=1 


lc=0 


th ^ ^ f ri} — ~ 

Let the n moment of U’(z,0) be denoted as U Then using (5 4 7) we get 


= x’ y x’ 

0 ^ n ° 

m=0 

Finally we compute U^'^Vor n= 0-3 using (3 6 14) These are given by 


(5 4 27) 
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u'» 

= [-R’(0)]-^j 

f A’ p’ + (l-p’)(^’y + 5T + 5* y )1 
[ *^o '■ 0 0 1 0 0 rj 

5(2) 

1 

0 

1 

ti 


yy + yy ) + yy + yy ]l 
10 or 0 2 2 O-'j 

0(3) 

= [-R’(0)]’^-| 

[{i-p’) [ 3(?’y 

t'Qj 1 V 2 0 

+ yy + yy 

11 0 2 


+ 

2 1 12^ 0 3 3 O-'J 

where 


5* 

n 


= A’ I 7>^"^(z.w)dw 
w=0 


A* 




ki 

(k-n)' 


w=0 k=0 


P’(k,w) 


(5 4 28) 

(5 4 29) 


(5 4 30) 


(5 4 31) 


‘I I Tk^ 

t=0 k=0 

P*(k,tD) can be computed using the procedure given m Sec. 4 4 Hence the 
first two moments of Q1 are also m a computable form However, compared to 
Q2, computational complexity is increased significantly for Ql, due to the 
presence of the terms if ’s m the expression for the moments of U’(z,0) 


5.5. COMPUTATION OF Yq AND y^ 

In this section, we consider the evaluation of the stationary probability 

y"(0,j) of Q"( ) visiting the state (0,j) at an arbitrary time instant and the 

corresponding probability y’(0,j) of Q’( ) Let and yJJ denote the IxMN 

vectors whose elements are y’(0,j) and y”(0,j) respectively The row sums 

of these vectors give the probabilities p^ and p” required for the evaluation 

of the QLDs The approach used here is analogous to that used in [3], [4] for 

computing y of the N/G/1 and MMPP/G/1 queues with FCFS discipline 
° 1 J’ 

We concentrate on Q2 first Let (t) denote the expected number of 

visits of the semi-Markov process Q"( ) to the state (m,^) in the interval 
(0,t] given that it started from the state (i,j’) at time 0 First we obtain 
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an expression for y"(0,j,t), the conditional probability of the semi-Markov 
process visiting the state (0,j) at time t given that at time 0 the state was 
ihf) 1 e 

y"(0.j,t) H p [ X*’(t)=0, J(t) = j 1 X"(0) = 1 , J{0) = j^] (5 5 1) 

Let cr be the instant before time t when Q2 became empty for the last time 

Hence in the interval (0,cr] Q'’( ) goes from the level i to level 0 (i e the 

set of states{(0,£), 1 ^ < MN}) and in the interval (o',t) it continues to be 

in level 0 (in other words there are zero arrivals at 02 in (cr,t)) 

It may be noted that the probability that the state of the MRP at time cr is 

equal to (O.j) given that it was in state (i,j*) at time 0 is also equal to 

the average number of visits of the MRP to the state (0,j) at time cr given 

that the MRP was in state (i,j’) at time 0 Using this and considering the 

above two chains of events we get 
MN t 

y’‘(0,J,t) = J d^”^^ ((r)P"yo,t-cr) (5 5 2) 

1=1 cr=0 


Removing the dependence on t by applying the Key renewal theorem WolfffSl, 
Medhi[6] we get 


y"(0,j) 


MN 

= lim y*’(0,j,t) = y — 

t^ CO m"(0,£) 


I pj;o.t)dt 

t=0 


(5 5 3) 


where m"(0,£) is the mean recurrence time (MRT) of the state (0,£) in Q"( ) 
Analogous to that in Sec 5 2, it may be verif led that the MRT of (0,£) in 
Q"( ) IS also the MRT of MRP K^(l,s) Applying Theorem (2 11) of Hunterl2] we 
get 

m"(0,£) = (k" p")[(k;;)^]'^ (5 5 4) 

where the i^^ element of p" gives the average length of the busy cycle 
starting in phase i of MMPP 2 

Using (5 5 4) in (5 5 3) and writing it in vector form, we get 
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00 

y" = (k" i")"^ k" r P"{0,t)dt (5 5 5) 

0 0 ^ 0 J 

t=0 

= (k|j h")‘^ k^ [-R"(0)]“^ (5 5 6) 

Using (4 6 2), (4 6 4) and (4 5 21) in (5 5 6) we get 

^0 = [*^0^ K’ ^ ‘'o (5 5 7) 

= + (ky')'^k;;([-R"(o)r^ 

+ (l-Po^-y- ® I *^0 5 8) 

= + X" [-R"(0)]~^e + (1-p;)-^ ej x" [-R"(0)]'^ (5 5 9) 

p" = y"e (5 5 10) 

0 0 


Next, we consider an interpretation for the term inside first the square 
bracket of (5 5 9) Let us consider the computation of m"(i,j), the mean 
recurrence time of the state (i,j) of the semi-Markov process Q"{ ) Let 6^ 
denote the mean sojourn time of the process Q’’( ) averaged over all possible 
states Let denote the MRT of the state (i,j) of the SMC Q"(oo) It may 

be noted that is also equal to the inverse of x(i,j), the probability of 
the state (i,j) of Q"(oo) By theorem 2 11 of Hunter [2] , we get 
m"(i,j) = j = 6^ [x(i.j)]'^ (5.5 11) 

6^ can be computed as follows Let 5(i,j) denote the sojourn time of Q”( ) in 
the state (i,j) Let 5^ denote the MNxl vector whose j^^ element is 6(i,j) 

6(0, j) can be computed as follows Let the state (0,j) be visited at a depar- 
ture instant Let t be the time when the next departure occurs Given that 
the previous departure left the queue empty and the MMPP 2 in phase j, the 
probability that the next departure occurs at time t and leaves behind k 
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MN 


customers is given by ^ dB^ (t) where ^ is the phase of MMPP 2 at time t 






Hence the mean sojourn time of the state (0,j) is given by- 

CO CO MN 

aco.j) =5; J t [ dB- (t) 

k=0 0 = \ 

Writing (5 5 12) in vector f orm we get 


(5 5 12) 


■I 


k=0 0 

The integral of (5 5 13) can be rewritten as- 

00 CD 

^ =-4- 

0 ds 

Using (3 3 18) in (5 5 14) we get 


(5 5 13) 



_ _ d 
ds 

I 

k=0 0 

s=0 

k=0 


(5 5 14) 


s=0 


CD k+1 

d ’T' r' II / ^ T-vv _”sD ^ 


ds 


I I U^(s)P"(k-m+l,D)e' 

k=0 m=l 


(5 5 15) 


s=0 


Expanding the summations of (5 5 15) and combining the like terms we get 


5 

0 



U"(l,s)?’"{l,D)€"^’^e 


s=0 


(5 5 16) 


where U"(z,s) and f'lz.D) are the z transforms of Gj^(s) and P"(k,D) respecti- 
vely Differentiating (5 5 16) w r t s and using (4 6 4) and (4 5 14) and 
noting that U"(1,0) and ?’"(1,D) are stochastic we get 


5 = - - 4 — U"(l.s)P"(l.D)e - U"(1,0) - 4 — r'(l.D)e"^’^e 

0 ds ds 

-1 D (1)" 

= -[R*’(0] e + (1 - e + p e 

Similarly 6^ for i > 0 is obtained as follows 

CO 00 

^ = [ J t dA-(,)d 

k=0 0 


(5 5 17) 

(5 5 18) 


(5 5 19) 
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ds 


ds 


00 00 

00 

[ JdA"(t)e"^^ e 

= - ds I 

k=0 0 

O 

il 

o 

II 

(/) 


(5 5 20) 


s=0 


A”(l,s) e 


( 1 )" 

= p e 


(5 5 21) 


s=0 


(5 5 22) 

The mean sojourn time of Q"( ) averaged all possible states is obtained using 
(5 5 18) and (5 5 22) and is given by 


= y X" 5 

L 1 1 

1=0 

( 1 )" 

= fi + x" 


[-R”(0)]"U + e 


(5 5 23) 


(5 5 24) 


It can now be noted that the term inside the first the square bracket of 
(5 5 9) actually denotes the mean sojourn time of the semi-Markov process 
Q”( ) Let the inverse of the mean sojourn time of Q”( ) be denoted as C*" 

1 e 






-1 


(5 5 25) 


Using (5 5 25), (5 5 11) and (5 5 9) can be rewritten as 
1 


m"(i,j) 

y: 


= e" x"(i.j) 


C*" x;; [-R"(o)] 


-1 


(5 5 26) 
(5 5 27) 


It IS shown m Ramaswami (3] that in an N/G/1 queue the inverse of the mean 
sojourn time of the semi-Markov process Q( ) corresponding to the N/G/1 queue 
IS also equal to the ratio of the expected number of renewals during a renewal 
interval of the input arrival process to the expected length of that renewal 
interval Comparing (5 5 25) with Lemma 3 3 1 of [31, it can be concluded 
that this relationship is not valid for the priority system considered in this 
thesis 


The corresponding expression f or can be obtained by replacing the 
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parameters of Q2 by those of Ql in (5 5 7) Using (4 6 5) and (4 5 21) in the 
resulting expression we get 


r’ = k’{ P* + p’) 

0 [ o'’ 1 


k; [-R’(O)]-^ 


(5 5 28) 


(k;Ji’)[p“^’ + (k;ii’)‘V[[-R*(0)]'^ 


+ (l-p")|[-R’(0)r^A’V(D)[ + 

i .=0 


jj]| V [-R’CO)]' 


(5 5 29) 


= + x^|[-R’(0)]"^e + (l-p")|[-R’(0)]"^A’m)[ FU)<.e 


t=0 


D 


:]]] ^ x; [-R’lO)]'^ 


= V 


(5 5 30) 


(5 5 31) 


It may be noted that y^ as well as the mean recurrence time of the state (i,j) 

of the semi-Markov process Q’( ) can be expressed in terms of the mean sojourn 

time of Q’{ ) averaged over all possible states Let m’(i,j) denote the MRT 

of the state (i,j) of Q’( ) and let denote the inverse of the mean sojourn 

time of Q’( ) Proceeding along the same lines as for Q2 it can be shown that 
1 


m’(i,j) 

y’ 


= c*’ X*(l,j) 


= ?•’ x’ [-R’(O)] 


-1 


(5 5 32) 
(5.5 33) 


e’ = + x;[[-R*(0)]‘^e 


. (1-p;) 


'))] 


-1 


(5 5 34) 


[-R’(0)3"V’F(D)J^ F(<.)<.e + e| 

i.=0 

It may be noted that the queue length densities of Q2 and Ql, at an arbitrary 
time instant, can also be computed along the same lines as in ll], [3] As we 
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do not require these probabilities for our present work, we have not discussed 
them in detail 

5,6, STATIONARY QUEUE LENGTH DISTRIBUTION OF Q1 AND Q2 

The evaluation of the queue length distribution of Q1 and Q2 at their 
respective departure instants, is considered m this section At the outset, 
the two basic issues involved m the evaluation, le iteration and truncation 

are discussed As noted in Sec 3,1, the queue length densities (QLDs) of Q1 
and Q2, have to be computed iteratively as the matrices Q”( ) and Q*( ) are 

coupled The dependence of the QLD of Q2 on the traffic offered at Q1 comes 
through the term ” p^ " On the other hand, for the evaluation of the QLD of 
Ql, in addition to p”, the QLD of Q2 must be known In view of the lighter 
dependence of Q2 on traffic offered at Ql, Q2 turns out to be the obvious 
choice for starting the iteration Assuming an initial value of p^, QLD of Q2 

and p” can be found These in turn can be used to find the QLD and p" of Ql 

0 0 

This procedure can be repeated until p^ and p^ stabilize 

For the computation of the QLDs using numerical methods, the infinite 
dimensional matrices Q"(oo) and Q’(co) have to be truncated suitably Let L’ 
and L” denote the dimensions of Q”{oo) and Q*(cd) after truncation One stand- 
ard way of determining these values is to make use of the "p(mean) + 
3<r(standard deviation)” rule as in [1], [31 The expression for the first two 

moments of the queue lengths of Ql and Q2, developed in Sec 5 4 comes in 

handy for this purpose Compared to the FCFS queue, in the prioritized queue, 
the evaluation of these moments demand significant computational effort In 
view of the coupling between the queues, their values also keep changing with 
each Iteration Hence this method seems to be attractive if the storage and 
computational resources have to be minimized at the expense of implementation 
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complexity Alternately, one may find the moments corresponding to traffic at 
02 with the FCFS discipline and choose L” to be greater than this Similarly 
finding the moments corresponding to the total traffic offered at Qi and Q2, 
L* may be chosen (The moments corresponding to FCFS discipline can be found 
using the results of Sec 5 4 by substituting either p^ or p” to be equal to 
1 ) The truncation index chosen using either method may have to be incremented 
by fixed amounts, if the tail probabilities computed thereby aro not 
sufficiently small 

Having chosen the truncation indices, at each stage of iteration, the QLD 
of either Ql or Q2 has to be computed using numerical methods Since the 
evaluation procedure is the same for both Ql and 02, we shall concentrate only 
on the evaluation of the QLD of Q2 Let the truncation index for Q”(®) be L 
We shall drop the superscript of {’’) for ease of notation For the evaluation 
of the QLD, we consider three methods (i) Gaussian elimination (ii) Block 
Toeplitz matrix inversion and (in) Recursive method 

The methods (i) and (ii) do not require the computation of using 

(5 2 2) and (5 2 3) The matrices G' and G" are also not required Hence the 

computational as well as implementational efforts are less for these methods 

2 

However, the storage requirements are of the order 0(n ) and hence these 

methods are to be preferred only if the truncation indices are not large (less 
than 500) or equally if the traffic offered to Ql and Q2 is not close to the 
capacity of the server 

An alternative is to make use of the iterative schemes Kreiger[7], 

Stewart[8] Even though, their storage requirements are relatively small, at 
higher traffic rates, their convergence is slow In spite of this, until very 
recently, iterative schemes like the Block Gauss-Seidel iteration scheme [7], 

[8], [1] have been employed to obtain the QLDs Recently, Ramaswami [9] came 



Evaluation of the QLDs 


124 


up with a recursive scheme which is considered to be a major breakthrough (see 

for eg Lucantoni[10]) It drastically reduces the storage requirements as 

well as the computational requirements In a typical example considered in 

[9], the computation time required for this scheme was found to be reduced by 

a factor of more than 1800 compared to the Block Gauss-Seidei procedure 

Further, w^hile both and are required for the Gauss-Seidel procedure, 

only the former is required for the recursive scheme of [9] Unlike the 

methods (i) and (ii), here x 's and G 's have to be evaluated first 

0 


GAUSSIAN ELIMINATION METHOD 


The Gaussian elimination procedure or its variants may be used to solve 
the truncated system of equations given by (5 6 1) A survey of the various 
methods under this category as well as the time and storage requirements of 
these methods are discussed m Kreigerl?) We consider one procedure m 
detail Let the truncated transition probability matrix of Q2 be denoted as 
Q The QLDs x^ for i=0,l,2 L-1 can be evaluated by solving the set of 
equations given by 


xQ = X 
X e = 1 


Q = 


x[Q - I ] = 0 


B B B 
0 1 2 


AAA 
0 1 2 


0 A A 
0 1 


0 0 0 


where x = [ x x x 
*‘012 


L-2 


L~2 


L-3 


00 

I « 

m=L-i 
00 

I * 

m=L-i 
00 

i * 

m=L— 2 


m 


m 


m 


00 

y ^ 

Li ^ 


(5 6 1) 
(5 6 2) 


(5 6 3) 


X ], X = [ X X 
L-r 1 '• 11 12 


X 1, I IS the MNLxMNL 

IMN-* - 
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identity matrix, e = [ and 0 = [0 0 0 0] The 

elements in the last block column of 0 are chosen such that the row sums are 
equal to 1 as shown in (5 6 3) The normalization condition of eqn (5 6 2) 
can be included in the set of equations given by (5 6 1) by replacing the last 

T 

column of Q by the MNLxl vector [111 10] Let the modif led matrix be 

denoted as Q The null row vector m the right hand side of (5 6 1) is also 
modif led accordingly so that the last element in the row alone is changed to 
be 1 Let Ks Q - I With these modifications (5 6 1) becomes 
xK = [ 0 0 0 0 0 1 ] (5 6 4) 

[f F F F F 1 


0 12 L-2 L-1 

FEE E G 


0 1 2 


L-2 N-1 


n = 


0 E E 
0 1 


E 


L-3 


G 


M-2 


(5 6 5) 


^0 0 0 . J 

It may be noted that S given in (5 6 5) is very nearly upper triangular 
Using Gaussian elimination it can be made perfectly upper triangular and the 
QLDs can be found using "back substitution" We discuss this method in detail 
as it has the advantage of ease of implementation Let the (i,j)^^ elements 
of 3? be denoted as ??{i,j) ?? can be converted to be perfectly upper triangu- 

lar by applying the row transformations on rows 2 to MNL - 1 repeatedly as 
follows 

For n=l, MNL-1 

For 1 = 1, MN-1 


For j = 1, MN 
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S(n+i,j) = tR(n+i,j) - K(n+i.j) (5 6 6) 

The elements in the RHS of (5 6 4) do not get affected by these transfor- 
mations as the first MN-1 elements are zero Hence x can be obtained using 
(5 6 4) with the modified matrix ?? 


BLOCK TOEPLITZ MATRIX INVERSION ME i HOD 


We next a consider a more efficient method for the evaluation of the QLD 
based on Block Toepiitz Matrix Inversion Using (5 6 4), the eigenvector x is 
given by 

X = [0 0 0 0 1] 3?"^ (5 6 7) 

The computation of the inverse of K can be reduced to the computation of 
inverse of MNxMN matrices and their products as discussed in Blondialll] We 
consider this next Let I , 0 be the MNxMN identity and the null matrix 
respectively Let be the permutation matrix given by (5 6 9) Premultiply- 
ing ?? by y we get 


E 

0 


E 

1 


E 

2 


0 E E 
0 1 


E 


L-2 


G 

L-l 


E 


L-3 


I 

1 


G 


L-2 




0 0 E 

0 


E 


L-4 


G 


L-3 


E G 
F € 


(5 6 8) 


0 0 

F F 

0 


0 

F 

2 


E 

0 


G 

1 


F 

L-2 L- 


0 10 0 , .00 

0 0 1 0 0 0 

0 0 0 0 0 1 
1 0 0 0 0 0 ^ 


(5 6 9) 


If the inverse of 


A of (5 6 3) exists then 
0 



also exists and hence E 
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exists Using the Schur-Banachiewicz formula for the inverse of block matri 
ces [12] in (5 6 8) we get 


E"’ + 


(5 6 10) 


where A = C - E[E 6 = [E ']G and 5 = F[E The matrix A is known as 

the Schur complement of the matrix E and is non-smgular if E is non-smgular 
Since the matrix A is an MNxMN matrix* the computation of A ^ does not demand 
much computational effort Next an efficient procedure for the computation of 
E ^ IS obtained, exploiting the fact that E is a block Toepiitz matrix 

It may be recalled that a matrix T whose (i,j)^^ element, is a 

function of (i-j) is generally called as Toepiitz matrix Il3] When 
itself is a matrix, T is called a block Toepiitz matrix It may be noted that 
the Matrix E is a block upper triangular Toepiitz matrix(BUTT) We next state 
some of the properties of BUTT matrices (see for eg Trench[14], [15], 
Jain[16]) 

(i) The inverse of a BUTT matrix is also a BUTT matrix 

(ii) The elements in the top most mxm block of the inverse of a (m+l,m+l) BUTT 
matrix is the same as the inverse of the the mxm BUTT matrix obtained by 
leaving the last row and last column of the (m+l,m+l) matrix Let us 
assume that the inverse of the mxm BUTT matrix is known; for finding the 
inverse of the (m+l,m+l) BUTT matrix only the (l,m+l)th element of the 
inverse matrix needs to be found 

Let us consider an example where m=2 Using the above property the elements 
of the inverse of a 3x3 BUTT matrix B can be related to that of a 2x2 BUTT 
matrix A follows 


0 R 
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* 


■ 

-1 



■ 





R 

R 

R 

0 

0 

0 


P 

P 

0 

0 

1 

2 


0 

1 

2 


0 

1 

2 

0 

R 

R 


0 

0 

Q 
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0 

P 

P 


0 

1 



0 

1 



0 

1 

0 

0 

R 


0 

0 

Q 


0 

0 

P 



0 




0 




0 


Hence, if A is known, then for finding B only the matrix needs to be 

evaluated 

The inverse of a BUTT matrix can be found iteratively using the procedure 
for inversion of block Toeplitz matrices developed by Akaike[13] The appli- 
cation of the properties (i) and (ii) of a BUTT matrix significantly reduces 
the computational effort We next consider more details of this procedure 

A (p+1)^^ order BUTT matrix, L can be expressed in terms of the p^^ 

p + i 

order BUTT matrix L as follows 

p 

A 2 

0 p 

0 L 

p p 


L = 

P+i 


where A , 5 , 0 and L are 1x1, Ixp, pxl and pxp block matrices of size dxd 

Opp p 

2 = [A A A A A ] It may be noted that [ A 4 ] correspond to 

p ^ 1 2 3 p-lp-* ^ ‘■Op'* ^ 

the first p+1 elements in the top row of the matrix E to be inverted 0 is a 

p 

null block matrix The symbol tilde ('-) denotes the block transposition of 
matrices, i e interchange of the (i,j)^^ block with the (j,i)^^ block Let 

the symbol (^) denote the reversal of the ordering of the blocks in a row i e 


44 = [A A A 

p ** 1 2 3 


A A] =» j4=[A a 

p-i p p p p-i 


AAA] 

3 2 1 


The (p+1)^^ order BUTT inverse matrix, L ^ can be expressed in terms of the 

p + i 

p^^ order BUTT matrix M as follows 

p 


“1 

"p + i 


0 




M 


where Q , f , 0 and M are 1x1, ixp, pxl and pxp block matrices of size dxd 

Opp p 

It can be noted that if we know the elements in the first row of , M can 

p + 1 p 
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be obtained by cyclic shift of the first row Using the procedure given m 


Akaike[13), the block matrix 9 can be iteratively computed and is given by 

p 

P ^ 



It 

F ^ 

A + A y ^ 4^ i 

Q 

f 1 

(5 6 11) 

P+1 

1 ° 1 

p + 1 0 Li n n ; 

n=l 

0 

Pj 



RECURSIVE PROCEDURE 

A recursive procedure for the computation of x^, for i^l can be obtained 
using (5 4 1) However, this recursion suffers from ’’catastrophic cancella- 
tion" (see for eg Forsythe [17]) which results from subtracting small quan- 
tities of the same order An alternative and numerically stable recursive 
procedure is suggested by Ramaswami[9] Using this procedure, can be 
computed as follows 



r 1-1 -1 

r 




X = 

i 

X B + y X A 

0 1 L j i-j+i 

[■-*. 




L j=i J 






00 


00 



II 

> 

1 

A 

V 

= 1 \ -=■ 

-V 



i=:V 


l = v 



where G 

r = G(z,s) evaluated at z=l 

and s=0 

Since 

all 

recursion are non-negative. 

It does 

not suffer from 

the 

ation suffered by other recursions 

Further, 

as observed 

ntation 

of (5 6 12) can be 

done efficiently by 

noting 

that 


(5 6 12) 


r 1 


0 Hence choosing a large index L, A^ can be set to be the null matrices 
The matrices B , A for k less than L is computed using the backward recurs- 

k k 


ions 


B = B + B G and A = A + A G for 0^ k^ L-1 

k k k+l k k k+1 


(5 6 13) 
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EVALUATION OF THE QLDs FOR SOME SPECIAL CASES 

I Q1 FINITE SIZED AND Q2 INFINITE SIZED 

When the traffic offered to Q1 is very high, the practical sizes used for 
Q1 may not be large enough to be treated to be infinite Hence a finite sized 
Q1 and an inf inite sized Q2 is an interesting case of some practical import- 
ance The evaluation of the QLDs can be carried out along the same lines as 
far the infinite size case Let L be the buffer size of Q1 The truncation 
index L’ for Q1 becomes equal to L+1 Proceeding along the same lines as in 
Barlow [18] and Blondia [11], it can be shown that the expression for y’ for 
the f mite sized Q1 is also given by (5 5 30) 

II EVALUATION OF THE QLD OF Q2 AND THE MOMENTS 
OF THE QUEUE LENGTHS OF Q1 

Again we consider the case where the traffic offered to Q1 is high In 
this case the truncation indices required for Ql, with an infinite sized Ql, 
becomes high and hence the storage and computational complexity also become 
high In this case, one may be contented with the knowledge of the first two 
moments of the queue lengths of Ql This can be computed as follows First, 
starting with an initial value of p^, the QLD of Q2 is found Then this is 
used to compute the new value of and using (5 2 3) and (5 5 30). These 
steps are repeated until p^ and pJJ stabilize Knowing the pJJ and the QLD of 
Q2, the moments of the queue lengths of Ql can be found using the results of 
Sec 5 4 

5.7. AN APPROXIMATE MODEL FOR THE TIME PRIORITY SYSTEM 

We have so far considered in detail an exact model for the study of a 
non-preemptive MMPP/D/1 priority system The computational complexity and the 
storage requirements increase by a factor of 0(n ) with this model compared to 
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that for a queue with a simple FCFS discipline This increase occurs as the 
mter-departure time of the cells from Q1 (IDT 1) depend on the phase of the 
MMPP 2 at the previous departure instant In other words, IDT 1 is not inde- 
pendent and identically distributed (i i d) if the phase of the MMPP 2 is not 
taken into account We next consider an approximate model given in [19] which 
approximates the IDT 1 to be i i d and treats it to be independent of the 
actual phase of MMPP 2 For this approximate model, numerical results can be 
obtained with significantly lower computational and storage requirements 

We consider the scenario in which this approximate model can become 
almost as "good” as the exact model When the traffic offered at 02 is low, 
the probability that busy periods of Q2 exceed the transmission times (D) of a 
few cells become negligibly small In addition to that, let the composite 
traffic to Q2, originate from a large number of sources, then the burstiness 
of the composite traffic gets smoothened compared to that of the individual 
sources and the arrival rates of the MMPP 2 at various arrival phases become 
almost equal Hence the busy period distribution of Q2 (BPD) conditioned on 
the phase of MMPP 2 at the beginning of the BP tends to be only marginally 
different with different phases Let us consider a "hypothetical process" 
which mimics the doubly stochastic Poisson process by a singly stochastic 
process and captures the average behaviour of the former One such process is 
the simple Poisson process whose arrival rate is chosen to be the weighted 
average of the arrival rates of MMPP 2 However, we can treat the hypotheti- 
cal process to be more general than this by choosing its BPD to be the weigh- 
ted average of the BPD of MMPP 2 corresponding to various possible starting 
phases It may be noted that, when the transition rates of MMPP 2 are small 
compared to the cell transmission time, over a short period of time a MMPP 
behaves like a simple Poisson process The hypothetical process may become a 
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good approximation even in this case 

It should be pointed out at this point that the approximate model of tl9] 
discussed next, was originally "thought” to be exact However, it was pointed 
out by RamaswamifZO], that the model of [19] could at best be only a good 
approximation It was observed in [20] that the exact model should keep track 
of the phase of MMPP 1 and MMPP 2 simultaneously It should be acknowledged 
here, that the exact model of Sec 3 2 was born out of incorporating the 
suggestions in [201 

From now on, we shall denote the exact model and the approximate model as 

model I and II respectively In order to reduce the set of symbols we shall 

use the same symbols for model II as those used m sections 3 2-5 6 to denote 
the various parameters pertaining to Q1 and Q2 However, to retain uniformity 
we denote the phase of MMPP 1 and MMPP 2 at t’ , t” as J* and J" respectively, 

at an arbitrary time instant t they are denoted as J'(t) and J”(t) 

As a consequence of the assumption of independence of IDT 1 on the actual 
phase of MMPP 2, the following simplifications result with model II 

1 { (X: . J’), T* - T’ 1} and { (X" . J"), x" - x" , 1} form 

n n^ n n-i ^ n n^ n n-1 ^ 

Semi-Markov Chains (SMCs) with the state space {0,1 }x<l,2 M) and 
<0,1 }x{i,2 N) respectively 

2 A”(t) , B"(t) and P"(m,t) become NxN matrices, A’(t), B’{t) and P’(m,t) 

mm mm 

become MxM matrices 

3 H”(t) and H'(t), the cdf of IDT of cells from Q2 and Ql, become scalar 
functions Let them be denoted as H"(t) and H"(t) respectively 

4 The matrices C(k) and F(-l) characterizing the distribution of the busy 
period and additional busy period of Q2 become scalars Let them be 
denoted as C(k) and F(t) respectively 

With model 11, the matrices B*(t), A * (t), B"{t) and A”{t) are defined as 

m m m m 
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follows 

[A^(t)]^^ = P{ Given that a cell departed from Q1 at time 0, leaving at least 

one cell in Ql and the arrival process MMPP 1 in phase i, the 
next departure occurs at no later than time t with MMPP 1 in 
phase j, and in the intervening period there were m arrivals) 

[B^(t)]^^ = P{ Given that a cell departed from Ql at time Deleaving Ql empty 

and the arrival process MMPP 1 m phase i, the next 
departure occurs at no later than time t with MMPP 1 in phase j 
and leaves behind m cells in Ql) 


[A"(t)] 
m •‘ij 


P{ Given that a cell departed from Q2 at time 0, leaving at least 
one cell in Q2 and the arrival process MMPP 2 in phase i, the 
next departure occurs at no later than time t with MMPP 2 in 
phase J, and in the intervening period there were m arrivals) 


[B^{t)]^^ = P{ Given that a cell departed from Q2 at time 0, leaving Q2 empty 

and the arrival process MMPP 2 in phase i, the next departure 
occurs at no later than time t with MMPP 2 in phase j, and 
leaves behind m cells in Q2} 

Comparing these with those def ined in Sec 3 3, it can be noted that we have 
replaced the terms MMPP 1 and MMPP 2 with the terms MMPP 1 and MMPP 2 respec- 
tively In fact, we have written the expressions in Secs 3 1-5 6 such that if 
we replace the parameters of MMPP i by those of MMPP 1 and those of MMPP 2 by 
MMPP 2 we get the various expressions corresponding to model II Analogous to 
that in Sec 3 3, the elements of P’(m,t), P"(m,t) and 


are defined as follows 
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N’(t) 

N"(t) 


P[N’(t)=n. J’(t)=j I N’(0)=0. J(0)=i] 

No of arrivals at Ql from MMPP 1 in (0,tl 
P[Busy period of Ql starts at or before time t, 
N’(t)=k. J’(t) =jjX’(0)=0. J’(0)=i] 

P[N"(t)=n. J"(t)=j I N"(0)=0, J"(0)=i3 
No of arrivals at Q2 from MMPP 2 in (0,tl 
P[Busy period of Q2 starts at or before time t, 
N"(t)=k, J"(t) =jIX"(0)=0. J"{0)=i] 


Proceeding along the same lines as in Sec 

MMPP 2 by those of MMPP 2 we get 

A (t) = P (m,D)u(t-D) 

m 

m+ 1 


B (t) 


m 


= U^(t-D)P''(m-k+l.D)u{t-D) 


k = l 


3 4 and replacing the parameters of 

(5 7 1) 

(5 7 2) 


dt 


(1-Pn) 


Du(t-D )+tu(D-t) 


U^(t) = p— |p”(0.w)A"dw p"(k-l.t-w) + p^6j^p"(0,t)A" 


(5 7 3) 


where is the probability that Ql is empty at an arbitrary time instant and 
6 IS the Kronecker delta function 

ik 

To deduce the corresponding expressions for Ql we start with the expres- 
» 

Sion for ^ It IS non zero only for integral multiples of D sec and is 

at 

equal to the probability that the busy period of Q2 (BP), which starts when Ql 
is not empty, is t-D for t a D sec Next we define NxN matrices G ^ it) 
whose the (i.j)^^ entry denote the probability that the BP which starts with m 
cells and with MMPP 2 in phase i ends at or before time t with phase j Let 
dG"^”^VD) be denoted as for k=l,2 We define to be the NxN 

identity matrix 

rt/ \ 

Then G '^"^Tt) can be expressed as 
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‘'(m) 


(t)u(t-kD) 


(5 7 4) 


k=m 


Analogous to that in Sec 3 5, we consider the following chain of conditional 
events 

(i) The phase of MMPP 2 is equal to i at the beginning of the service of a Q1 

cell given Q2 is empty 

(ii) Busy period of 02 starts with m customers with the MMPP 2 m phase I 

given that MMPP 2 was in phase i at the beginning of the service for the 
Q1 cell 

(iii) The busy period is of duration kD sec and ends in phase j given that the 

busy period started with m cells with MMPP 2 m phase t 
Let C(k) denote the probability that a BP which follows a Ql service is of 
duration kD sec for k equal to 0, 1, 2, Using the above conditional 


events it can be shown that 
1 

C(k) 


= y y p (m,D)G ^ 

, Li 0 k 

^0 m=(l-5 ) 

Ok 


^’(t) 

dt 


= C(k-l)5’(t-kD) 
th 


(5 7 5) 


(5 7 6) 


where the i entry of the IxN vector gives the probability that Q2 is 
empty and the arrival phase of Q2 is i at an arbitrary time instant and e is 
an Nxl vector given by [ 1 1 ll^ 6’(t) is the Dirac delta function 
Using (5 7 6) and (3 3 5), it can be shown that, for Ql 


A (t) = y u(t-kD)P (n.kD) C(k) 

n L 

k = 1 


(5 7 7) 


Proceeding along the same lines as in Sec 3 3 we get 
m+l 

fi’ct) =y u’(t-D)P’(m-k+l.D)u(t-D) 

m L K 

k=l 


(5 7 8) 
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Replacing FCt) by F{t)I in (3 5 15) we get 

, , , Du(t--c + lD_) + ( t-tD ) u( t+lD~t) 

j « j / X \ ® K*"i / ^ % f f 

dT^ ~ E E iu(t“tD) P (0,t--cD-w)A dw P (n,w) 

4^=0 n=(k-l)5 0 

10 

> 1 ^ ^ ” * * 

P (k-n-l,iD)^ -- + p 6 P (O.t)A (5 7 9) 

I U 0 Ik 


Here, is the probability of Q2 being empty at an arbitrary time instant 

II 11 

Let X , the i element of the IxN vector x , denote the probability 
nl n 

II 

that n cells are left in Q2 at a departure instant when the arrival phase 
IS 1 Then, the probability that ABP=<.D sec is given by 

"(n) 


Fit) 


= y X G e 


(5 7 10) 


,"(n) 


It can be noted that the matrices can be computed using the recursive 

procedure given m Sec 4 3 by replacing the parameters of MMPP 2 by those of 
MMPP 2 


The expressions for and can be obtained using the results of Secs 
4 5-5 5 by replacing the parameters of MMPP 1 and MMPP 2 by those of MMPP 1 
and MMPP 2» respectively The fact that FC^) is a scalar results in the 
following simplified expression for 


M’ = I-R’(0)]~^e + d-p") 
2 0 


' ^ e + E tDF(t)e 
t=l 


(5 7 11) 


Finally, it can be noted that model II can also be used to compute the QLD 
corresponding to the case where either Q1 or Q2 is modelled as a Poisson 
process In this case the arrival rates in all the phases of the correspond- 
ing MMPP IS chosen to be equal Further, model II can also be used to study 
the case when MMPP 2 is approximated by a Poisson process This can be done 
by choosing the arrival rate in each phase of the MMPP to be the same and 
equal to that of the weighted average of the arrival rate corresponding to the 
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actual MMPP 

5 8 SOME ASSUMPTIONS AND APPROXIMATIONS 
FOR NUMERICAL COMPUTATIONS 

In this section the assumptions and approximations made for the numerical 
computation of the queue length densities (QLDs) at Q1 and Q2 are considered 
First we consider the assumptions made We assume the traffic to Q1 and Q2 to 
originate from on/off sources It may be recalled that m Sec 2.3 we noted 
that, using a generalized on/off source model, it is possible to model any 
arbitrary source reasonably accurately For simplicity all the sources which 
generate the traffic to a particular queue (either Q 1 or Q2) are assumed to 
have the same characteristics The sources which generate the traffic to Q1 
may in general be dissimilar to those generating the traffic to Q2 The 
sources are assumed to be characterized m terms of average on duration, 
percentage on duration and bit rate during on duration We shall assume the 
sources to be CBR sources 1 e m the on period the cells arrive at periodic 
intervals and no cells arrive in the off period The on and off durations are 

exponentially distributed An output link capacity of 150 Mbps and a cell 

size of 53 bytes are also assumed Next, we consider the approximations made. 

COMPUTATION OF THE MODEL PARAMETERS OF MMPP 

The traffic to Qi and Q2 are assumed to be approximated by two 2 phase 
MMPPs using the method proposed m Heffesl4] We considered the details of 

matching the moments of the composite traffic from a number of sources with 

that of a 2 phase MMPP in Sec 2 4 The equations required for the evaluation 
of the parameters of the 2 phase MMPP has been obtained m Heffes [4] and ar^ 
reproduced here for ease of reference The arrival rate and the infinitesimal 
generator matrices are denoted as A and Q* and their elements are given by 
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These elements are obtained by considering the moments of the mterarnval 
time distribution of the renewal process characterizing the arrivals from a 
source at tw^o short time intervals {0,t’) and (0,t”) and a long time interval 
We shall choose t* = t" = 2(on period of a single source) In general t" and 
t” need not be equal and their choice is found to be relatively insensitive on 
the accuracy of the approximation procedure [4] We have also verified this 
by varying their relative magnitude The only effect that we have observed is 
the change of the relative amplitudes of X^and X^ When t’ t*' , X^ > X^ 

Otherwise X^< X^ Having chosen the values of t’ and t", the model parameters 

of the MMPP can be obtained using the following steps- 

(1) Let the mean on duration, mean off duration and the interarrivai time of 
cells from a single source be denoted as a \ ^ and T respectively The LST 

of the mterarnval time distribution of the renewal process charectenzing 

the arrivals from a source is denoted as f(s) and is given by- 

f(s) = [1 - aT + ^ (5 8 1) 


The first three moments of the mterarnval time distribution (lAD), evaluated 
at time t, are denoted as p^(t), ^ 3 ^^^ respectively These mome- 

nts are first computed by inversion of their Laplace transforms given by 


fij(s) 



(5 8 2) 

(5 8 3) 


X 1 + 4f(s) f^(s) 

^ [ [1 - f(s)]^ 


(5 8 4) 
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where A is the mean cell arrival rate from a single source and is given by 


^ " T(a + ^) ® 

(2) The variance to mean ratio of the lAD evaluated over the intervals (0, t*) 
and (0,oo) are denoted as and b^ respectively They are computed using the 
equations given by- 


1 - (1 - aT)' 
(aT + 


t* 




(5 8 6) 


(5 8 7) 


(3) Let N denote the number of on/off sources that are superposed The mean 
arrival rate of cells from the superposed process is denoted as a and is given 
by a = NX Let d = d is computed as the solution of the equation 

given by- 


(b - l)ad^ .. 

d (1-e’^') (588) 

- b,.)f 

Iterative methods like the Newton-Rapson method (see, for eg Kreizig(20]) 
can be used for this purpose 

(4) The parameters of the the 2 phase MMPP are finally computed using the 
equations- 


q 


1 



1 + 


1 

■/ 4e + 1 




q 


2 


= d - 


q 


1 


(5 8 9) 

(5 8 10) 


r 

ad 

K 

f 1 


q - q 
^ 2 ^ 

1 vsj 


(5 8 11) 


X 

1 



(5 8 12) 


where 
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{b - l)ad 

e = f (5 8 13) 

2K 

K = J[at"(at"- l)(38t’+ at" -2) + Ky. (t’)] - at"^ - 3a^t"(b 

j 3 CO 

‘ - -''‘'ll 
^ — J 

(5 7 14) 

It may be noted that, knowing the parameters of MMPP 1 and MMPP 2, the 
model parameters of MMPP 1 and MMPP 2 can be computed using (3 2 1), (3 2 4) 
and (3 2 5) 

TRUNCATION OF THE INFINITE SUMS FOR THE EVALUATION OF Q’Cco) 

Infinite summations appear over the indices k and i, m eqns (3 5 3), 

(3 6 13) and (3 6 14) and they are approximated by finite summations as foll- 

" "(I) 

ows As the elements of the matrices P (n,D) and become negligible for 

If 

large values of n and k, they are computed only for n = 0,1,2 ^niax 

for k=l,2, k respectively As x” becomes negligible for large value of -c 
max ^ 

only finite terms need to be considered in (3 6 14) Let t be the maximum 

max 

ft 

value of t that needs to be considered The values of n , k and t are 

max max max 

chosen to be the minimum values of n, k and t for which the following inequa- 
lities are satisfied 

eV"(n,D)e < (5 8 15) 

e P (k-l,D)Gj^_^ e < (5 8 16) 

<1)3 (5 8 17) 

where and 77^ are the threshold values for the truncation For our 

-13 

computations, and have each been chosen to be 10 
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TRUNCATION OF THE INFINITE DIMENSIONAL MATRICES Q”(o>) AND Q*(co) 

» ft 

The invariant probability vectors of Q (co) and Q {<») give the queue 
length densities of Q1 and 02, respectively In view of the coupling between 
the two queues, these vectors are obtained iteratively The inf mite dimen- 

t H f 

sional matrices Q (cd) and Q (co) are truncated to do this The size of Q ( 03 ) 

—13 ** 

which IS adequate to ensure a tail probability of less than 10 when p^ = 1 
IS found The dimension of Q (co) is chosen to be greater than this Using 
this as the starting value of the dimension, the QLD of Q 1 is f ound in the 
actual case where Q2 is non-empty If the tail probability of Ql computed 
thereby is below the desired value, the truncation is adequate Otherwise the 
dimension of Q*(oo) is increased and the QLD is recomputed This process is 
repeated until either the required tail probability is obtained or the maximum 
buffer size for Ql is reached It may be noted that in actual numerical 

implementation of the procedure, due to storage and computational constraints 
we have to fix the maximum buffer size for both Ql and Q2 Similarly, the 

If 

minimum dimension of Q (co) is also determined 

EVALUATION OF NUMERICAL INTEGRALS 

For the evaluation of using (3 6 14), we have to evaluate the 

integrals I given by 
n 

D 

I s r P’(n,w)dw (5 8 18) 

n D J 

w=o 

These integrals do not have closed form solutions and hence they have to be 
numerically integrated We use the 9 point Newton-Cotes formula (see for eg 
Hildebrand[21]) for the numerical integral of a function given by 

J f(e)dC = [989(f^+ fg) 1 5888(f^ + f^) - 928(f^ + f^) 

^0 
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+ 10496(f^ + f^) - 4540f^ 


2368 


467775 




(5 8 19) 


where h is the step size and denotes the differentia! of f(^) 


By a change of variable of ^ = 


1 


w , eqn (5 8 18) is brought to the form of 


eqn (5 8 19) and the upper limit for ^ becomes 1 Next, the interval (0,1) is 
spilt into 15 intervals and m each interval the function is evaluated at nine 
points By repeated application of (5 8 19) in each sub-interval and 
combining the like terms we get- 


"120 


i 


= I P*(n,C)d? = 989(S^+ sp + 5888(S^ + S^) - 928(5^ + S^) 


+ 10496{S^ + S^) - 45405^1 

1 4 

= P’{n. (8i+j)hD) for j = 0, 1. 8 

i=0 


(5 8 20) 


(5 8 21) 


As the interval (0,1) is split into 121 points, the step size h = and 


hence the contribution from the error terms is less than 10 


-22 


COMPUTATION OF THE EXPONENTIAL MATRICES 

It may be recalled that for the evaluation of 8’ and p’, the exponential 
0*nD 

matrices e- have to be computed for n = 1, 2, n They can be evalu- 

max 

0*D 

ated recursively if e- is evaluated first For the MMPP models correspond- 
ing to the composite traffic from the on/off sources assumed in this thesis, 

the elements of the matrix Q*D is less than 1 as D is of the order of psec 
0*D 

Hence e- can be evaluated using Taylor series expansion For the case where 
Q* IS a 2x2 matrix, closed form expression for this series has been given in 
(4 4 10) For the case where some of the elements of Q*D is greater than 1, 
computation using Taylor series expansion becomes inaccurate and computation 
intensive (see, for eg Moler[22], [23]) Several methods have been 
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suggested for overcoming this problem in 123] For the sake of completion, we 
describe one of these methods In the "scaling and squaring" method for 
computing the exponential of the matrix 0*D, the exponential of the matrix 
Q*D/m IS computed first, where m is a power of 2 The value of m is chosen 

such that the matrix Q*D/m has all the elements to be less than 1 and hence 

the exponential of this matrix can be computed accurately using Taylor series 
Knowing the exponential of Q*D/m. the exponential of Q*D is obtained by 
squaring the former matrix I times where I = log^m 

5.9. SIMULATION OF THE PRIORITY SYSTEM 

In a simple queueing system like an M/G/1 system with FCFS discipline, 
closed form expressions for the system probabilities exist and their evaluat- 
ion requires very little computational effort On the other hand, for queueing 
systems with more complex arrival processes and service disciplines, such 

computationally tractable closed form expressions may not exist In such cases 
one may have to evaluate these probabilities numerically This requires 
several approximations like performing integrations numerically, replacing 
infinite sums by finite sums and so on The system probabilities computed 
thereby, should be checked against the results obtained using alternate meth- 
ods It becomes essential to check the accuracies of the approximations as 
well as the the expressions from which these computations were earned out We 
use discrete event simulations f or validating the results obtained through 

numerical computation 

Discrete event simulation of queueing system has been studied m detail 
in the literature (see for eg Fishman{25], Law[26l) It is widely used and 
is an increasingly popular method for studying complex systems Most complex 
real world systems with stochastic elements cannot be accurately described by 
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a mathematical model that can be evaluated analytically In such cases, simul- 
ation IS the only type of investigation possible However, simulation models 
are often expensive and time consuming to develop Each run of a stochastic 
simulation model produces only estimates of a modeEs true characteristics for 
a particular set of input parameters Several independent runs of the model 
will typically be required for each set of input parameters to be studied 
Compared to results obtained through an analytical approach, simulations would 
require more time and computational effort for estimating the system charact- 
eristics Hence, to the extent possible, it would be desirable to use simulat- 

ions as a validation tool - this is what has been done in this thesis to 
confirm the results obtained through our analysis 

We present a brief summary of the discrete event simulation approach 

followed for studying a system In a discrete event simulation model, the 

state variables of the system are assumed to be changed at discrete points in 
time as it evolves At these points in time "events" are said to occur There 

could be several types of events and the event type determines which of the 
state variables will need to be altered The time between successive occurence 
of a particular event is in general random and its probability distribution is 
assumed to be known These distributions are, in general, different for 

different events Events keep occur mg infinitely and as and when an event 
occurs, the state variables are updated using either the fixed increment 

approach or the next-event time-advance approach In the former method, at 

fixed intervals of time, the "occurence time" of the various events are 

checked and the system updated if any of the events occur in that interval We 
shall consider here only the latter approach m detail as this is the one used 
in our simulations In this a clock known as the simulation clock keeps track 
of the time that has elapsed since the beginning of the simulation At the 
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beginning of the simulation, this clock is initialized to zero The time of 
occurence of various events in the future are also chosen This is referred to 
as the '’scheduling” of events The simulation clock is then advanced to the 
time of occurrence of the most imminent (first) of these events The state of 
the system is updated and the data base on the times of occurrence of future 
events is also updated Then the simulation clock is advanced to the time of 
the (new) most imminent event, the system state and the future event tim^s are 
again appropriately updated This process of advancing the simulation clock 

from one event time to another, is continued until finally some pre-specified 
stopping condition is satisf led The time that elapses between the beginning 
of the simulation and its end is referred to as the run time or the 
replication time of the simulation 

We consider next the various components and organization of a discrete 

event simulation model - 

System state The collection of state variables required to describe the 

system at a particular time 

Simulation clock A variable giving the current value of the simulated time. 

Event list A list containing the next time when each type of event will occur 
Initialization routine A subroutine to initialize the simulation model at 
time zero 

Counters Variables used to store the statistical information about the system 
perf ormance 

Timing routine A subroutine that determines the next event from the event 

list and then advances the simulation clock to the time when that event is to 
occur 

Event routine A subroutine that updates the system state when a particular 
type of event occurs Every event has its own event routine 
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Library routines To generate random numbers according to the required 

probability distribution 

Report generator A routine that computes estimates of the desired measures of 
performance using the counters and reports these when the simulation ends 
Mam program The routine that invokes the timing routine to determine the 

next event and then transfers control to the corresponding event routine to 
update the system state appropriately The mam program may also check for 
termination and invoke the report generator when the simulation is over The 
logical relationship among these components is shown in Fig 5 1 

Next, we consider some details on the simulation models developed m this 
thesis These models have been used for estimating the busy period 

distribution (BPD) of the MMPP/D/1 queue with FCFS discipline and for 
computing the queue length density and queueing delay at the low and high 

priority queues 

First, the computation of the BPD is considered It may be recalled that 
the procedure developed in Sec 4 3 for the computation of the BPD of an 
MMPP/D/1 queue with FCFS discipline also enables the computation of the BPD of 
the higher priority queue Hence we concentrate only on the validation of the 
BPD computed for the FCFS discipline We have developed two different 
simulation models for computing the BPD, one in which the input is generated 
using on/off sources and the other m which a single MMPP source generates the 
traffic As noted in Sec 5 8, the traffic to both Q1 and 02 are assumed to 
originate from on/off sources Hence for the simulation, the input may be 
generated using the statistics of the individual on/off sources In view of 
the mathematical tractabihty of an MMPP model compared to the on/off source 
model, we approximated the composite traffic from the on/off sources by an 
MMPP source in Sec 5 8 Hence, in the second model the input is assumed to be 
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generated using the statistics of this MMPP source We shall compare the 
relative merits of these two simulation models after we describe them in more 
detail 

SIMULATION WITH ON/OFF SOURCE MODEL 

Let the number of constant bit rate (CBR) on/off sources generating the 
traffic to Q2 be L Each source is assumed to have exponentially distributed 
on and off durations as in Sec 5 8 The cells are assumed to be generated 
periodically in the on period and no cell is generated m the off period With 
this source model, the following data bases are updated from time to time 
during the simulation run 

(1) Busy_period_length_count [N] The i^^ element of this array denotes the 
number of times the busy period (BP) was of length i since the beginning of 
the simulation run 

(2) Source_status [L] The i^*^ element of this array denotes whether the i^^ 
source has more cells to generate in its ongoing on period 

(3) Celis_count [L] The i^^ element of this array gives the number of 
additional cells to be generated in the current on period of the i^^ source 

(4) Queue_length No of cells in the s>stem (both being queued and served) 

(5) Busy_period__length Length of the on going busy period, if any 

(6) Busyjperiod_number Number of BPs completed since the beginning of the 
run 

(7) Busyj)eriod_on If this flag is 1, it indicates that a busy period is in 
progress 

(8) Terminal_Busy_Period__count No of BPs to be completed before terminating 
the simulation run 


With this model, the various event types to be considered are given m 
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Fig 8 2a 


Event Type 

Description of the event 

1 

On period of source i starts 

2 

Off period of source i starts 

3 

A Cell arrives from the ith source 

4 

A cell departs from the queue 


Fig 8 2a The events types for the evaluation of the BFD 
through simulation using on/off source model 

The tasks to be performed on the occurence of these events are as follows 

Event 1 On period of source i starts The tasks to be performed are 

1 Determine the duration of the on period by calling the random generator and 
schedule the beginning of the next off period 

2 Determine the number of cells to be generated m the present on period 

3 Schedule the next arrival from this source Increment the queue length 

4 If the queue length is zero, schedule the next departure and make the 

Busy__period_on flag 1 

Event 2 Off period of source i starts The tasks to be performed are 

1 Determine the length of the off period using the random generator and 
schedule the next on period 

Event 3 Cell arrivals for the i^^ source The tasks to be performed are 

1 For the i^^ source if the number of cells remaining to be generated m the 

on period is greater than 0, schedule the next arrival from this source 

and update the number of remaining cells to be generated m its on period 
Increment the queue length 

2 If the queue length =1, schedule the departure and make the 


Busy_Period_starts flag 1 
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Event 4 Departures from the queue The tasks to be performed are 

1 Decrement the queue length b} 1 

2 If the queue_length equal to 0, make the Busy_penod_starts flag 0 Let the 
busy period length be n. then increment the n^^ element of the busy_length- 
_count array by 1 

3 If the queue_length is greater than 0, increment the Busy_Penod_length by 
1 

It may be noted that only one routine is required for each event type for 
all the sources as these are assumed to be identical 
The initialization routine performs the following tasks 

1 Read the seed for the random number generator, number of busy periods to be 
completed, source characteristics and the number of sources 

2 Initialize the various data bases referred to above 

3 Schedule the on period for all the sources 
The mam routine performs the following tasks 

1 Invoke the initialization routine 

2 Invoke the timing routine 

3 Invoke the appropriate event routine 

4 Check for the termination condition If condition not met go to step 2 

5 Compute the BPD using the Busy_period_length_count array 
The busy period distribution is computed using the equation- 


P[BP“i] - ^ engt h-coun t [ i ] 

Term i na 1 „busy_per i od__number 


(5 9 1) 


Several runs may be carried out by changing the seed for the random generator 
and the BPD computed using (5 9 1) for each run is averaged to find the over- 
all BPD Alternately a single long run may be used to find the BPD The point 
estimate of the BPD obtained thereby is compared with the 957. conf idence 
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interval of the estimate to check the accuracy of the estimates 

SIMULATION OF BUSY PERIOD DISTRIBUTION %ITH THE MMPP MODEL 

With this model we have to keep track of the phase of the MMPP at the 
beginning and the end of the busy period For the purpose of comparison of the 
results obtained with this model with that obtained through numerical 
approach, the conditional BPD is estimated i e, the probability that the BP 
IS of length n and ends in phase j given that the BP started m phase i, is 
obtained The probability of the queue being empty at an arbitrary time with 
phase 1 IS also found Using this the unconditional BPD is computed The data 
base required in this case are as follows 

(1) Busy_period_length_count IN]{2][2] The (i,j,k)^^ element of this array 
denotes the number of times since the beginning of the simulation run that the 
busy period (BP) was of length i with the phase of the MMPP at the beginning 
and the end of the busy period as j and k, respectively 

(2) Phase_of_the_MMPP the phase of the MMPP 

(3) Phase at the beginning of the BP Phase of the MMPP at the beginning of 
the Busy period 

(4) Queue_length No of cells in the system (both being queued and served) 

(5) Busyjperiod_length Length of the on going busy period if any 

(6) Busy_period_number Number of BPs completed since the beginning of the 
run 

(7) Busy_period_on If this flag is 1, it indicates that a busy period is in 
progress 

(8) Terminal_Busy_Period count No of BPs to be completed before terminat- 

ing the simulation run 

(9) Total idle period [i] The i^^ element of this array gives the total 
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duration for which the queue was empty and the MMPP phase was i 

(10) On going idle period The duration of the idle period in the present 

phase 

With this model, the various event types to be considered for the 
computation of the BPD are given in Fig 8 2 b 


Event Type 

Description of the event 

1 

Beginning of phase 1 of MMPP 

2 

Beginning of phase 2 of MMPP 

3 

A Cell arrives in phase 1 or 2 

4 

A cell departs from the queue 


Fig 8 2b The events types for the evaluation of the BPD 
through simulation using the MMPP source model 

The tasks performed on the occurence of these events are as follows 

Event 1 Beginning of phase 1 The tasks to be performed are 

1 Determine the sojourn time in phase 1 using the random number generator and 
schedule the beginning of phase 2 

2 Make the phase of MMPP =1, schedule the next arrival with an mter_arrival_ 
time distributional 

3 If queue empty, update the total idle period for phase 2 and make the idle 
period to be zero 

Event 2 Beginning of phase 2 The tasks to be performed are 

1 Determine the sojourn time m phase 2 using the random number generator and 
schedule the beginning of phase i 

2. Set the phase of MMPP = 2, schedule the next arrival with an mter_arrival_ 


time distribution 2 
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3 If queue empty update the total idle period for phase 1 and make the idle 
period to be zero 

Event 3 Arrivals m phase 1 or 2 The tasks to be performed are 

1 Schedule the next arrival with mean inter_arrival_time_i, where i is the 
phase of the MMPP when this event occurs 

2 If queue is empty, schedule the next departure and make the 

Phase_of_BP_start = i and the Busy_period_on flag 1 

3 If queue is empty, update the total idle period for phase i and make the 
idle period to be zero 

4 Increment the queue_length 

Event 4 Departures from the queue The tasks to be performed are 

1 Decrement the queue length by 1 

2 If the queue_length equal to 0, make the Busy_period_starts flag 0 Let the 
busy period length be n and the phase of the MMPP at the start of BP and at 
the present event be i,j , then increment the (n,i,j)^^ element of the 
busy_length_count array by 1 and start the counter for the idle period for 
phase j 

3 If the queue_length is greater than 0, then increment the 
Busy_Period_iength by 1 

The initialization routine performs the following tasks 

1 Read the seed for the random number generator, number of busy periods to be 
completed, model parameters of the MMPP 

2 Initialize the various data bases referred to above 

3 Schedule the beginning of either phase 1 or phase 2 

The mam routine performs the following tasks 

1 Invoke the initialization routine 


2 Invoke the timing routine 
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3 Invoke the appropriate event routine 

4 Check for the termination condition If condition not met, go to step 2 

5 Compute the conditional BPD using the Busy_period_Iength_count array 

6 Compute the probability of the queue being empty and m phase 1,2 
The conditional busy period distribution is computed using the equation- 


G = PIBP = nD sec , phase at the end of BP=j| phase at start=i] 


Busy_per i od_l ength-coun t [ n ] [ i ] [ j ] 
No of BPs starting in phase (i) 


(5 9 2) 


N 2 


No of BPs starting in phase i = ^ Busy_period_length_count[n][il[j] 

n=l j=i 


y^j = Piqueue empty and MMPP m phase i at an arbitrary time instant] 


Total_idle_per iod_in_phase i 
Simulation clock at the the end 


(5 9 3) 


y G e 

PIBP = nD sec ] = (5 9 4) 

where e = ( 1 1 

Several runs are earned out by changing the seed for the random genera- 
tor and the BPD computed using (5 9 4) for each run is averaged to find the 
overall BPD Alternately, for the probabilities computed using a single run, 
confidence interval can be computed using the results of Quesenberry[27] We 
shall consider more details of this approach towards the end of this section 

Next, we compare the above two models for the evaluation of the BPD The 
simulations using the on/off source model require only the source 
characteristics to be specif led The other model requires the computation of 
the MMPP parameters using a procedure like Heffes[4] before the simulation can 
be run This procedure requires the computation of the inverse Lapalace 
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Transform as discussed m Sec 5 8 Hence the implementation effort required 
for the computation of the BPD is more with the latter model However, for the 
on/off source model, for every source the events i and 2 have to be scheduled 
from time to time For the MMPP model, these events have to be scheduled for 
only one source Hence, for the same traffic, in the on/off source model the 
event lists needs to be processed more number of times We have implemented 
both the models to verify the following 

1 The accuracy with which the MMPP is able to approximate the composite 
traffic from on/off sources 

2 The accuracy of the model parameters obtained through the implementation of 
the approximation procedure of Heffes [4] 

MODEL FOR THE COMPUTATION OF QLDs AND QUEUEING DELAYS AT Qi AND Q2 
In view of the lesser time complexity of the MMPP model, we use only this 
model for the computation of the QLDs and average queueing delays at Ql and 
Q2 As in Sec 5 6, evaluation of the QLD of Ql at the departure instant of 
cells from Ql and those of Q2 at its corresponding departure instants are 
considered here As in the last two models, development of the simulation 
model requires the identification of suitable events and the tasks to be 

performed on the occurence of these events The following data base is 

required for the simulation model 

(1) Queue JLengthjoount^f or jQI [M][I] The (m,i)^^ element of this array 

denotes the number of times the queue length at Ql system was found to be m 

and MMPP_1 in phase i at the departure instant of a cell from Ql 

(2) Queuejiengthl Present queue_length at Ql 

(3) QueueJ.engthjcount_for Q2 [N][I] The (n,i)^^ element of this array 

denotes the number of times the queue length at Q2 system was found to be n 
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and MMPP 2 in phase i at the departure instant of a cell from Q2 

(4) Queue jLength2 Present queue_length at 02 

(5) Busy _period_number Number of BPs of 02 completed since the beginning of 
the run 

(6) Busy _j>eriodjon If this flag is 1, it indicates that a busy period of 
02 is in progress 

(7) Terminal ^BusyJRenod count No of BPs of 02 to be completed before 

terminating the simulation 

(8) Total J,dle_periodjofJ)lli] The element of this array gives the total 
duration for which the 01 was empty and the MMPP_1 phase was i 

(9) Onjgoingjidle jperiodjofJQl The duration of the idle period of 01 m the 
present phase 

(10) Total jidle^per lod JO fj)2[il The i^^ element of this array gives the total 
duration for which the 02 was empty and the MMPP 2 phase was i 

(11) On_going_idle_period_ofjQ2 The duration of the idle period of 01 m the 
present phase 

(12) Totaljnumberjofjarrivals^at^Ql Gives the total number of arrivals at 01 
(since the beginning of the simulation) which are accepted into the queue for 
service 

(13) Total_number_ofjairrivalsjatjQ2 Gives the total number of arrivals at Q2 
(since the beginning of the simulation) which are accepted into the queue for 
service 

(14) Buf ferjsizejofJQl, Buf fer_sizejofJQ2 Denote the maximum capacity (m 
number of cells) of the buffers of 01 and 02 

(15) SimulationjrunjtimeJlimit The maximum time for which the simulation is 
to be run if no other termination condition is met 


With this model, the various event types to be considered for the evalua- 
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tion of the queue length density and queueing delay are given m Fig 8 3 


Event Type 

Description of the event 

1 

Beginning of phase 1 of MMPP_2 

2 

Beginning of phase 2 of MMPP_2 

3 

Beginning of phase 1 of MMPP_1 

4 

Beginning of phase 2 of MMPP_1 

5 

A cell Arrives at 02 

6 

A cell arrives at Q1 

7 

A cell departs from 02 

8 

A cell departs from Q1 


Fig 8 3 The event types for the evaluation of the QLDs 
through simulation using on/off source model 


The tasks to be performed on the occurence of these events as follows 

Event 1 Beginning of phase 1 of MMPP_2 The tasks to be performed are 

1 Determine the sojourn time in phase 1 using the random number generator and 
schedule the beginning of phase 2 of MMPP_2 

2 Make the phase of MMPP_2 = 1, schedule the next arrival with an 
inter_arrival_time distributional of MMPP_2 

3 If Q2 is empty, update its total idle period in phase 1 and begin its idle 
period m phase 2 

Event 2 Beginning of phase 2 of MMPP_2 The tasks to be performed are 

1 Determine the sojourn time in phase 2 using the random number generator and 
schedule the beginning of phase 1 

2 Make the phase of MMPP_2 = 2, schedule the next arrival with an 
inter_arrival_time distnbution_2 of MMPP_2 

3 If Q2 is empty, update its total idle period in phase 1 and begin its idle 


period in phase 2 
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Event 3 Beginning of phase 1 of MMPP_1 The tasks to be performed are 

1 Determine the sojourn time in phase 1 using the random number generator and 
schedule the beginning of phase 2 

2 Make the phase of MMPP__1 =1, schedule the next arrival with an 

inter_arrival_time distributional of MMPP_1 

3 If Q1 empty, update its total idle period in phase 1 and begin its idle 

period m phase 2 

Event 4 Beginning of phase 2 of MMPP__1 The tasks to be performed are 

1 Determine the sojourn time in phase 2 using the random number generator and 
schedule the beginning of phase 1 

2 Make the phase of MMPP_1 = 2, schedule the next arrival with an 

inter_arrival_time distribution_2 of MMPP_1 

3 If Ql is empty, update its total idle period in phase 1 and begin its idle 

period m phase 2 

Event 5 Arrivals at Q2 in either phase 1 or 2 of MMPP_2 The tasks to be 

performed are 

1 Increment the queue length of Q2 if it is below the Q2__buffer_limit 

2 If the queuelength is incremented, login the arrival time 

3 If Ql is empty and Q2 has become non-empty just now, schedule the next 
departure from Q2 and set the Busyjieriod^on flag as 1 

4. If Q2 has become non-empty just now, terminate the idle period of Q2 and 

update Its total idle period in phase i, where i is the phase of MMPP_2 

when this event occurs 

Event 6 Arrivals at Ql m either phase 1 or 2 of MMPP_1 The tasks to be 

performed are 

1 Increment the queue length of Ql if it is below the Qi_buffer_limit 

2 If the queuelength is incremented, login the arrival time 
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3 If 02 IS empty and 01 has become non-empty just now, schedule the next 
departure from 01 

4 If 01 has become non-empty just now. terminate the idle period of 01 and 
update its total idle period in phase i, w^here i is the phase of MMPP_2 
when this event occurs 

Event 7 Departure from 02 The occurence of this event is checked by testing 
the Busy_period_on flag If this flag is 1, a departure from 02 occurs w'hen 
the server completes the on-going service and event 7 occurs The tasks to be 
performed are 

1 Decrement the queue_iength of 02, If queue__length2=0, then do the following 
tasks 

(a) reset the Busyj>eriod_on flag to 0 

(b) Increment the Busy_period_number 

(c) Start the idle period of 02 in phase i, where i is the phase of the 
MMPP_2 when this event occurs 

(d) If queue_lengthl greater than 0, schedule the next departure from 01 

2 Compute the queueing delay for the cell just departed using its arrival 
time Update the total queueing delay 

3 Let the queue_length2 be n and the phase of MMPP_2 be i Then increment the 
(n,i)^^ element of the queue__length_count_f or_02 

Event 8 Departure from Q1 The occurence of this event is checked by testing 
the Busy_period__on flag If this flag is 0, a departure from 01 occurs when 
the server completes the on-going service and event 8 occurs The tasks to be 
performed are 

1 Decrement the queue_length of OL If queue_lengthl=0, then do the following 
tasks 

(a)Start the idle period of 01 m phase i, where i is the phase of the 
MMPP 1 when this event occurs 
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(b) If queue_length2 greater than 0, schedule the next departure from 02 
and set the Busy_period_on flag to be i 

2 Compute the queueing delay for the cell just departed using its arrival 
time Update the total queueing delay 

3 Let the queue_lengthl be n and the phase of MMPP_1 be i Then increment the 
(n,i)th element of the queue_length_count_for_Ql 

The initialization routine performs the following tasks 

1. Read the seed for the random number generator, number of busy periods to be 
completed, model parameters of the MMPP_1 and MMPP_2 and buffer_sizes for 
Q1 and Q2, simulation_run_time_limit 

2 Initialize the various data bases referred to above 

3 Schedule the beginning of either phase 1 or 2 for both the MMPPs, 

The mam routine performs the following tasks 

1 Invoke the initialization routine 

2 Invoke the timing routine 

3 Invoke the appropriate event routine 

4 Check for the termination condition If termination condition not met, go 
to 2 

5 Compute the QLDs using the queue_length_count arrays 

6 Compute the average queueing delays using the total queueing delay and the 
total arrivals statistics 

7. Compute the probabilities of Q1 and Q2 being empty in phase 1 and 2 

The QLDs of Q1 and Q2 are computed using the equations- 

= P[Queue length of Ql=i, MMPPl in phase j at a departure from Ql] 
queue_length_count_f or_Ql [ i 1 [ j] 


Tota l_number_of _arr i va 1 s_at_Ql 


(5 9 5) 



= P[Queue length of Q2=i, MMPP2 in phase j at a departure from Q2] 
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queue_length_count_f or_02l i ] [ j 1 

= (5 9 7) 

Tota I_number__of__arr i va 1 s_at_Q2 

The average queueing delays at Q1 and 02 are computed using the equations- 
T Ota 1 _q u eue 1 ng_de 1 ay_a t_Ql 

Av_delay_at__Qi = (5 9 8) 

Tot a l_nmumber_of _arr i va 1 s_at_Ql 

Total__queue ing_delay_at_Q2 

Av_delay__at_02 = (5 9 9) 

Total_number_of_arrivals_at_Q2 

The probabilities of Ql, Q2 being empty at an arbitrary epoch are given by- 

^01 " empty and MMPP_1 m phase i at an arbitrary time instant] 

Totals id le_period__at-Ql in phase i 

= (5 9 10) 

Simuiat ion_clock at the end 

^01 ~ PIQ2 empty and MMPP_2 in phase i at an arbitrary time instant] 

Totals idle_period_at_Q2 in phase i 

= (5 9 11) 

Simulation clock at the end 


Several runs may be earned out by changing the seed f or the random 
generator and the statistics computed m each run are averaged to find the 
overall statistics Alternatively, the simulation may be run for a very long 
duration with a single starting seed and the above statistics can be computed 
using a single run, this procedure will give accurate results m the case m 
which the period of the random number generator is very large, i e the number 
of calls of this routine, after which the starting seed is encountered again, 
IS very large This can be achieved by using a very large starting seed In 
this case, for the probabilities computed using a single run, conf idence 
interval can be computed using the results of [271 Some details of this 


approach are given next 
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COMPUTATION OF THE CONFIDENCE INTERVALS FOR THE PROBABILITIES 

We have considered the computation of the busy period distribution and 
queue length density using simulation, by computing the appropriate ensemble 

averages over a short period of time The length of the busy period is a 

random variable and out of a total of N busy periods studied, m a simulation, 

the event that the BP length = n (for n= 1, 2, ) in a particular BP can be 

considered as the outcome of a multinomial trial Similarly, the event that 

the queue length = n at a departure instant, out of a total of N departures 

occunng during the run time of a simulation, can also be considered as the 

outcome of a multinomial trial Let n^ denote the frequency of occurence of 

the 1 ^^ event out of a total of N trials Let , for i = 1, 2, k, 

denote the probability of occurence of all the possible k events It is shown 

m Conover[28] that if E(n^) = Nir^ is sufficiently large (typically greater 

than 5), the statistic 

k 

= E (n, - -PK- 15 9 12) 

1 -. 

is distributed approximately as a chi-square variate with (k-1) degrees of 
freedom In Quesenberry[27], it is shown that the confidence intervals for 
is given by 

± / u" + 4 n (N-n )-^ ] 1 1— (5 9 13 ) 

^ 1 1 N J 2(N + 

2 2 

where x ~ k i upper a percentage of the chi-square distribution 

and IS available m a tabular form for various values of a and k in the 
literature (see, for eg [26], 128]) The confidence interval for BPD and 

QLDs can be obtained using (5 9 13) for any confidence percentage required for 
a given maximum queue length or busy period length 

Finally, we consider some implementation issues for all the three models 
considered above The first issue concerns the choice of the programming 


2 n 

71 = X 2n 

1 i 
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language for their implementation In view of the initial training required 
for using the professional simulation languages and the fact that these were 
not readily available, we decided against using these for our simulations 
Considering the fact that the simulations required by us could be easily set 
up using general purpose programming languages, we decided to adopt these for 
implementing our simulator Here, the choice was between the programming 
languages FORTRAN and C and we finally settled on using C for our 
implementation This choice has the following advantages (see, for eg 
Kernighan[29]) 

(1) In view of the better list processing capability of C compared to FORTRAN, 
the simulation run times are expected to be small with C compared to the 
latter 

(2) Even with C, CPU times required for running the simulation model for the 
QLDs are typically 12-18 hours, on a Convex 220 machine Since a large range 
of input traffics are to be studied, managing the CPU time from this machine 
was often found to be difficult Hence, running the simulations on some other 
machines also was felt desirable Here again, FORTRAN compilers were not 
available for all the machines accessible to us whereas compilers for C were 
available on all machines 

(3) The C language has the advantages of calling the system routine inside its 
program For example, the Fortran subroutines can be called and the system 
commands like "date” can be invoked This later command is quite useful for 
book keeping purposes For example, to note when a particular simulation 
started and ended and so on As a large volume of simulations are run, such 
labelling is quite useful 

(4) The "CLOCK” command of C is another attractive feature It gives the CPU 
time that has elapsed since the beginning of the program This command can be 
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used to find the time required to run the simulation This is advantageous 
because we can terminate the simulation run either based on the total CPU time 
consumed or based on an alternative condition like the number of busy periods 
completed, whichever happens first In the absence of this feature, with no 
apnori knowledge about the time required for the run, one has to blindly 
submit the jobs In the Convex machine, the CPU run time limits for the quick, 
short, long and very long queues are typically 30, 120, 480 and greater than 
480 minutes respectively The quick jobs have the highest priority and the 
very long jobs the lowest priority for receiving service Submitting a job 
blindly to a queue, may result in the job getting terminated abortively for 
exceeding the CPU time limit for that particular queue Alternately, it may 
take an unduly long time to run the simulation because it was submitted to a 
queue for which the maximum time limit was much larger than the actual 
requirements 

5.10. NUMERICAL RESULTS 

The results obtained through numerical computation using the exact model 
and the approximate model for some typical combination of traffic at the low 
and high priority queues are presented here The validation of these results 
has also been carried out by comparing them with the results obtained through 
simulation The programs for the numerical computation have been written in 
FORTRAN and the simulation routines have been implemented in " C " language 
Most of the programs for the numerical computations and the simulations have 
been executed in a CONVEX -220 machine, other machines such as SUN and HP 
workstations have also been used 

Some of the assumptions and approximations made for the numerical 
computations have already been discussed in Sec 5 8 For the numerical 
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examples considered here, the characteristics of the various on/off sources 
used are given in Table 5 1 


Source type 

Average on duration 

percentage on duration 

on b 1 1 rate 

Type 1 

33 msec 

35 

1 Mbps 

Type 2 

3 3 msec 

35 

1 Mbps 

Type 3 

1 msec 

35 

1 Mbps 

Type 4 

1 

50 fisec 

10 1 

10 Mbps 

Type 5 

5 psec 

1 

100 Mbps 

Type 6 

15 psec 

10 

100 Mbps 


Table 5 1 Characteristics of the different constant bit rate on/off sources 

The on/off source whose parameters are given in the i^^ row of this table is 
denoted as the Type i source For ease of reference, we shall denote the exact 
model and the approximate model as model I and model II respectively. Let Nl, 
N2 denote the number of on/off sources generating the traffic to Q1 and Q2, 
respectively The steps involved in the computation of the QLDs are as 
f oliows 

(1) The types of on/off sources generating the traffic to Q1 and Q2 and the 
numbers Nl and N2 are f ed as the inputs to the routine Knowing these 
information, the model parameters of both MMPP 1 and 2 are obtained using the 
Heffes approximation procedure [4] (The detailed set of equations required 
for this purpose have been given in Sec 5 8) 

(2) Using the recursive procedure given in Sec 4 4, the matrices P”(n,D) and 

P*(n.D) for n = 0, 1, 2, are found The truncation indices n** , n’ 

max max 

are determined using (5 8 15) The row sums of the P"(n,D) for n = 0. 1, 
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n^^^are found and it is verified that they sum up to 1 The corresponding sums 
for P’(n,D) are computed and their sum is also verified to be 1 

(3) s and computed using the recursive procedure given in Sec 4 3 

The value of k is computed using {5 8 16) The row sums of G" for k =1, 2, 

max k 

k are formed and verified to be 1 The matrices P*(n,kD) for k =1, 2, 

max 

^max found using the recursive procedure given m Sec 4 4 The 

maximum value of n required for each value of k is determined using (5 8 15) 
with D replaced by kD The row sums of PTn,kD) are found and verified to be 
1 

D 

(4) The integrals fp*{n,w)dw for n = 0, 1, n are computed 

U J max 

numerically using (5 8 20) 

(5) Corresponding to the case where p" =1, the value of y* and p* are obtained 

0 0 0 

by solving the resulting single priority queue The initial value of for 
the prioritized queue is set to be this value The initial value of y” is 
chosen to be the null vector 

Q*nD 

(6) The matrices A"(oo), U”(oo), G”, e and the vectors p". tt are 

m k 

precomputed and stored 

(7) Knowing the value of y^, the matrices B^(co) are computed for n = 0, 1, 

n If the Iteration number is 1, the size of Q"(oo) is chosen to be 

max 

greater than that required with the FCFS discipline to ensure a given tail 
probability Otherwise, the size determined in the previous iteration for Q2 
IS used as the starting value The QLD of Q2 is computed If the smallest 
probability computed is greater than the required tail probability, the 
dimension of Q"{oo) is increased and the QLD is recomputed This procedure is 
repeated until either the required tail probability is obtained or the maximum 
buffer size limit for Q2 is reached 
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(8) The vector y” is computed next If it is to be computed by computing x” 

using (5 2 2 ), then and k” are computed using the equations given m Sec 

4 5 and 4 6 Otherwise the value of x" , computed through the iterative 

procedure is used p" is computed using (4 6 4) and finally y” and p” are 
computed using (5 5 9) and (5 5 10) 

(9) The value of t is determined using (5 8 17) The matrices C(k) for k 

max 

=1, 2, k and F(<,) for t = 0, 1, <. are computed The matrix G’ 

max max 

IS computed using the equations given in Sec 4 2 

(10) The matrices A’{oo), U’(oo) and B’C®) are computed next If the iteration 

m k m 

number is 1, the size of Q*(oo) is chosen to be greater than that required 

with the FCFS discipline to ensure a given tail probability Otherwise, the 
size determined in the previous iteration for Qi is used as the starting 
value The QLD of Qi is computed If the smallest probability computed is 
greater than the required tail probability, the dimension of Q’(») is 

increased and the QLD is recomputed This procedure is repeated until either 
the required tail probability is obtained or the maximum buffer size limit for 
QI IS reached 

(11) The vector y^ is computed next If it is to be computed by computing 

using (5 2 3), then p’ and are computed using the equations given in Sec 
4 5 and 4 6 Otherwise the value of x^, computed through the iterative 

procedure is used p^ is computed using (4 6 5) and finally, y^ and p^ are 
computed using (5 5 30) and (5 5 31) 

(12) The largest difference between y” computed in the present iteration and 
that computed in the previous iteration is found The corresponding difference 
IS found also for y^ If either of these differences is greater than the 
desired accuracy, steps 7-12 are carried out again Otherwise, the procedure 


IS terminated 
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It may be noted that the above procedure is also valid for the 
approximate model and in this case , the appropriate equations from Sec 5 7 
are used 

Since this computational procedure involves several intermediate steps, 
testing the correctness of each step becomes essential Checking the row sums 
of the various stochastic matrices is one step that is carried out for this 
purpose Since the computation of P”{n,D)s and G”s are the crucial steps for 
the evaluation of the QLDs, we next consider the validation of the computional 
procedure used for the evaluation of G”s or equivalently the busy period 

distribution of Q2 The results obtained through the numerical approach are 
compared with the simulation results as follows 

As mentioned m Sec 4 3, given that the busy period (BP) starts with a 
single cell, the BP of Q2 is the same as that of the MMPP/D/1 queue with FCFS 
discipline with the same arrival statistics Hence, we concentrate on the busy 
period of the latter queue We shall denote this queue as Q 

We assume the traffic to Q to be generated by Ns type 1 on/off sources 
The parameters of the MMPP, the matrices P{n,D) and G^ are found as m steps 
(1) “(3) given above The probability mass function (PMF) of the busy period 

length, 1 e , the probability that busy period is equal to nD sec, for n 

=1,2, are evaluated using (4 3 13) The PMF obtained corresponding to Ns = 
45, 90 and 150 are plotted in Fig 5 4, Fig 5 5 and Fig 5 6 respectively In 
these figures the busy period length is expressed in units of the cell 
transmission time (D) The average traffic offered at the FCFS queue(p) is 
computed as ttXD, Here n is the stationary vector of the rate process of the 
MMPP and A is the vector denoting the diagonal elements of the arrival rate 

matrix, A of the MMPP 

For obtaining the PMFs through simulation, both the on/off source model 
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and the MMPP source model, discussed in Sec 5 8, are used We shall denote 

these models as Simulation Models A and B respectively For the computation 

of the busy period distribution (BPD) of the on/off source model (Simulation 

Model I), only the no of sources and the source characteristics need to be 

specified For the MMPP model (Simulation Model B), the MMPP model parameters 

computed through the numerical approach is fed as the input If the BPD 

obtained through both the simulation models are to agree, two conditions have 

to be satisfied These are (i) the MMPP model parameters have been obtained 

correctly and (ii) the approximation procedure used to obtain the parameters 

is accurate for the given on/off source As mentioned in Sec 5 8, one reason 

for using the two different simulation models is to test these two conditions 

Another reason is to compare their relative time complexity 

The BPDs are obtained using both model A and B for Ns = 45, 90, and 150 

and the results are plotted in Fig 5 4, Fig 5 5 and Fig 5 6 respectively From 

these figures, it can be concluded that the BPD obtained through computation 

and the Simulation Models A and B agree well The point estimates of the 

8 

probabilities are obtained by considering total busy periods of the order 10 . 
The replication time of the simulation routine is chosen accordingly. The 957. 
confidence interval for the probabilities computed using simulation is found 
to be within 1-15 7. of the point estimates in the entire range However, for 
the sake of clarity, we have not shown them in these figures The run time 
required for Simulation Model A has been found to be about 1 5 times more than 
that required for Model B In view of this, for the computation of the QLDs, 

only the latter model has been chosen W'e have checked the validity of the 

BPD only upto probabilities of the order of lO"^ using simulation However, 
we have actually computed the BPD upto tail probabilities of the order of 
10~'^ The BPDs obtained corresponding to the traffic offered (p) at Q2 for 
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less than 0 5 and greater than 0 5 are shown in Fig 5 7 and Fig 5 8 respecti- 
vely From these figures, it can be concluded that the storage required for 
computing the BPD and QLDs become extremly high as the traffic becomes large 

Having thus verified the accuracy of the procedure for the computation of 
the BPD and hence for the computation of P{n,D), the remaining steps for the 
computation of the QLDs are checked next For some typical examples, the QLDs 
of both Q1 and Q2 are computed using both Gaussian elimination and Toephtz 
matrix inversion methods discussed in Sec 5 6 The results obtained using 
both the methods have been found to agree well In view of the lesser 
computational requirements of the latter method, for all the subsequent 
computations only that method has been chosen As an additional computational 
check, the QLDs are obtained using both the methods for computing y” and y^ 
given in steps 8 and 11 Both the methods have been found to give the same 
result As the evaluation of x” and using (5 1 2) and (5 1 3) require more 
computational effort compared to the alternate approach mentioned in step 8 
and 11, only the latter approach is chosen for the subsequent computations 
Next, the initial vector y^ used for the iterative procedure is varied and its 
effect on the convergence of the recursive procedure is studied The iterative 
procedure has been found to be relatively insensitive to the choice of the 
initial vector and is found to converge fast For a relative accuracy of 

—13 

10 , about 6 to 8 iterations have been f ound to be adequate f or all the 

initial vectors chosen The list of computational checks that have been 
discussed so far verify only the correctness of the implementation of the 
computational procedure The accuracy of the computational procedure is next 
checked by comparing these results with that obtained using simulation for 
several examples 

First we consider the case where the Type 1 sources generate the traffic 
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to both 01 and 02 Let N2. the number of sources generating the traff ic to 02, 
be chosen to be 45 The average traffic offered Ip) at 02 becomes 0 1 Next 
Nl, the number of sources generating the traffic to 01 is varied The QLDs of 
Q1 and 02 computed using both the exact model (Model I) and the approximate 
model (Model II) have been found to be in agreement over a wide range of 
traffic Of these examples, for a particular case where Nl = 300 and N2 = 45, 
the OLDs of 01 and 02 obtained are shown in Fig 5 9 and Fig 5 10 (In this 
case the average traffic offered at 01 and 02 become 0 7 and 0 1 
respectively) Since both the computational models give the same result only 
one curve is shown corresponding to computation The results obtained through 
simulation are also shown in these figures From these figures, it can be 
concluded that the simulation results agree well with those of computation for 
this example 

Next, we examine the effect of the characteristics of the on/off sources 
on the accuracy of the results obtained Fixing the average traffic at Ql, Q2 

to be 0 7 and 0 1, the values of Nl and N2 required to generate this traffic 

combination are found for the source types 2~5 Both the type 2 and type 3 
sources require Nl and N2 to be 300 and 45 The QLDs obtained through 

simulation and the approximate model corresponding to these two sources are 
shown in Fig 5 11-5 14. here Figs 5 11 and 5 12 correspond to type 2 sources 
and Figs 5 13 and 5 14 correspond to type 3 sources For both the type 4 and 
type 5 sources, Nl and N2 have been found to be 105 and 15 for the given 

values of average traffic 0 7 and 0 1 to Ql and Q2, respectively The QLDs 
corresponding to these examples are shown in Fig 5 15-5 18, here Figs 5 15 
and 5 16 correspond to type 4 sources and Figs 5 17 and 5 18 correspond to 
type 5 sources Both the exact (I) and approximate (II) methods give identical 
results, therefore, only one curve has been shown for the computational 
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results in Figs 5 11-5 18 It can be also be seen from these figures that the 
computational results agree well wuth simulations Only slight deviations 
between the computed and simulated results are observed at the tails of the 
distribution for Oh the lower priority queue From these figures it can be 

concluded that (a) the analytical model agrees well with simulations over a 
Wide range and that (b) for the analytical approach, the approximate model is 
sufficiently accurate for these examples Similar comments can also be made 

about the results shown m Figs 5 19 and 5 20 for Type 1 sources 

corresponding to the case where Ni = 150 (p = 35) and N2 = 90 (p = 0 21) In 

general, the QLDs of Q1 and Q2 computed using the approximate model for low to 

medium traffic at Ql been found to be in close agreement with those obtained 
through the exact model and through simulations 

At f irst sight, the above examples do give the impression that the 

approximate model is probably just as good as the exact model The fact that 

this is not the case is demonstrated through examples next Based on these 

examples and our insight into the functioning of this system, we also 
empirically provide information on the situations where we can expect that the 
exact analytical model (I) should be used rather than the simpler approximate 
model (II) 

We re-examine the results of Figs 59 - 5 20 for this purpose In these 
figures, the traffic offered at Ql m an interval of one service time (D) when 
the MMPP 1 IS m either phase 1 or 2 as well as the transition rate of the 
state of the MMPP 1 have also been shown The corresponding quantities for Q2 
m phase 1 and 2 of MMPP 2 are also shown From the values of the "p"s 
corresponding to MMPP 2 m phases 1 and 2 as given m these figures, it can be 
seen that the in different phases of a given MMPP are of the same order 
Hence, one obvious case that needs to be tested is where the ”p" one phase 
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is significantly higher than that in the other phase 

In order to test this, we next consider a case in which the composite 

traffic at 02 has the arrival rate m one phase to be ten times higher than 
that m the other phase The average traffic offered at 02 is set be 0 1 The 
traffic to Qi is assumed to originate from 300 t>pe 1 sources with average 

traffic as 0 7 In this case, the buffer size of Ql and the computational 

**13 

times required for obtaining tail probabilities at Ql to be as low as 10 
turned out to prohibitively high We therefore obtained the QLDs by limiting 
the buffer size at Ql to be 475 W'lth this, the results obtained using model I 

(exact) , model II (approximate) and the results from simulations are plotted 

in Figs 5 21 and 5 22 Fig 5 21 shows the QLD for the low priority queue Ql 
and Fig 5 22 shows the QLD for the high priority queue Q2 The computational 
results differ for the QLD of Ql as shown in Fig 5 21 The QLDs obtained 
through the two computational approaches still give similar results for Q2 - 
hence only one computational curve has been shown in Fig 5 22 In this 
example, the results obtained using the exact model agree well with 

simulations in all cases. However, the approximate method does not give the 

right results for the QLD of Ql 

We consider another example m which the traffic arrival rates in the two 

phases of MMPP_2 are drastically different For the type 6 sources, the 

composite traffic from 16 sources has the required burstiness characteristics 

and the average traffic intensity of 0 1 We again assume that the traffic to 

Ql IS generated by 300 type 1 sources Assuming an infinite buffer at Ql, the 

QLD of Ql obtained using model I (exact) , model II (approximate) and 

simulations are plotted in Figs 5 23 and 5 24 In this example also, the QLD 

of Ql obtained using the exact model and simulation agree well but differ 

significantly from the results obtained for the QLD of Ql using the 

approximate model From these two examples, we can conclude that the 
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approximate model may not be accurate enough for situations where the 
composite traffic at 02 has a large burstiness On the other hand, the exact 
model IS able to give accurate results which agree with the simulation results 
even when the traffic to 02 is bursty For these examples, the OLDs of 02 
obtained using computation and simulation are shown in Fig 5 22 and 5 24 
These are found to be generally in good agreement (We explain later why the 
results of 02 using the approximate analytical model agree well m ^ these 
examples even though the results for Ql do not ) 

In order to consider the situations where the queues are hea\ily loaded, 
we give examples next where the total traffic offered to the server at Qi and 
Q2 IS close to its capacity Most of these examples require very large storage 
and computational resources for computing the QLDs at Ql with tail 

-13 

probabilities as low as 10 To make our numerical computations easier, we 
assume the buffer size at Ql to be finite in most of these examples The 
buffer size of Q2 is considered to be infinity in all these examples 

In the first set of examples, assuming the traffic to Qi and Q2 to 
originate from (350,45) type 1 sources, the QLDs are obtained using all the 
three methods The QLDs of Ql, the lower priority queue, corresponding to 
buffer sizes of 400 and 100 are shown m Fig 5 25 and 5 26, respectively The 
QLDs of Q2 corresponding to both the buffer sizes have been found to be essen- 
tially same and the results using all the three methods are shown m Fig 5 27 
for the case where the Ql buffer size is 400 In the next set of examples, the 
traffic to Ql and Q2 are assumed to originate from (360,45) type 1 sources 
The QLDs are obtained using all the three methods for Ql buffer sizes of 475 
and 150 The QLD of Q2 again has been found to be insensitive to the Ql buffer 
size and is plotted m Fig 5 28 for a buffer size of 475 for Qi The QLDs of 
Ql corresponding to both the buffer sizes are shown m Fig 5 29 and 5 30 In 
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the above two sets of examples, the average traffic offered at Q2 has been 
chosen to be 0 1 

Next, we consider four examples in which the average traffic offered at 
Q2 IS 0 2 In the first example, the traffic to Ql and Q2 are assumed to 
originate from (300,90) type 1 sources The QLDs of Ql obtained corresponding 
to buffer sizes of cx> and 100 are depicted in Fig 5 31 and 5 32 The QLD of Q2 

IS again found to be insensitive to the buffer size of Ql and is shown m 

Fig 5 33 for the case where the Ql buffer size is os In the second example, 
the traffic to Ql and 02 is assumed to originate from (320,90) type 1 sources 
The QLDs at Q2 and Ql are computed using all the three methods for a Ql buffer 
size of 475 and are shown in Fig 5 34 and Fig 5 35, respectively In these 
figures, the QLDs obtained assuming the Q2 traffic to be from a Poisson proc- 
ess with average traffic intensity of 0 2 are also shown In the third exam- 
ple, the traffic is assumed to originate from (300,90) type 2 sources and m 
the fourth example the traffic originates from (300,90) type 3 sources The 
QLDs obtained corresponding to these two examples, assuming infinite buffer 
sizes for both Ql and Q2, are shown in Figs 5 36-5 39 

Finally, we consider an example in which the traffic to Ql and 

Q2 originate from (240,135) Type 1 sources The average traffic offered at Ql 
and Q2 become 0 56 and 0 31 respectively The QLDs at Ql and Q2 computed using 
all the three methods are shown in Fig 5 40 and Fig 5 41 In this case we 

have assumed both Ql and Q2 to have infinite buffers 

In all the seven set of examples considered above, two conditions are 
consistantly found to be satisfied Firstly, the QLDs of Ql computed using 
simulations agree well with that obtained using the exact model (Model I) but 
differs significantly from those obtained using the approximate model (Model 
II), This IS especially true at higher queue lengths Secondly, the QLDs of Q2 
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obtained using Models I and 11 and simulation agree well in all these exam- 
ples Our reasons for expecting these results are given next 

We have noted m the above examples that the approximate model fails to 
compute the QLD of Q1 accurately in cases where the Q2 traff ic is either 
highly bursty or the total traffic offered to the server is close to the 
capacity We have indicated the traffic offered { ’’p”) at Q2 in each phase of 
MMPP 2 and that offered at Q1 in each phase of MMPP i in Figures 5 21 - 5 41 
In all these figures, the total traffic offered to the server becomes close to 
and even greater than the capacity of the server (p = 1) when both the MMPPs 
happen to be in the maximum arrival phase (phase 1, in the examples considered 
above) From the phase transition rates indicated m these figures, it can be 
noted that the probability of occurence of this phase pair is not negligible 
It may be recalled that in the approximate model the busy period distribution 
(BPD) of Q2 has been obtained as the weighted average of the BPD correpondmg 
to each possible initial phase of MMPP 2 Hence as far as Q1 is concerned, 
the approximate model treats the mean arrival rate at Q2 to be constant w r t 
time Let us assume that the phases of MMPPs are labelled such that phase 1 is 
the one with the larger arrival rate (compared to phase 2) When both the 
MMPPs are in phase 1, the server is fed with more number of arrivals than that 
predicted by Model II The queue length at Q1 is more than what is predicted 
by Model II in this case Similarly, when both the MMPPs are in phase 2, there 
will be less number of arrivals than what is predicted by Model II In this 
case, the queue lengths at Q1 is less than that predicted by Model II When 
the traffic offered at Q1 and Q2 are low to medium, the increase m the queue 
lengths at the former intervals of time are compensated by the decrease in the 
queue lengths at the later intervals of time Hence the statistical averages 
of the queue lengths turn out to be the same for both the exact and the appr- 
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oximate model A different scenario emerges when the MMPP 2 is either highly 

bursty or the server is loaded closed to its capacity It may be noted here, 

that the increase m the queue length, with increase in the traffic offered 

(p) to the server, is an increasingly non-linear function of p Hence at loads 

closed to the capacity of the server, the increase in the queue lengths at Q1 

when the MMPPs are in phase 1 become much larger than the decrease m the 

queue lengths at Q1 w^hen both the MMPPs are in phase 2 Because of this, the 

actual statistical average of the queue lengths at Q1 as computed by mode! 1 

become larger than that computed by model II Hence in this range of traffic , 

model II under estimates the queue length 

Next we examine why the QLDs of 02 agree m all the three methods It may 

be recalled here that the computation of the QLD of Q2, depends only on and 

not on any other parameter of Q1 In all the nine examples that we considered 

above, at lower queue lengths the QLDs of Q1 computed using both model I and 

II, are equal When the QLDs computed using model I and II, start departing, 

—2 

the probabilities (QLDs) are below 10 and hence the p^ computed using both 
the models are expected to be essentially the same We have plotted the varia- 
tion of p’ with variation in the traffic offered at Q1 as a function of the 
traffic offered at Q2 in Fig 5 42 The four set of plots shown in this figure 
are obtained by keeping the traffic offered at Q2 to be 0 05, 0 1, 0 2 and 0 3 
respectively From this figure it can be concluded that p^ computed using both 
the models agree The first consequence of this observation is that the QLDs 
of Q2 obtained using both ‘model I and II match Secondly, if one is interes- 
ted only in the moments of the queue lengths at Ql, then one can compute p^ 
using the approximate model We have discussed m Sec 5 6 how p” and p^ can 
be evaluated without actually evaluating the QLD of Qi Hence, using the 
approximate model, the moments of the queue lengths at Ql can be found, this 
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will be faster than finding this with the exact model Thirdly, we shall find 
in Chapter 6, that the computation of the average queueing delays at Qi and Q2 
require only and y” Hence the approximate model can also be used for 
computing the average delays at Qi and 02 quickly 

As noted m Sec 5 7, the approximate model can also be used to compute 
the QLDs when either QI or Q2 or both have Poisson arrivals As noted earlier, 
the approximate model approximates the busy period distribution of Q2 to be 
the weighted average of that corresponding to each possible initial phase 
Hence as far as QI is concerned, the Q2 arrivals look like "Poisson". However, 
for Q2, this model assumes the traffic to be MMPP Another approximation 
would be to approximate the traffic at Q2 to be Poisson and obtain its arrival 
rate as the weighted average of the arrival rates of MMPP 2 The QLDs of QI 
and Q2 computed using this approximation corresponding to the case when the 
traffic to QI and Q2 originate from (320,90) type 1 sources are shown in Fig 
5 43 and Fig 5 44 The QLDs computed using the exact, approximate and the 
Poisson models corresponding to the case when the traffic originates from 
(240,135) type 1 sources are showm in these figures The QLD of QI computed 
using both Model II and Poisson model match perf ectly but depart f rom the 
results computed using the exact model The QLD of Q2 computed using both 
Mcxlels I and II agree all the way upto probabilities as low as 10 The QLD 
of Q2 computed using the Poisson model agree well with the results obtained 
using Models I and II at lower queue lengths but differs from them at the 
higher queue lengths Hence, if the computation of the moments of the queue 
lengths are the basic parameters of interest, the Poisson model may also be 
used in place of Model II 

At lower queue lengths the accuracy of the results obtained using Models 
I and II have been checked by carrying out the simulation The probability of 
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occurence of the higher queue lengths are very small and hence they cannot be 
evaluated using simulation unless prohibitively long run lengths are used 
Hence, using an alternate method we examine their validity at higher queue 
lengths m the next two examples In the first example the traffic at Ql and 
Q2 is assumed to originate from (300,45) type 1 sources The QLDs obtained 
using Model I is compared with the case where Qi and Q2 have dedicated 
servers m Fig 5 45 As is to be expected, the QLD of 02 in the prioritized 
system differ from that corresponding to the case with dedicated server only 
marginally The QLD of Ql departs significantly from that corresponding to 
the case where it has a dedicated server In the second example, the traffic 
originating from (150,90) type 1 sources are considered and the results are 
plotted m Fig 5 46 The same conclusions are valid for this example as well 

Based on the examples that we have considered so far and a large number 
of other examples that we have studied , the following conclusions can be 
drawn It appears that the approximate model (Model II) should not be used if 
either of the following two conditions (a) or (b) are true- in these cases, 

the exact model (Model I) is recommended for the computation of the QLDs 

(a) If X" /A^ is significantly greater than 1 , where A^ , A” are the arrival 

rates of the MMPP__2 in the two phases and are labelled such that A” > A" 

In other words if the traffic to Q2 is highly bursty 

(b) There is a particular phase pair of the two MMPPs which will tend to 

overload the server and this phase pair is one which is fairly likely to 

arise 

Otherwise, the simpler computations of the approximate approach (Model II) may 
be more attractive At the cost of a marginal degradation m the accuracy of 
the QLD of Q2, the Poisson model may also be used in place of Model 11, 
resulting in further reduction m the computational effort 
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When the moments of the queue lengths are the only parameters of 
interest, then either Model 11 or the Poisson model for 02 may be used for 
computing the and p” required for this purpose When the moments of the 
queueing delays are required then Model II may be used for computing the 
and y” required for this purpose 

When the traffic offered to Q2 becomes greater than 0 3, the 
computational and storage resources required for the computation of the busy 
period and additional busy period distributions of Q2 become very high Hence, 
for such high loads, we may have to assume the buffer size at Q2 to be finite 
The details of the computation of the QLDs with a f mite sized Q2 is 
considered in Chapter 7 
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Initialization routine 


1. Set siwlatioB clock = 8 

2. Initialize systea state 
and statistical counters 

3. Initialize event list 



Fig.5.1. FIom of control for the next-event tine advance approach 
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BUSY PERIOD LENGTH IN CELL TRANSMISSION TIME 
FIG 5 6 P M F OF BUSY PERIOD LENGTH OF MMPP/D/1 QUEUE OBTAINED 

THROUGH COMPUTATION AND SIMULATION FOR Ns=150 ( p = 0 35) 
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FIG.5 43 OLD OF THE LOW PRIORITY QUEUE COMPUTED USING MODELS 
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CHAPTER 6 

QUEUEING DELAY OF A NON-PREEMPTIVE MMPP/D/1 
DUAL PRIORITY SYSTEM 


6.1. INTRODUCTION 

In this chapter, the evaluation of the Laplace Steiltjes Transform (LST) of 
the virtual waiting time of the cells arriving at 02, the higher priority 
queue and the computation of the average delays at Ql and 02 are considered 
The average delays at 01 and 02 are evaluated for some typical examples and 
the results are compared with those obtained using simulations The validation 
of these results are also earned out by extending these results for the 
special case of Poisson arrivals at both Ql and 02 

Notations used in this chapter are the same as those used in the previous 
chapters For example, X"(t), J"(t) denote the number of cells m 02 and the 
phase of MMPP 2 at time t Similarly, X’(t), J’(t) denote the number of cells 
in 01 and the phase of MMPP 1 at time t Given the model parameters of MMPP 1 
and MMPP 2, the parameters of MMPP 1 and MMPP 2 are again given by equations 
(3 2 5) - (3 2 6) Dual priority classes and non-preemptive priority discipl- 
ine are also assumed In addition to 01 and 02, we shall consider a third 
queue denoted as 0 The traffic arriving at both 01 and 02 are assumed to be 
fed to 0 and are served by a single server on a FCFS basis The traffic to 0 
is modelled as a MN phase MMPP It may be recalled that the total number of 
phases of MMPP 1, MMPP 2 are M, N respectively The number of cells in 0 
system and the phase of the composite MMPP at time t is denoted as X(t) and 
J(t) respectively 
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6.2. VIRTUAL WAITING TIME DISTRIBUTION OF A HIGH PRIORITY CELL 

The knowledge of the distribution of the virtual waiting time of a custo- 
mer in a queueing system is desirable for several reasons Firstly, it enables 
one to find the probability that the queueing delay exceeds a certain thres- 
hold The cells whose delays have exceeded this threshold may be dropped as 
they exceed either the maximum delay or the maximum delay jitter limit and 
hence will not be of use at the destination The cell loss probability aris- 
ing out of these cell discards may have to be kept under control Secondly, 
knowing the distribution, the average delays can be computed This m turn can 
be used to find the average queue length using Little’s formula However, it 
should be mentioned here that the computation of these statistics directly 
using the expression for the distribution of the virtual waiting time is often 
difficult and time consuming Hence, using this expression the LST of the 
distribution function is found first and then the computation of the required 
statistics from this transform becomes simpler and more manageable In this 
section we consider the computation of the virtual waiting time of a customer 
arriving at Q2, le the higher priority queue 

The virtual waiting time of a cell arriving at Q2 at time t is the time 
it waits before entering service Let this be denoted as v”(t) It may be 
noted that the virtual waiting time for a cell arriving at time t is non-zero 
if either a Q1 ceil or a Q2 cell is undergoing service at t The duration of 
v"(t) depends in turn on the number of cells m Q1 and Q2 at time t 

In a manner similar to that in Ramaswamifi], we define an MNxl vector 
W”(<r), to characterize the c d f of v"(t) The element of W’Ccr) is denoted 
as W"(<j*) and it gives the probability that v”(t) ^ cr and MMPP 2 is in phase t 
For O' 0 and 1 s £ < MN, W^Io*) is obtained as the limit of the conditional 


probability given by- 
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W"((r) = hm P[v"{t)s (r.J(t)=f|X"(0)=i. J(0). X’(0)=r] (6 2 1) 

t CO 

It may be noted that W^{0) gives the corresponding conditional probability 
when the virtual waiting time is zero Then (6 2 1) can be rewritten by 
separating it for the case where the virtual waiting time is zero and the case 
where it is non-zero This yields - 

W"((r) = WJ(0) + lim P[0<v"(t)s (r,J(t)=£lX"(0)=i. J(0). X’(0)=i’3 (6 2 2) 

t 00 

For ease of notation we define \^^(cr,t) as follows - 

WJ(o-,t) = P[0<v"(t)s o-,J{t)=£jX"{0)=i. J(0). X’(0)=i’3 (6 2 3) 

The conditional probability given in (6 2 3) can be evaluated by considering 
all the possible cases under which v"(t) is non-zero Let t be the time at 
which the latest departure from either Q1 or Q2 occured before time t 
Then v"(t) is non-zero under the following cases 
Case 1 a Q2 cell departed at x and { X"(t) > 0 and X’(t) a 0} 

Case 2 a Q2 cell departed at x and {X"(x)=0 and X’(x)>0} 

Case 3 a Q1 cell departed at x and {X"(x)>0 and X’(x)£0} 

Case 4 a Q1 cell departed at x and {X"{x)=0 and X’(x)>0} 

Case 5 either a Q2 or a Q1 cell departed at x, {X"(x)=X’(x)=0) and at least 
one cell arrives either at Q1 or at 02 in (x,t) 

The conditional probability corresponding to each of the five cases referred 
to above can be computed by considering the following chain of conditional 

events El, E2 and E3 defined as follows 

El { X"(x)=ci , X'(x) = Cl’ and J(x) =jjX"(0)=i. X’(0)=r and J(0)=j’> 

E2 { X"(t)=ci+c 2 and J(t) =^JX"(x)=ci, X’(x)=cr and J(x)=j) 

E3 { v"(t) s cr jX"(t) = Cl + C2 and J(t) = I } 

where i. i’, ci, ci’, C 2 are integers greater than or equal to zero Their 
actual value depend on which of the five cases is true The steps involved in 
computing the conditional probability corresponding to each of these cases is 
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lengthy Hence we consider the steps corresponding to case ! here and 

relegate the details corresponding to the other cases to Appendix (6 A) 

To evaluate W"(cr,t) under the condition that case 1 is true, we compute 

the probability of occurence of the events El, E2 and E3 corresponding to case 

1 as follows First let us compute the probability of occurence of event 1 

denoted as PlEll In this case, as a 02 cell departs at x and leaves 02 non 

empty ci > 0 and ci’ ^ 0 The condition ci' ^ 0 implies that X’(x) ^ 0 This 

m turn implies that PlXTx)=ci* |XT0)=r] = 1 and P(Ei) is independent of 

X*(x) Hence P[E1) can be computed by considering the event { X”(x) =ci 

(ci>0), J(x) =j j X"(0)=i, J(0)=j*} For the Markov Renew^al Process 0”( ), 

the probability of this event is also equal to the expected number of visits 

of Q"( ) to the state (ci,j) at time x, given that at time 0 the state was 

(i,j*) Hence P[E1) is given by 
if 

P(E1) = d^” (x) (6 2 4) 

Casel 

where 

U* 

(t) E[No of visits of Q"( ) to the state (ci,j) 

cij 

in [0,t] I at time 0 the state was (i,j’)] 

Next, the event 2 is considered In case 1, X"(t) and J(t) do not depend on 

the value of X’(t) In view of this P(E2) can be evaluated as follows 

P{E2) = P[X’’(t)=ci+c2, J(t)=f|X"(T) = Cl, J(t) =j and X’{t)2:0] 

Casel 

= P[X"(t)=Cl+C2, J(t)=i|X"{T) = Cl, J(t) =j] 

= Pyc2,f-T;u{D-t+T) (6 2 5) 

Since the service time/cell is D sec , (t-x), the duration of service received 
by the cell under service, can utmost be D and the factor ulD-t+x) ensures 
that P[E2] IS zero for (t-xl^D The matrix P"(c2,t), whose {j,i)th element is 
Pj^(c 2 ,t), is defined in Sec 3 3 
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Next, the evaluation of P1E3I is considered The virtual waiting time 
at 02 in this case is the sum of w, the residua! service time (RST) of 
the on going service and the service time required for the remaining ci+c2-l 
cells Let H{cr). denote the cdf of the service time and the n fold 

convolution of Hfo*) with itself, respectively It may be noted that for Q2. 

the cdf of the interdeparture time of cells from a non-empty Q2 and the 
service time cdf are equal Due to the constant service time/cell, dH(t) is 
a delta function and hence we get 


P[E3] 

= P[v"(t)^ 1 X’*(t)=CI+C2, J(t)=£] 

(6 2 6) 





f ^ ,,<Cl+C2-i>. . 

= dH(t-x+w) H (o'-w) 

J 

(6 2 7) 


w=0 


P(E3)i 

1 = u{£r+t-T-ciD-c 2 D) 

{6 2 8) 


Case 1 


The product of P[Ei], P[E2] and PIE3] gives W^(cr,t) under the conditions that 
case i is true, previous departure occurs at time x, MMPP 2 is m phase j at 
T, number of customers m Q2 at x is ci and the number of arrivals m (x,t) is 
02 The condition on the departure instant can be removed by integrating w r t 
X The other random variables are discrete random variables and hence the 
conditions on them can be removed by performing the summation over their 
admissible range in case 1 Removing these conditions we get 


MH 00 


W"((r,t) 


'[III 


Cl=l J=1 C2=0 T=0 


case 1 


ij « 

(T)P^^(C2,t-T)u(D-t+T)u(<r+t-T-ClD-C2D) 

(6 2 9) 


As mentioned earlier, W^(<r,t) is computed corresponding to the cases 2 to 5 in 
Appendix (6 A) Summing up the expressions corresponding to all the five 
cases, W^(o-,t) is given by 

W^((r,t) = P[0< v"(t) «r, J(t)=£ j X"(0)=i, J(0)=j’, X’{0)=i’3 



Queueing delay of dual priority system 214 


00 MN 00 t , 

1 E I J d4>" ^ (t)p" (C2.t-T 


Cl=l J=1 C2=0 T=0 


i" (t)P .(c 2 ,t-T)u(D-t+T)u{cr+t-T-ClD-C 2 D) 

J JC 


m m t 

^0^ Z E J d$" (t)P .(c 2 ,t-T)u{D-t+T)u(£r+t-T-D-C 2 D) 

J=1 C2=0 T=0 


+ (1 


I E E I [{I 


u 


(t’) dU (t 

C1 = 1 J=1 C2=0 t’=0 T=tVD ^ 




P^^(C2,t-T)u{D-t+T)u(o-+t-T-ClD-C2D)| 


to MN MN 00 _t 


fV Y Y Y f 

L L L L J ci$’ . (T)y''(0,j)P -{C 2 .t-T)u(D-t+T)u{o-+t-T-D-C 2 D) 
J=1 C2=0 T=0 


cl=l fc=l 


MN MN <x> 


•t-T 


E E E I ..... 

^=1 j=l C2=0 T=0 ' t’=0 


dU, (t-T-t’)P ,{c 2 ,t’)u(D-t’)u(o-+t’-c 2 D-D) 




where 


( 6 2 10 ) 


u(t) 

ij' 

(t) 

CIJ 

IJ’ 

$ (t) 

CIJ 

y”(0.j) 


P[n cells arrive at Q2 in (O.tl, J(t)=j | J{0)=i] 

P[BP of Q2 starts at or before t, Q1 non-empty when the 1st 
cell arrives at Q2. X"{t)=k, J(t) =jJX"(0)=0, J(0)=i.] 

P[BP of Q starts at or before t, J(t) =j|X{0)=0, J{0)=i] 
unit step function 

E[No of visits of Q’{ ) to the state (ci,j) 
in [O.t] I at time 0 the state was (i.j’)] 

E[No of visits of Q( ) to the state (ci.j) 
in [0,t] j at time 0 the state was (i,j’)] 

P[X"(t) = 0, J(t)=j] at an arbitrary time t 
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PlX*(t) = 0] at an arbitrary time t 

Next, is obtained by e\aluating (6 2 10) as t —4 oo and adding the 

term corresponding to the case when v"(t) is zero The latter term is 
obviously equal to W“{0) The limit of (6 2 10) is evaluated by applying the 
key rene\^al theorem (KRT) to each of the terms of (6 2 10) To save the 
details in this step, we go through the steps m applying the KRT to the first 
term of (6 2 10) here and give the steps required for the other terms of 
(6 2 10) in Appendix (6 B) 

The key renewal theorem (see for eg ^olff [2]) states that 

if !R(t) IS any directly Riemann integrable function and is the 

renewal function of the state i of a renewal process fie. average number of 

renewals of the state -t in ( 0 ,t]) then 
t 00 


Lim 

t— > CJO 


T=0 


(T)IR(t-T) = 


m 


-1 


R(t)dt 


(6 2 11 ) 


t=0 


where is the mean recurrence time of the state i of the renewal process 
Generalizing this result to the two dimensional Markov renewal process Q''( ) 
and applying the KRT to the first term of (6 2 10) we get 

MN 00 ^t 


Lim E EE I [d^" ^ 

t— > 00 Cl = l J = 1 C2=0 T=ol- 


(t) P^^(c2,t-T)u(D-t+T)u(<r+t-T~ClD-C2D)j 


00 MN 00 ^ 00 

E EE f p".(c 2 .f)u(D-t)u{cr+t-ciD-c 2 D) (6 2 12) 

C1=1 j=l C2=0 m"(ci,j) "_Q ^ 

where m"(ci,j) is the mean recurrence time (MRT) of the state (ci.j) of Q"( ) 
and f IS a dummy variable Let the mean recurrence time of the state (c,k) of 
Q( ) and Q’( ) be denoted as m(c,k) and m’(c.k) respectively Applying the 
KRT to all the terms of (6 2 10), using (6 2 12) and Appendix (6 B) we get 
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00 MN TO J TO 

=W^(0) + J] r p" (c 2 ,f)u{D-t)u((r+f-ciD-c 2 D) 

ci=l j=l C2=0 m"(ci,j) '_Q ^ 

M*Sl TO TO 

* o-Pi' I I _ f P .(c 2 ,f)u{D-t)u(cr+t-D-c 2 D) 

j=l C 2=0 m"( 0 ,j) 


00 MN MV 00 J D 

■" I E E E f u" (co)p" (C2.v')u(cr+V’-C1D-C2D) 

C1=1 j=l ^=1 C2=0 m"(0,^) 

03 MV MV 03 03 D 

■ E E E E f f d'j" (v)p' (C 2 ,i-v) 

C1=1 J=1 ^=1 C2=0 m"(0,;^) ^ 


u(D~t+v)u(cr+t“V-ciD-C2D) 


TO MN MN TO 

*1111 

Cl = l k=l J = 1 C2=0 


TO 

i 

f y"{0.j) P .{c2,f)u(D-t)u{<r+t-D-C2D) 

m’ (ci .ft) 


MV MV 00 

*I I 

#=1 J=1 C2=0 


1 


m{0, 


D 

f Uj(oo)P ^(c 2 ,t’)u(<r+t’-D-c 2 D) 
f=0 


(6 2 13) 


Next the m r t of the states of Q"( ), Q’( ) and Q( ) appearing m (6 2 13) 
is eliminated as follows Using (5 5 25) and (5 5 34) it can be verified that 
the m r t of the state (c,j) of the Markov renewal processes Q’( ), Q”( ) and 
Q( ) can be expressed in terms of the stationary probablities of the state 
(c,j) of the Markov chains Q’Cos), Q'Hoo) and Q(oj) as follows - 


m’(c,j) = [?•’ x’(c.j)]"^ 

(6 2 14) 

m"(c,j) = IC” x"(c,j)]"^ 

(6 2 15) 

m(c.j) = [?* x(c,j)] ^ 

(6 2 16) 

where ?•" , ?*’ and are the inverse of the mean 

sojourn times of the 
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semi-Markov processes 0"( ), 0’( ) and 0( ) respectively It may be noted that 
(6 2 16) can be obtained from (5 5 25) by replacing the parameters of 02 by 
those of Q and substituting p^ to be 0 In the first and the second terms of 
(6 2 13), the upper limit on t can be changed to be D as 

u(D-t)=0 for t tD (6 2 17) 

Let the IxMN vector, whose fth element is ^^(cr), be denoted as W"(o-) Using 
(6 2 14)-(6 2 17) in {6 2 13) and writing it in matrix form we get 

CO CO n 

%"(cr) = ^ x^^ jP"(c 2 ,t)u(cr+t-ciD-C 2 D) 

Cl=l C2=0 t=0 

03 n 

+ (l-p^) C*" Jp"(c2,t)u(o-+t-D-C2D) 

C2=0 t=0 


I [ -5 f ®c, 


Cl=l C2=0 


t=0 


P”(c 2 ,t)u(<r+t-ciD-“C 2 D) 


00 D 

® r r 

- (1-Pq) [ ?•" X" I J dU^^(v)P"(c 2 ,t-v)u(D-f+v)u((r+f-v-ciD-c 2 D) 

Cl = l C2=0 t=0 v=0 


00 00 


l l 


rD 


P"(c 2 ,t)u((r+t-D-c 2 D) 


Cl=l C2=0 


t =0 


00 ^ 

^ I Xq P''{c 2 ,t)u(<r+t-D-C 2 D) 


+ W’’(0) 


C2=0 t=0 


Here, W"(0) denotes the probability that v"(t) is zero as t-» co and 
denote the LST of (t) and U^(t) respectively evaluated at s=0 
noted that they are also equal to and U^loo) respectively 


(6 2 18) 

C" , U, 
Cl 1 

It may be 


6.2. LST OF THE VIRTUAL WAITING TIME DISTRIBUTION 

In this section the Laplace Steiltjes Transform of W''(cr), the cdf of 
the virtual waiting time v"(t) is obtained As noted earlier, this will be 
useful for the computation of the percentile of the queueing delays at Q2 as 
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well as the first moments of the queueing dela>$ at 01 and 02 denote the 
LST of W"{<r) as W"(s) 

We compute the Laplace transform of the various terms of (6 2 18) first 
The LST of W”(or) is then computed using the relation that the LST of a 
distribution function is equal to s times the Laplace transform of the 
distribution function, i e 

m 05 

JdW”((r)€ ^ = s Ju’‘(o*)dcr€ ^ (6 3!) 

0 0 

We start with the computation of the Laplace Transform (LT) of the 1st term of 
(6 2 18) Let the LT of the ith term on the RHS of (6 2 18) be denoted as Ti 
Ti can be simplified as follow^s 

03 CO ^ 03 

Tl = [ C*" x"j Jp"(c 2 ,t)ju(cr+t-ciD-c 2 D)e"®®'dcr (6 3 2) 

ci=l C2=0 t=0 <r=0 


Cl = l C2=0 t=0 


GO 

J) 

CO 


5^ p’’(c2,t)[e‘®°]~'^^ 

Cl = l 1 

L=0 

- C2=0 


(6 3 4) 


Let the z transform of evaluated at 2 =e be denoted as I"(e Using 

(3 6 1) in (6 3 4) we get 

TI = ^ [X”(r)-XQ] J -4- (6 3 5) 

t=0 


-sD 

Here, r =e , I is the MNxMN identity matrix and R”( 2 ) is given by (3 6 1) 

Let the z transform of the LST of and A"(t) evaluated at 2 =r and s=0 be 

denoted as U"(r,0) and A"{r,0) respectively For simplification of (6 3 5) we 
use the expression for A"(r,0) given by (5 4 5) which is reproduced here for 



Queueing delay of dual priority system 


219 


convenience 


I"(z) =x"[U"(z,0) - I3A"(z,0)[zl-A"{z.0)]‘‘ 

Using (6 3 6) in (6 3 5) and integrating w r t t we gel 

T1 = C‘"[0f"(r)-x^]^ pR'-trl+sIlD _ jj 


= 


[a:"(r)-x^]-^ A"(r.O)-rlj ^R”(r)+slj 


= C 


[[0"(r. 


0) - I]A"(r.0)[rI-A"(r,0)] 


-1 


-] 


rs 


j^A"(r,0) -rlj j^R"(r)+slj 


= C«"Xq |[0"(r,O) - I3A"(r.O)[rI-A"(r.O)3"^ A"(r.O) -rl 


(6 3 6) 


(6 3 7) 


(6 3 8) 


(6 3 9) 


I A"(r.O) -rl 




R"(r)+sl 


^•"x"|-[U"(r,0) - I3A"(r,0) - lj^A"(r,0) -rljj j^R"(r)+slj (6 3 11) 

X" [ I -U"(r,0)A"(r,0)e®°3j-|- j^R"{r)+slj 


(6 3 10) 


(6 3 12) 


This completes the simplification of Ti 

In order to avoid getting lost into the details of the evaluation of the 
Laplace Transform of the remaining terms of (6 218), we would to like mention 
here that the steps are similar and one may refer to (6 3 41) for the final 
expression 

Next, the simplification of T2 is earned out 
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00 J3 -00 

T2 « [ V" X” JP"(c2.t)Ju((r+t-D-c2D)e"^d(7 

C2=0 t=0 (r=0 


(6 3 13) 


As u( ) IS zero for <r < D + czD - t the upper limit on «r can be changed to 
be D + c 2D - t Integrating (6 3 13) w r t cr we get 

T2 = (1-p^) ?•” jp"(c2.t)-|- (6 3 14) 

C2=0 t=0 


-sD 

Let r = e Combining the lilce terms and using (3 6 1) we get 


T2 . (l-p;)C- x; rf 

[ P"(c2.t)r‘^^ 

II 

o 

- C2=0 


. (l-p-)5-- X- r f° d< 

*^0 ^ 0 J s 

t=0 


(6 3 15) 


(6 3 16) 


= (1-p^)?*" x" A’'(r,0)-rlj-|- |^R"(r)+slj 


-1 


(6 3 17) 


T3, the LT of the 3rd term of (6 2 18) can be obtained by proceeding along 
the same lines as for T1 and the steps are as folIo\^s 


00 CD ^ 00 

T3 = {l-p^)C*"x|^ ^ rP"(c 2 .t)|u(cr+t-ciD-c 2 D)e"“'dcr 


(6 3 18) 


Cl = l C2 = 0 t=0 


(r=0 


= (i-p;)?*" 


w w 

I I 


U" 

ci 


] 

P’'(c 2 ,t)— e 
s 


-s[ciD+c2D-t]^^ 


Cl=l C2=0 

t 

=0 

/ 0° ^ 

J) 

CO 

(d-p*)? r 


y P”(c2.t)r"'^^ 

1 ^0 L Cl I J 


L 

ci=l t=0 

~ C2=0 


(6 3 19) 


(6 3 20) 


Using (6 2 11) IS given by- 

U" = U" (o)J =U"(s)j (6 3 21) 

|qi not empty |qi not empty. s=0 

Using (6 3 21), (3 6 1) and (3 6 18)-(3 6 20) we get- 
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(l-p’)f t" 
0 L Cl 


U"(r.O)-p^[A" - r 


(6 3 22) 


Using (6 3 22) and (3 6 1 ) in (6 3 20) and integrating w r t t we get 

D 

T3 = (l-Pg)e*" x^|u’’(r.O)-p^[A" - 0*]~V r| J ~ 3 33) 


= |u"(r.O)-p^[A" - 0*]"^A" r| jA"(r,0)-rl| j^R"(r)+slj 


(6 3 24) 


Using (5 5 27) in (6 3 24) and simplifying we get 

T3 = I?*" x^|^U"(r,0)A”{r.0)€^^ -U"{r.O)J - y”A”p’j- R"(r)+slj (6 3 25) 


Next, T4, the LT of the 4th term of (6 2 18) is obtained as follov^s 

05 D 

00 CO - ^ ^00 

T 4 = {l-p^)J^ ^•"x" I I d'Xj{v)P”{c2,i-v)u{D-t+v)JuCcr+t-v-ciD-c2D)e~^dcr 


Cl=l C2=0 t=0 v=0 


Integrating (6 3 26) w r t cr we get- 


16 3 26) 


= (I-Pq)J^ Y. ^*"^0 1 I dTj(v)P"(c 2 .t-v)u(D-t+v)-|- e-s[ciD+c 2 D-t+v]^^ 


ci=l C2=0 t=0 v=0 


Carrying out the summation w r t C2 and using (3 6 1) we get- 


(6 3 27) 


(o D 


= (l-p^)C*"x^ III I P"(c 2 .t-v)r' 


ci=l t=0 v=0 


u(D-t+v) -" - e 
s 

(6 3 28) 


= (1-Pq)^*"Xq ^ J J ci’U”j(v)r‘^‘ u(D-t+v)-^ die^-^ (r)+sl]« v) 


ci=l t=0 v=0 


(6 3 29) 


Note that (6 3 29) is separable in t and v and hence the order of integration 
w r t V and t can be changed Because of the term u(D-t+v) the upper limit of 
t can be changed to be D+v Integrating w r t t we obtain- 
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D 

* I J 

ci=l v=0 


D+v 

^-^[R"(r)+sl] I ^JR"lrhsl]i 
t=0 


(6 3 30) 


D 

= [ J dU^j(v)r'^' e-'tR”(r)+sI] 

- l} (6331) 

Using (6 2 11). (3 4 6) and (3 6 1) the summation w r t cl in (6 3 31) can be 
simplified Noting that the maximum value of v is D, ue get 

V 

® 03 

d"J"^(v)r'^‘ = -^ J P"(0,v-'^)A"dw[ P"{ci-l.%)r*^‘ (6 3 32) 

ci = l v.=0 ci=I 

V 

= -^ J P"(0,v-w)A"dw r (6 3 33) 

w=0 

Substituting (6 3 33) m (6 3 31) we get 

D V 

T4 = (l-p^)e"x^ J -^1 P"(0.v-w)A"dw r 
v=0 w=0 


rR’'(r)+sI3(D+v) 


■HI' 


n-l 


R"{r)+sl 


(6 3 34) 


T4 has to be evaluated using (6 3 34) by numerical integration It may be 
noted that the maximum value of v is D When D is small (it is of the order of 
few microsecond for a cell size of 53 bytes and output link capacity of 150 
Mbps) and the traffic offered at Q2 is not too large, the terms inside the 
first bracket of (6 3 34) become almost equal and hence T4 may be neglected as 
a good approximation 

The computation of T5, the LT of the 5th term of (6 2 18) can be carried out 
along the same lines as that of T2 and is given by 



Queueing delay of dual priority system 


224 


C*’ and can be eliminated using the following relations obtained in 
Sec 5 5 


-1 


y; = x; [A" - 0*] 
y; = e’ x; [A* - 0-] 
y^ = e xjA - O*]"^ 

Using these equations, (6 3 41) can be written as 

W’’{s) = W"(0) + [^yQ[A"-0*][-U"(r.0)] + W^[A"(r.0)-rI] + €(s)j [^R"(r)+slj 


{6 3 42) 
(6 3 43) 
(6 3 44) 


-1 


(6 3 45) 


= {l-p;)y;(A"-0*) + ^ y;(A’-Q-)e(l -x;e)y; + y^A - y^A"p; (6 3 46) 


e(s) = d-p’ )y"(A"-Q-)J I 


n•.^o (w-v)R"(r) -vs 

r P (0,v-w)A dw e e 


v=0 W'=0 


[R”(r)+sI](D+v) 


(6 3 47) 


6.4. VIRTUAL WAITING TIME DISTRIBUTION AND ITS LST 
USING THE APPROXIMATE MODEL 

We shall use the same symbols to denote the parameters of the approximate 
model as those used for the corresponding parameters in the exact model As in 
the exact model, we define an MMxl vector W’"((r), to characterize the c d f of 
v"(t) 

The element of W"(<r) is denoted as W^((r) and it gives the probability 
that v"(t) £ O' and MMPP 2 is in phase t For c a 0 and 1 s f s MN’, WJ(cr) is 
obtained as the limit of the conditional probability given by- 
Wla-) = hm P[v"(t)s o',J"(t)=«|X”{0)=i, J"(0)=j", X’(0)=i’,J’(0)] (6 4 1) 

^ t ^ CO 

where J"(t) and J’(t) denote the phases of the MMPPs to Q2 and Ql at time t, 
respectively 

It may be noted that W^(0) gives the corresponding conditional 



Queueing delay of dual priority system 


225 


probability when the virtual waiting time is zero Then (6 2 1) can be 
rewritten by separating the case w^here the virtual waiting time is zero as 
follows 

WJCcr) = hm F[0<v”(t)5 <r, r(t)=ljX"(0)=i. r(0)=j’\ r(0}^i\r(0)] 

t » 

+ W"(0) (6 4 2) 

For ease of notation we define W”(cr.t) as follows - 

W”(«r,t) = P[D<v”(t)5 cr, J"(t)=£ jX"(0)=i, r{0)=/. XTO)=i\ TIO)] (6 4 3) 

The conditional probability given by (6 4 3) has to be computed corresponding 
to each of the five cases under which v”(t) is non-zero (These five cases are 
listed m Sec 6 2 ) This can be achieved by computing the probability of 
occurence of the following chain of conditional events El, E2 and E3 defined 

as - 

El { X"(t)=ci , XTt) = ci% J”(t) =j(X”(0)=i, r(0)=/, X*(0)=F rio )^/} 

E 2 { X"(t)=ci+c2 and r(t) =I}X‘’{t)=ci, X*(t)=ci* and 
E3 { v"(t) ^ cr |X"(t) = ci 4 c2 and J"(t) = £ } 

where i, i*, ci, ci\ C2 are integers greater than or equal to zero Their 
actual values depend on which of the five cases is true Let us first compare 
the events E2, E3 corresponding to the approximate model with those of exact 
model It can be seen that these events differ only m the phase terms viz 
J{ ) IS replaced by J"( ) in the present case Hence the computation of P(EI2) 
and P(E3) can be achieved by proceeding along the same lines as for the exact 
model In each case J( ) is replaced by J”( ) However, m the 5th case P{E2) 
has to be modified as follows 

In the approximate model the phase of the MMPP to Q (the composite queue) 
will be different from that of the MMPP to QZ Hence m case 5, for computing 
P[E2], We consider the chain of conditional events 
E20 {A cell arrives at an empty Q at time t*, J{t’)=^’| X(t)=0,J(t)=^> 
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E21 { MMPP to 02 IS in phase j at x } 

E22 {c 2 cells arrive at 02 in (t’.t) and J(t)=l| J”(t')=j} 

Using these events it can be verified that 
t 

P[E2]= JdUj (t’-T)9"{j)P"^{c2.t-t’) (6 4 4) 

t’=T 

where e”(j) is the steady state probability of finding the MMPP to Q2 m phase 
j at an arbitrary time instant Let X(t) and Jit) denote the number of cells 
in the system 0 and the phase of the MMPP to 0 at time t, respectively 

The probability of occurence of event 1 has to be evaluated for all the 
five cases under which v"{t) is non-zero and the details are given in Appendix 
(6 C) Using (6 C l)-(6 C 8) and the expressions for P(E2) and P(E3) 
corresponding to the exact model given in section (6 3) and Appendix (6 A) we 
get - 


p[o< v"(t) < 0 *, nt)H I x"(o)=u j”(o)=j”, xTo)=i\ rio^f] 

N CX 3 ^t 


=I 1 1 I 


cl=l j=l c2=0 T=0 


IJ 

d$" (x) P -(c2,t-T)u(D-t+T)u{<r+t-T-clD-c2D) 


N CO 

* '‘-Pi’ I I I 


■' 0i 

j=l c2=0 T=0 •’ 


U 

d$” (t) P ,(c2,t-x)u(D-l+T) u(cr+t-T-D-c 2 D) 


+ 


00 

N 

N 

00 

rt-D r 


> \ 

V 

r 

Y 

r 

f 

if 

u - 1 

L 

1 

L 

L 

J L 

u 

d$: (x’) dU (x-x’)| 

_ 0^ Cl ' 


c. ^ ^ u. J LI.J “’'0^ ' “''ci 

ci=l j=l ^=1 C2=0 t’=0 t=t’+D ' 


P .(c 2 ,t-T)u(D-t+T)u(<r+t-T-ClD-C 2 D) 


M N CO ^t 


OO IVI w t j’A’ 

E I I I J d*’ » (T)y"{0,j)P .(c2,t-x)u{D-t+T)u(<r+t-T-ciD-c2D) 


Cl=l k=l j=l c2=0 x=0 
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M' N 00 .t , M’ .t 

E [ E J d. E I 

j = l c2=0 T=0 ^ 


I P .(c2.t*) 


u(D-r)u{cr+t^-D-c 2 D) 16 4 5) 

Comparing (6 4 5) \Mth (6 2 10) it can be seen that the form of the 

equations are similar The upper limits of j become K m (6 4 5) as the total 
number of phases of the M\!PP to 02 is K In (6 2 10) it is MN as the total 
number of phases of MMPP 1 and MMPP 2 as v^ell as the composite MMPP to 0 is 

M\ The upper limit for ft in the 4th term of (6 4 5) is M as the total number 

of phases of MMPP 1 is M The 5th term of (6 4 5) differs from that of 

(6 2 10) by the appearance of the factor 0”(j) The total number of phases of 
the MMPP to 0 is denoted as M* 

In view of the similant} of (6 2 10) and (6 4 5), the application of the 
KRT and the computation of the LST of \Mcr) does not require any additional 
effort By applying the KRT to (6 4 5) and writing the resulting equation m 
matrix form we get 


03 00 ^ 

no-) = ^ ?•" P"(c2.t)u(cr+t-ciD-c2D) 


Cl = l C2=0 t=0 


+ (1-Pq) [ ?•" X" Jp"(c2.t)u(cr+t-D-C2D) 


C 2=0 

t=o 


00 

03 


* «%' E 

E <■" *5 

P"(c2,t)u(cr+t-ciD-C2D) 

Cl = l 

C2=0 

o 

11 



00 D 

CO 

CO 

r r 

- «-pi> E 

E *8 

d!LI^^(v)P"(c2,t-v)u(D-i+v)u(cr+t-v-ciD-c2D) 

Cl = l 

O 

II 

CM 

O 

<=0 v=0 
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E Z ^cl ® ^0 P"(c 2 ,t)u(o-+t-D-c 2 D) 


Cl = l C2=0 


t=0 


« JD 

^ J Xq UjCe P”(c 2 ,t)u{(r+t-D-c 2 D) + W 


( 0 ) 


(6 4 6) 


C2=0 t=0 


Here, WCO) denotes the probability that v"{t) is zero as t-» ® and C" , U. 

Cl 1 

denote the LST of (t) and U^(t) respectively evaluated at s=0 It may be 
noted that they are also equal to ^nd Uj(oo} respectively and correspond 

to the approximate model It can be noted the form of {6 4 6) differs from 
(6 2 18) only in the last term by the appearance of the term e0 In (6 4 6) 
the various parameters that are present correspond to the approximate model 
where as in (6 2 18) they correspond to the exact model The LST of W"(<r) 
denoted as W''(s), is given by 


%"(s) = W"(0) + 


y3[6"-§ 


Q*][-U''(r.O)] + % [A"(r,0)-rl] + e(s) R"(r)+sl 


I R"( 


-1 


(6 4 7) 


W 


1 


c = {l-p;)y;(A”-Q*) + ^ y;(A’-0*)e(l -x;e)y; + y^AeG - y^A"p; (6 4 8) 

0 


e(s) = (l-Po)y3(A"-Q*)| Ji' P’'(0.v-w)A"dw e 

{' 


(w-v)R’'(r) -vs 
e 


v=0 w=0 


[R"(r)+sI](D+v) 


-} 


(6 4 9) 


6.5. AVERAGE QUEUEING DELAY OF Q2 


The computation of the average queueing delay of a cell arriving at Q2 is 
straight forward The average queueing delay at Q2 denoted as W , can be 

found by differentiating (6 3 41) w r t s for the exact model For the appro- 
ximate model (6 4 7) should be used in place of (6 3 41) The computation of 
the moments of W‘’{s) requires a lot of tedious manipulations Let us consider 
a scenario m which the traffic offered at 02 is expected to be small and 
typically the traffic offered (p) is less than about 0 3 In an ATM apphca- 
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tion the service time/cell is of the order of fevr microsec with link capacity 
of 150 Bps and cell size of 53 b>tes Under these two conditions computation 
of the average queueing delays have manageable complexity and we shall assume 
these two conditions to be satisfied in this section For the computation of 
the moments we consider two alternate approaches In the first approach, the 
technique used to compute the moments of the queue lengths in Sec 5 4 is used 
to compute the moments of In the second approach we make use of the 

observation that the nth moment of queueing delay becomes negligible compared 
to its (n-i)th moment when the traffic offered and service time/cell is small 
We investigate the validit> of this claim when we present more details of the 
second approach The second approach requires less computational effort compa- 
red to the first approach We consider more details of these approaches next 

First, the application of the results of Sec 5 4 on the computation of 
the moments of queue length for the computation of queueing delay at Q2, using 
the exact model, is considered The extension of these results for the appro- 
ximate model is indicated subsequently To simplify the manipulations (6 3 45) 
IS rewritten as follow^s 

W"(s)j^R"(r)+slj =U(s) (6 5 1) 

where 

U(s) =W"(0)j^R"(r)+slj + yQ[A"-Q*][-U’'{r.O)] + W jA"(r.0)-rI] + Sis) (6 5 2) 

-sD 

Substituting (3 6 1) in (6 5 1) and noting that r = e we get 

A" + 9* + slj =U{s) (6 5 3) 

Next, We drop the superscripts of ” and for simplicity of notation The nth 
moments of W(s) and U(s) are denoted as W^^\s) and U^^^(s) and their values 
at s=0 is denoted as and respectively With this notation. 


differentiating (6 5 1) w r t s we get 
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w'‘>(s)[a 


A€ - a + 0* + sI + 


W(s)j^- 


ADc"^® + 11= u“^(s) 


(6 5 4) 


A 


Ae'^°- A + 0* + sll + 2W^’^s)f-ADc“®° + ll + W(s) AdV®*^ = 


(6 5 5) 


Multiplying (6 5 4) - (6 5 5) by e, the MNxl unity vector, evaluating at s=0 


and noting that 0*e is a null vector, we get 
W [I - AD]e = e 


- Aoje + W AD 


2 ,,(2) 

e = U e 


{6 5 6 ) 


(6 5 7 ) 


where W(0) is denoted as W Let ir be the invariant vector of Q* Adding etr 
on both sides of (6 5 4) and evaluating at s=0 get 


+ en + wj^I - AD = 


(6 5 8) 


It may be verified (see for e g \euts[2l) that Q* + eii is nonsingular and n, 
e can be written as 


Tr[Q* + eir] = n = Jt[Q* + en] 


(6 5 9) 


[Q* + eirje = e = [Q* + en] e 


(6 5 10) 


Using (6 5 9) in (6 5 8) we get- 


^(1) ^ + en '^ + |u^^^ - wj^I -ADjj- J^Q* + enj' 


(6 5 11) 


= W^^^en + 


U^^^ - wj^I -Aojl j^Q* + enj”^ 


(6 5 12) 


Substituting (6 5 12) in (6 5 7) we get 


2/w^^^en + - W 


-Aojj j^Q» + - Aoje = U^^^e - W^^e (6 5 13) 


Expanding (6 5 13) and using (6 5 9) we get 
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- W^’^ewAcol 


U'2)e 


WAD^e 


- 2 - W I -Aoj + eir - AD e (6 5 14) 


It may be noted that wAc gives the average arrival rate at 02, averaged over 
all the phases of MMPP D is service time/cell Hence ^AeD denotes the traffic 
offered at Q2 and let it be denoted as p i e 

p = icAeD (6 5 15) 

Substituting (6 5 15) m (6 5 14) and rewriting we get 




1 


2(l-p) 




e - WAD e 


- - W I Q* + eit I - (6 5 16) 


Using (6 5 10) m (6 5 6) we get 


fu'”. 




e - W[I - AD]V Q» + en e = 0 


-1 


(6 5 17) 


Using (6 5 17) m (6 5 16) we get 


The average queueing delay at Q2 denoted as W is finally given by- 

H 

W = - (6 5 19) 

H 

For computing W , the moments of U{s) remains to be evaluated and this is 

H 

considered next 

Substituting (3 6 20) and (3 6 1) in (6 5 2) we get 




- 1 

- 2 ( 1 ^ 1 ^ 


e - WAD e + 2 


[u“^ 


-w 


(.-ad)][ 9. + eirj 


{6 5 18) 


U(s) 


= W'’{0) |^A"e“^*^ - + 9* +slj - ^0 

W * 9''°- * g(s) (6 5 20) 


0 

To simplify the notation we define a function F(s,w) as follows 
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. fA’'e~ - A" ♦ 0*]w 

F(s,w) = e^- - Y J {^5 21 ) 

As noted in Sec 6 4 when the traffic offered at 02 is small and the 
service/cell is of the order of microseconds, €{s) can be neglected Neglect- 
ing eCs) and using (6 5 21) in (6 5 20) we get 


U(s) = W"(0)[0* - A" + si] + [W-IO)^" - y"A"p* ]c"^° 


- y"A"(l-p^) e J F(s.w)dw + W^F(s,D) 


Differentiating (6 5 22) w r t s successively get 


u“\s) = W”{0) - DtW”(0)A" - y"A”p’ - y"A"(l-p’) 

0-0 0- 0 D 


(6 5 22) 


-De“®’'^|F(s.w)dw + €"®^jF^^^(s,w)dwj + W^F^^^(s,D) 
0 0 

(l_p,) D 

U^^^(s) = -D^[W"(0)A'' - y"A"p^ ]e'^^ - y"A " — ^ 

0 

D D 

F^^\s.w)dw + e”^^jF^^\s.w)dwj + W^F^^^(s,D) 


(6 5 23) 


oo„~sDr _(1), , , -sDf_(2), , , 

- 2D€ F (s.w)dw + e F (s.w)dw 


F^^^(s,D) 


(6 5 24) 


0 0 

Next, expanding the RHS of (6 5 21) using Ta>lor series, differentiation of 
F(s,w) w r t s IS carried out as follows 


F(s,w) = e 


= A" + Q*]w = - A" + Q*]" 


00 n- 1 


F^^^(s,w) 


= V Y 

n 

w 

1 L 

n * 

n=l m=0 


CO n-1 

m-1 

1 

I ■ 

n=2 m=l 

k=0 

00 n-1 

+ V V - 

n 

^ 1 

L L 

n' ' 

n=l m=0 



-sD -sD 


A” + Q*] 


n-m-1 


(6 5 25) 


(6 5 26) 


]'^A"[ ]'""*‘'^A"[A"€"^’^ - A" + o»f 

: - A” + (6 5 27) 
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where [ ] has been used to denote [A”c - A" + 0"] for ease of wTiting 

Closed form expressions, free from infinite summations, for and 

(2) 

F (0,w)e are given in Fischer (3) Wre shall not reproduce them here as they 
are lengthy and integration of these expressions w r t w become quite 

tedious For evaluating U^"\s) at s=0 for n = 1,2 . (6 5 25) - (6 5 27) have 

to be integrated w r t w at s = 0 The upper limit for the integration is w=D 
Since D is of the order of 10 in the summations of (6 5 26) and (6 5 27) 
the terms containing the higher order pov,ers of D can be neglected It may be 
noted here that for typical traffic offered at Q2 in the range of 0 05 to 0 3 
and D of the order of microsec the entries of the matrix A" is of the order 
of 10^ Hence the term A”D is of the order of few hunderedths to few tenths 
The rate of phase transition of the MMPPs are small and is typically few 

tens/sec This can be verified from the phase transition rates given in 
Fig 5 9 - Fig 5 41 in Sec 5 10 Hence, the term Q*D is of the order of 

10 Expanding the infinite summations and neglecting terms containing higher 
order powers of D ue get 

F^^^(0,w) s -(A"D)w (6 5 28) 


F^^^(0,w) £ 2(A"D)^-|^ + dVw (6 5 29) 

Substituting (6 5 28) - (6 5 29) in (6 5 23) and (6 5 24) and integrating 

w r t w, we get 

U^^\o) = W"(0)[I - A"D] + p^ A"D + (l-p^ y" [A"D5^ + A"V] 

+ W^D(I - A”D) (6 5 30) 

U^2\o) = |w"{0)A" - p^ y”^h” - (l-Po)y3[A’’ (A"D)A" 

+ (A"D)^A"1 - W^ri-A"D-(A’'D)^1 | 


(6 5 31) 
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where 

D 

^0 " **' 9*] ^ S 32} 

0 

It may be noted that (6 5 32) is obtained using (4 5 12) We are finally left 
with the evaluation of W’”(0) It may be noted that the virtual waiting time 

for a Q2 cell is zero if both Ql and 02 are empty Hence the element of 

W”(0) is equal to the probability that both Qi and 02 are empty and 

the MMPP 2 is in phase j at an arbitrary time instant The composite queue 0 
IS empty whenever both 01 and 02 are empt> The phase of the composite 

MMPP IS equal to that of MMPP 2 at all time instant Hence W"(0) is given by 
W"(0) = (6 5 33) 

This completes the set of equations required for the evaluation of the 
queueing delay at 02 

Next we consider the computation of the queuemg dela> at Q2 using the 

( 1 ) ( 2 ) 

second method For the moment we shall assume W”(0), W and W to be 

scalars Alternate!} we can concentrate on one of the components of these 

vectors When the traffic offered at 02 is low and the service time/cell is 

of the order of microseconds, the probability that a ceil arriving at 02 

receives service immediately is not insignificant and may actually be of the 

order of few multiples of 0 01 to 0 1 W^^^ is expected to be of the order 

10 ^ This can be verified as follows 
00 

nD PlQL=n] + u> (6 5 34) 

n=l 

where P[QL=n] denotes the probability that a Q2 cell finds n cells in Q2 when 
it arrives at Q2 The value of m depends on whether a Ql cell or a 02 cell is 
undergoing service when the cell of interest arrives at Q2 and has a maximum 
value of 0 5D From the examples considered in Chapter 5, it can be concluded 
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that the probability that the queue length exceeds about 20 becomes negligibly 
small Hence is of the order of D (2 8 microsec ) Similarly is 

given by 

CO 

= [ CnD)^ P[QL=n] + r (6 5 35) 

n=l 

where y is a constant of the order of With queue lengths of 02 typically 

less than 20, W^^^ is typically of the order of few tens of Computing 

for n = 3,4 It can be concluded that the nth moment of %'’(s) is significan- 
tly smaller compared to its (n-l)th moment This observation simphf les the 

computation of the moments of W"{s) Even though this observation is arrived 
at by considering the case where W''(s) is a scalar, it can be verified that it 
IS also valid for the case where it is a vector The computation of can be 

earned out as follows Differentiating (6 5 3) w r t s successively we gel- 

W^^^”(s)[ ] + W"(s)[ + I] = U^^\s) (6 5 36) 

W^^^"(s)[ ] + 2W^^^"(s)[ -A"De'®® + I] + W"(s)A"dV^^= U^^^s) (6 5 37) 

-sD 

where [ ] denotes [A"e -A"+Q* +sl] Evaluating (6 5 37) at s=0 we get 

W^^\o)Q* + 2W^^^"(0)[ -A"D + I] + %A"dV^°= (6 5 38) 

As noted earlier, the entries of the matrix Q* is of the order of tens at the 
maximum Hence the ist term of {6 5 38) is very small compared to the 
second term and hence W is given by 

H 

W = -W^^^"(0)e = -^ [W A’'D^ - -A"D]'^e (6 5 39) 

It may be noted that W is equal to ir This follows by noting that as <r— > «, 
W''(<r) — > n Substituting (6 5 31) in (6 5 39) and replacing W by n we get- 

= -i- |[n - W"(0)] A" + p^ y^A" + (l-Po)yo[A" (A"D)A" 

+ (A"D)^A"1 + W^ri-A”D-(A"D)^1 | D^[I -A^Dl’^e (6 5 40) 
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where 9^ is given by (6 5 32) This completes the set of equations for the 
evaluation of W These equations are also valid for the approximate model 
discussed in 6 4 The corresponding parameters given in Sec 6 4 have to be 

used for this case It may be noted that %''{0) can also be evaluated using 
(6 5 36) by evaluating it at s=0 Noting that % is very large compared to 
W^^^IO) we get 

W^^^(0)[0*3 + W(0)[ -A-D + I] = U^‘\o) (6 5 41) 

W(0)[I -A"D] = W[1 -A"D] s 

=W"(0)[I - A"D] + p’ y" A"D + (1-p’) y” [A”D5 + 4- A"Vl 

- 0 0 - 0 0 - 0 2 - ^ 

+ W^D{I - A"D) (6 5 42) 

Noting that W is equal to n, the invariant vector of Q* and using (6 5 42) we 
get 

W"(0) = tt - |p; y; A"D + (l-p;) y; [A''D5^ + -i* 

+ V1^D(I - A"D)| [1 - A”D]'^ (6 5 43) 

6.6. AVERAGE QUEUEING DELAY AT Q1 

The average virtual waiting time of a cell arriving at Ql, denoted as 
can be found by applying the M/G/1 conservation law I4l to MMPP/D/1 queues 
with non-preemptive priority Let the traffic intensity originating from the 
high, low priority classes be p” , p* and the average queueing delay for the 
cells from these classes be denoted as W and W respectively As the average 

H L 

unf inished work as well as the average residual service time, averaged over 

all the priority classes, are constant for a non-preemptive priority system 

the sum p"W + p’W is independent of the order in which the cells from 
H L 
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various classes are served In particular let the total traffic originating 
from both the classes be p As in Sec 6 1, let us consider a composite queue 
Q to which the traffic originating from both the classes are fed and are 
served on a FCFS basis Let the average queueing delay of a cell arriving at 
Q be then by the application of the conservation law for the 

non-preemptive priority system we get- 

p = P” + p» (6 6 1} 

T n L 


The average queueing delay of a cell at the composite queue Q can be shown 
(see for e g Fischer 13], Heffes [5]) to be given by- 


V, 

T 

" 2(l-pl -ad]] 

I^Q* + en ^ 

1 1 

i 

i> 

(6 6 2) 

A 

= A* ® I + I ® A” 

K U 



(6 6 3) 

P 

= 11 A eD 



(6 6 4) 


where A is the arrival rate matrix corresponding to the composite arrival 

process modelled again as an MMPP and ti is the equilibrium probability vector 
of Q*, the mf mitesimal generator matrix of the composite process The 
traffic intensity p” correpondmg to Q2 is given by- 

p" = TT A" eD (6 6 5) 

p’ IS obtained by replacing A” by A* in (6 6 5) It may be noted that the 
infinitesimal generator matrix is the same for the MMPPs MMPP 1 , MMPP 2 and 
the composite MMPP to Q Hence the invariant vector is for all the three 
MMPPs For the approximate model the infinitesimal generator matrix of the 
MMPPs corresponding to all the three queues are different and hence the 
invariant vectors of the composite MMPP and MMPP 2 should be used m (6 6 4) 
and (6 6 5) respectively A corresponding change is also required for the 

computation of p' Computing W and W using (6 6 2) and (6 4 40) and 

substituting in (6 6 1) , , the average queueing delay of a low priority 

cell arriving at Q1 can be computed 
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For analytical simplicity, have assumed the low and high priont> 
cells to arrive at two separate queues However, it is obvious that as long 
as the service discipline is the same ( a single server is shared between the 
two classes on a non preemptive basis), the average queueing delay expe-^.e-^ced 
by each priority class is the same irrespective of whether they arrive at two 
separate queues or at a single queue where the high priority cells are given 
Head of the Line (HOD non preemptive priority for service 

6.7. EXTENSION FOR M/D/1 QLEUES WITH NON PREEKf^TIVE PRIORITY 

The results of Sec 6 2-6 4 are applied here for the special case where 
the arrivals at both Q1 and Q2 are individually modelled as two Poisson proce- 
sses In particular, an expression for the LST of the cdf of the virtual 
waiting time at the higher priority queue Q2 and expressions for the average 
virtual virtual waiting time at Q1 as well as at Q2 are obtained For an 
M/D/i queue with non preemptive priority, the expressions for these character- 
istics have been obtained using an alternate method and are given m Conway 
[61, Gravey [7] Comparison of the results obtained using these alternate 
approaches is used as an additional validation of the method suggested for the 
MMPP/D/1 system Using the method proposed In [7], W 2 (s), the LST of the 

c d f of the virtual waiting time at Q2, is given by 


W 2 (s) 

(l-p)s + X’(l-e®'^) 
s - A"(l-e"=°) 



(6 7 1) 

WzCO) 

= (1 - P) 



(6 7 2) 

P 

= (A’ + A")D 



(6 7 3) 

where 

X’, A" are the cell arrival rates to Q1 

and 

Q2 respectively 

Using 

(6 7 1). 

the average virtual waiting time at 

Q2. 

denoted as W2, 

can be 


obtained as 
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Wz = [l+ -^ 1 (6 7 43 

2[1-X"D] L J 

Next the application of the results of Sec 6 2 -6 3 are considered For 
the special case of Poisson arrivals A *s and 0* are scalars and 0** 0*\ 
Q*” are zero Denoting the scalar arrival rates to 0» Oh 02 as A, A*" and A" 
respectively and using (3 5 20) we get 


U"(r.0)= P3e"^^+ (l-p^)e‘®° D(i^''^-l)j'^[A"(r.0) -ij 

(6 7 5) 

A-(r.0)= e -■)'> 

(6 7 63 

R"(r)=X"(e^'^-l) 

(6 7 7) 

TT = n* = 7l" = 1 

(6 7 8) 

Q» = Q«’ = Q*" = 0 

(6 7 9) 


Substituting equations (6 7 5)-(6 7 9) m (6 3 41) the LST of the c d f of the 
virtual waiting time and , the average virtual waiting time at 02 can be 

H 

obtained W is given b> 

H 

W = - -4- [W"(s)]i e (6 7 103 

H ds ** n 

I s=o 


= |(1-W"(0)) + Pq yo + (i-Pq) >3 [i ^ ^ 

W"(0) = 1 -j’y"X"D|l+(l-p3)-^}+ W^D(l-X"D)jtl-X"D]“^ 

= (1-2 p^) y" X" + (1- y^) y" X’ + X 

In this case 5* is a scalar and is equal to D Substituting 
0 

(6 6 1) can be found 


(6 7 11) 

(6 7 12) 

(6 7 13) 
(6 7 11) in 
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6 8, NUMERICAL RESULTS 

The average virtual v^ ait mg time at Ql and Q2 are computed using tx 5 th the 
exact model and the approximate model for some t>pica! mixes of low and high 
priority traffic and the results are presented here As m Chapter 5» we 
denote the exact and the approximate models as mode! I and II respectively 
The computed results corresponding to MMPP arrivals are also compared with 
those obtained using simulation For the non-preemptive M/D/i priority system 
with tw^o priority classes, the average queueing dela>s at Q2 computed using 
the two alternate approaches mentioned in Sec 6 7 are presented 

The traffic to Ql and 02 are assumed to c^'iginate from KI, \2 constant bit 
rate cn/off sources with on bit rates of i Mbps, average on duration of 33 
msec and percentage on duration of 357. An output link capacity of 150 
Mbps and cell size of 53 bytes are assumed The composite traffic to Ql from 
N1 sources is approximated by a 2 phase MMPP using the method proposed in f7] 
Similarly the traffic from K2 sources fed to QZ is also approximated by 2 
phase MMPP The parameters (A\Q**), (A",Q*”) are thus found Knowing 

these parameters, the parameters of the exact mode! {viz A*, A”, 0*) as well 
as that of the MMPP to Q are found 

Using the parameters of the MMPPs to Ql and Q2, the simulation routine 
discussed in Sec 5 9 is used to obtain the average virtual waiting times at 
queues Ql and Q2 (equations (5 9 8) and (5 9 9) are used for this purpose) 
For some typical values of Ni and N2, the average delays at Q2 and Ql obtained 
using simulation are presented in Fig 6 1 and Fig 6 2 respectively The 
normalized average delay { queueing delay + service time normalized by D, the 
service time) is shown as a function of the low priority traffic offered In 
these figures, p” denotes the average load offered to the high priority queue 

Next, for the exact model, the numerical procedure given m Sec 5 9 is 
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used to find y", y^ and y^ Substituting these in {6 6 I)~(6 6 5). the 
average virtual waiting time at Ql and 02 are found and the results are shown 
m Fig 6 1 - Fig 6 3 From Fig 6 1 and Fig 6 2 it can be concluded that the 
results obtained using the exact model (model I) agree well wuth those of 
simulation for both the low and high priority queues 

For the approximate model (model 0) the average queueing delays at Q2 are 

computed using (6 6 1)- (6 6 5) by replacing the parameters of the exact model 

by those of model II The normalized delays are again computed and compared 

with those of the exact model in Fig 6 3 From this figure it can be 

concluded that the average delays obtained using both the exact model and the 

approximate model match well We examine why the approximate model which is 

not completely satisfactory for the computation of the QLDs at Ql and Q2 gives 

accurate results for queueing delays From (6 4 40) it can be noted that for 

the computation of W in addition to the parameters of the arrival process 

only the parameters y" , y’ and y need to be known As noted in Sec 5 10 p’ 

0 0 0 0 

and p” computed using both the exact and the approximate models are only 
marginally different Hence the average delays computed using models I and II 
match well 

As an additional validation of the results obtained here, the queueing 
delays for the degenerate case of M/D/1 system with two priority classes and 
non-preemptive priority discipline are evaluated The average queueing delays 
at Q2 as predicted by the method given m [7] is computed using (6 7 4) for 
some typical combinations of low and high priority traffic Alternately, by 
treating the M/D/1 queue as a degenerate case of MMPP/D/i queue the delays at 
Q2 is computed using (6 7 10)- (6 7 13) The results obtained using both the 
methods are shown in Fig 6 4 As in Fig 6 1- Fig 6 3, the normalized delays 
are shown m Fig 6 4 and p" denotes the traffic offered at the high 
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priority queue It can be seen that the results obtained using both the 

approaches match well Since the average deia>s at the high priGrit> queue 
match, using (6 6 1), it can be concluded that the low pnont> delays also 

match 

APPENDIX (6 A) 

In this appendix, for the exact model, we compute the probability of 
occurence of the events El, E2 and E3 corresponding to the cases 2-5 referred 
to in section (6 2) We compute the probability of these events for each case 
separately as follows 

Case 2 A 02 cell departed at x . leaving 02 empty and 01 non empty In this 
case Cl = 0 and C2 a: 0 and ci’ > 0 PfEi], in this case can be obtained by 
multiplying (6 2 4) evaluated at ci=0 bv the probability that X’(tI> 0 (denoted 
as 1 "Pq) P(E2], P[E3) corresponding to this case can be obtained using 

(6 2 5) and (6 2 8) with ci=0 Multipl>mg these expressions for P(E1), P(E2) 

and P(E3), integrating over x and removing the corditicns on C2 and J(x) 
we get the 2nd term of (6 2 10) 

Case 3 A Q1 cell departed at x, X”(x)>0 and X’(x)^0 In this case ci > 0 and 

C 2 ^ 0 and ci’ ^ 0 This case implies that at x-D, 02 was empty and Q1 non 

empty P[Q1 non-empty at x-D) is given by 1-p^ Let the time of the latest 
departure from 02 before time t be x’ Obviously m the interval {x\x) Q2 
does not receive any service and the busy period of Q2 starts again at x 
P(E1) can be obtained as the product of the probabilities of the following 
three events ElO {Q1 not empty at x-D}. 

Ell {X"(x’)=0,J(x’)=j| X"(0)=i and J(0)=j*} 

E12 {X’*(x)=ci . J(x)=;^ I X"(x' )=0. J(t’ )=j} 

The computation of the probability of occurence of these events is straight 
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forward and are given b>- 

P(EIO) = (l-p^) (6 A U 

ij’ 

P{EI1) = dr (t’) (6 a 2) 

oj 

P(E12) = dU" (t-t’) (6 A 3) 

Cl 

has been defined immediately after (6 2 10) and is related to 

U,"(t) defined in section 3 3 as follows 
k 

U"(t) = U"(t)j (6 A 4) 

joi not empty 

The RHS of (6 A 4) can be computed us'ng (3 4 6) P(E2) and P{E3) for this 

case are the sane as that for case 1 Using (6 A i)-(6 A 3) we get the terms 
inside the square bracket of the third term of (6 2 10) In this term the 
upper limit for t’ is t-D and can be verified as follows The interval (T’,t) 
consists of two parts service time for Q1 cells and service received at time 
t by a Q2 cell which began service at t t’ is maximum if these two parts are 
the minimum The maximum t’ occurs when the time taken for these tw'o parts are 
equal to D and 0 respectively, i e between x’ and t one Q1 ceil receives 
service and just when Q2 starts receiving service at time t, the cell of 
interest arrives The lower limit for x is equal to x’+ D and occurs when the 
BP of Q2 starts again after I Q1 cell service 

Case 4 A Q1 cell departed at x, X’(x)>0 and X'’(x)=0 In this case ci = 0 and 
C2 £ 0 and ci’ > 0 Considering the two independent events Ell 
{X’(x)=i’(i’>0)| X’{0)=r, J’(0)=j") and E12 {X"(x)=0, x an arbitrary time 

instant, J(x)=j jX"(0)=i, J(0)=j’}, P(E1) can be obtained It can be shown 


that 
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MM l”j” 

P(E11)= ^ P[X’(T)=cl.J'(T)=/IXM03=i”. J’(Oi=j"] = [ hi {6 A 5) 

^=1 ^=1 

P(E12)= y"{0.j) (6 A 6) 

where y*’(0,j) denotes the probabiiit> that 02 is empty at an arbitrary time 
instant with J( )= j defined for Ql similar to that for 02 

P(E1) and P(0) are the same as that for case 1 Multiplying {6 2 5h (6 A 5)* 
(6 A 6) and (6 2 8) and removing the conditions on cl, x, f and we get the 
4th term of (6 2 10) 

Case 5 Either a Ql or a 02 cell departed at x and 02 as well as Ql are empty 
at X In this case ci = 0 and C 2 ^ 0 and ci* = 0 For the e\aluation of PIEI] 

and P[E2) case we consider a third queue Q to which the low as well as high 

priority cells are fed and served on a FCFS basis It can be seen that 

whenever Ql and Q2 are empty simultaneously Q is also empty Hence PlEll can 
be found using this queue as 

P(E1)= P[X(x)=0, J(x)=^ j X(0)=r, J(0)=j"3 = d^ (x) (6 A 7) 

For computing P[E2], We consider the chain of conditional events E21 {A cell 

arrives at an empty Q at time t’, J(t*)=j| X{x)=0,J(x)=^}, E22 {c2 cells 

arrive at Q2 in and J(t)=£| X”(t’)=0, J(t’)=j} It can be showm that 

t 

P[E2]= fdUj (t’-x)P”^(c2.t-r) (6 A 8) 

t’=T 

Using a change of variable of t = t*-x, (6 A 8) can be rewritten as 
t-x 

P[E2]= fdU (t-i-x)P" Jc2.t) (6 A 9) 

t=0 

Changing the dummy variable of t to t’ in (6 A 9) we get 
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t*“T 

P[E2]=: JdU^ (t~t’-T)P*yc2.t*) C6 A 101 

iJ 

t*r=0 

P(0) is similar to that for case 1 with the following modification The cell 

undergoing service at t began service onl> at t' Using this, we get 
P[E3]= u(cr+t-T-t’-"D*-C 2 D) (6 A il) 

Using (6 A 7), (6 A 10) and (6 A 11) and proceeding as for the previous cases 
we get the last term of (6 2 10) 


APPENDIX (6.6) 

In this appendix, the application of the key renewal theorem to the terms 
(2-5) of the RHS of equation (6 2 10) and the simplification of the 
resulting terms are considered 

Application of the KRT to tne 2nd and the 4th terms of (6 2 10) is straight 
forward and can be earned out along the same lines as for the first term To 
apply the KRT to the third term of (6 2 10) we f irst choose a change of 
variable of v =t - x’ When t = t’+D.v = D and T = t, -»>v = t-x* Let 
the third term of (6 2 10) obtained b> leaving out the summations and constant 
terms be denoted as T3 With the change of variable, T3 becomes 


t-D t 


1 j 

T 3 = J Jd$"Q^(T’)dlL)^^(T-T’ )P^^(c2,t-T}u(D-t+T)u(<r+t-T-ciD-c2D) 

T*=n -r=T*j.n 


t’=0 t=t’+D 
t-D t-T’ 


= I I 


ij 


d$Q^ (T’)dlLI^^(v)P^^(C 2 ,t-T’-v)u(D-t+T’+v’)u( 0 ‘+t-T’-V-ClD-C 2 D) 
t’=0 v=D (6 B 1) 


Applying the KRT now and denoting the resulting expression as 3'3 we get 


hm 
t--> 00 


73 = ^3 


1 ^ ^ « II 

dU (v)P .(c2,t-v)u(D-t+v’)u(<r+t-v-ciD-c2D) 

m"(0.,) J' 
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To simplify 33 further, a change of variable of v* = l-v is used When v « D, 
V* »= i-D and v *= *«# v* = 0 With this modification 13 becomes 

I m t-D 

J 3 = r f di U-v* )P Jc 2 ,v’)u(D»v*)u{<r+v’-ciD"C 2 D) (6 B 31 

m"(0 J 


The upper limit of v* in (6 2 10) can be changed to be t by adding and 
subtracting the missing portion of the integral in the interval ard 

(6 B 3) becomes 


13 = 




I j d’J^^{t-v’)P^^(c 2 .\')j(D-v’)a(r+\’-CiD-c 2 D) 
t=0 v’=0 


t 

dU (t-v’ jP ,(c 2 ,v*)u(D-v’)u({r+v’-ciD-c 2 D) (6 B 4) 

Cl jf 

’=t-D 

Let the first, second term on the RHS of (6 B 4) be denoted 131 and 132 
respectively Next the simplification of 131 is considered The upper limit on 
v’ in 131 can be changed to be t as 

w 

dll ( t - v *) = 0 for V * > t (6 B 5 ) 

Cl 

As the upper limits on both t and v* are now oo, we next interchange the order 
of the integrals w r t t and v* Further, we use a change of variable of V = 
t - v’ When t = 0, V - -v* and t = » «=» t* = » With this change f31 can 
be written as- 


— 1 1 


grai = I r dlU^^(t-v’)p"^(c 2 ,v')u(D-v’)u((r+v’-ciD-c 2 D) (6 8 6) 

y._o 




I I 

v’=0 t’=-v' 


dU (t’ )P .(c 2 ,v’)u{D-v’)u(cr+v’-ciD-c 2 D) {6 B 7) 


Queueing delay of dual priority system 


247 


J 






00 m 


+ r f d'J (DP .(c 2 .v’)u(D-v’)u(r+v’-ciD-c 2 D) 

m"(0 -t) 

v’=0 t‘=0 


D 


r ” ** 

J l)^^{a 5 )P^^{c 2 ,v’)u{o'+v’-C!D-C 2 D) 


(6 B 8) 


(6 B 9) 


(6 B 9) IS obtained from (6 B 8) by noting that the first term on the RHS of 
(6 B 8) IS zero in we^ of (6 B 5) The upper limit on v* is changed to be D 
as the term u(D-v’) is zero for v* gT'eater than D Next the simplification of 
J32 IS considered Using a change of variable of v = t-v* we get 
, cc t 


J32 = 


r r ” ” 

J I )P .(c2,v' julD-\’)u(cr+v’-ciD-c 2 D) 

i=0V=t-D 


1 


00 D 


m"(0.^) 


I j dU^^(v)pyc 2 ,t-v)u(D-i+\)u(<r+D-ciD-c 2 D) (6 B 10) 

t=0 v=0 

Next, the application of the KRT to the fifth term of (6 2 10) is considered 
Let the 5th term of (6 2 10) leaving out the constant and the summations be 
denoted as T5 


t , t-T 

r ^ r 

T5 = (t) j dU^ {t-T-t’)Pj^(c 2 ,t’)u{D-t’)u(cr+t’-c 2 D-D) 

T=0 t ’ =0 


(6 B 11) 


Let 75 = lim T5 Applying the KRT to 75 we get 

t— » » 

00 t 

75 = — f r dU (t-t’)p’ {c 2 .t’)u(D-t’)u(cr+t’-c 2 D-D) (6 8 12) 

”<0.#) io i-=.o " 


In 75, the upper limit on t’ can be changed to be » as 
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dU (t-t’,c2) = 0 for t’ > t (6 B 13S 

As the limits on t and t' in ?5 are now m, the order of integration can be 
changed Further using a change of variable of v=t-t’ we get 


f5 


00 oo 


1 

m(0,^) 


J J dUj U-t’)P^^(c 2 .f)u(D-t’)u(cr+t’-c 2 D-D) 
t>=0 t=0 


(6 B 14) 


1 


m{0, ^ ) 

1 


m{0,^) 


J J dUj(v)P^^(c 2 ,t’)L{D-t’)u(o-+t’-D-c 2 D) 


t’=0 v=-t* 

CD 0 


J [ dUj(v)P ^(c 2 .t’)u(D-t’)u(cr+t’-D-C 2 D) 
t'=0 \=-t’ 


(6 B 14) 


dUj{v)pyc 2 .t’)u{D-t’)u{cr+t’-D-c 2 D) (6 B 15) 

=0 

ft 

Ui(o3)P ^(c 2 ,t’)u(cr+t’-D-C 2 D) (6 B 16) 

•=o ^ 

(6 B 16) is obtained from (6 B 15) by noting that the 1st term of (6 B 15) is 
zero in view of (6 B 13) The upper limit of t’ is changed to be D as u{D-t’) 
IS zero for t’ greater than D 


I 




J J 


t’=0v 


APPENDIX (6.0 

In this appendix, the details on the computation of P(E1) corresponding 
to each of the 5 cases under which the virtual waiting time at Q2 is non-zero, 
are presented for the approximate model It may be recalled that event 1 
denotes the following conditional event 

El { X'’(t)=ci . X’(t) = cT. J"(t) =jjX"(0)=i, J"(0)=j", X*(0)=i’ J"(0)=j’> 

Case 1 A 02 cell departs at t and leaves Q2 non empty In this case ci > 0 
and C2 £ 0 and ci’ £ 0 The condition ci’ £ 0 imohes that — 
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turn implies that PIX’{t)2;0|X’(0)=i’] = I and PCEl) is independent of X'Ct) 
Hence P(E1] can be computed b> considering the event 
{ X"(t) =ci (ci>0). J"(t) =j I X"(0)=i. J"{0)=j"> and is given b> 


P(E1) 


Case 1 


»J' 

= (X) 


(6 C 1) 


ij" 

where (x) is defined in the same manner as the exact model In this case 
cij 

Q”( ) correponds to the approximate model 

Case 2 A Q2 cell departed at x , leading 02 empty and Ql non empty In this 

case Cl = 0 and C 2 2: 0 and ci’ > 0 PlEll, in this case can be obtained by 

multiplying (6 C 1) e\aluated at ci=0 by the probabiht} that X*(x)>0 (denoted 

as 1-p^) 

Case 3 A Ql cell departed at x, X”(x)>0 and X’CxjaO In this case ci > 0 and 

C 2 2: 0 and ci* 2 : 0 This case implies that at x-D, Q2 was empt> and Ql non 

empty PlQl non-empty at x-D] is gi\en by i-p^ Let the time of the latest 
departure from Q2 before time t be x* Obv*ous!> m the interval (x\x) 02 
does not receive any service and the busy period of 02 starts again at x 
P(E1) can be obtained as the product of the probabilities of the following 
three events ElO {Ql not empty at x-D>, 

Ell {X”(x’)=0,J"(x’)=j| X”(0)=i and J”(0)=y’} 

E12 {X"(x)=ci, J"{x)=:^ j X"(x’ )=0,r (x’ )=j} 

The computation of the probability of occurence of these events is straight 
forward and are given by- 


P(EIO) = (1-p^) 

(6 C 2) 

ij" 

P(Ell) = d^" (x’) 

OJ 

(6 C 3) 

P(E12) = dU" (x-x’) 

Cl 

(6 C 4) 


(U”(t) IS defined in (6 A 4) and in this case corresponds to thp 
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model 

Case 4 A 01 cell departed at t, X’(t)> 0 and X"(t)= 0 In this case ci «= 0 and 
C2 0 and ci* > 0 Considering the two independent events Ell 

{X'(T)=i*(r>0) I X'(0)=i”, J*(0)=j’) and £12 {X**{t)=0. t an arbitrar> time 

instant, J”{T)=j jX*’{0)=i, P(Ei) can be obtained It can be shown 

that- 

un u\ ry 

P(E11)= ^ P[X’{T)=cl.J’(T)=^|X’(0)=r. J’(0)=j’] = (t) {6 C 5) 

i=l ^=1 

P(E12)= y"(0,j) (6 C 6) 

where >”(0,j) denotes the probabdity that 02 is empty at an arbitrary time 

instant with J( )= j (t) is defined for Ql similar to that for 02 

corresponding to the approximate model P(E1) and P(0) are the same as that 
for case 1 

Case 5 Either a Ql or a Q2 cell departed at t and 02 as well as Ql are empty 
at T In this case ci = 0 and C2 s 0 and ci’ = 0 For the evaluation of P[E1} 
we consider a third queue Q to which the low as well as high priority cells 
are fed and served on a FCFS basis It can be seen that whenever Ql and Q2 
are empty simultaneously Q is also empty Hence PlEll can be found using 
this queue as 

i"j" 

P(E1)= P[X(t)=0. J(t)=^ I X{0)=i”. J(01=j’'] = d^ (t) (6 C 7) 

i"/ 

where J(t) is the phase of the MMPP to Q (x) is obtained by replacing the 
parameters of Q2 by those of Q corresponding to the approximate model 
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CHAPTER 7 

COMPUTATION OF THE QUEUE LENGTH DENSITIES OF A NON-PREEMPTIVE 
MMPP/D/1/K DUAL PRIORITY SYSTEM 

7.1 INTRODUCTION 

In this chapter, we study the characteristics of a non-preemptive 

MMPP/D/l/K dual priority system The high and low priority customers are 

assumed to arrive at two separate queues 02 and 01 ^^hich have finite 
capacities of size A' and M respectively The service time per customer is 
assumed to be constant (D sec ) for each class of customer As in the inf inste 

capacity case, the evaluation of the queue length densities at 01 ar.d Q2 is 

carried out using the matrix analytic approach In the f inite capacity case, 
the maximum number of customers with which the busy period of 02 can start is 
limited to A" (02 capacity) Hence the busy period distribution of the finite 

capacity system differs from that of the infinite capacity system The 
equations developed in Chapter 3 are therefore modified to account for this A 
recursive procedure for the evaluation of the busy beriod distribution (BPD) 
of the finite capacity queue is also developed Finally, the BPD at 02 and the 
QLDs at 01 and 02 are numerically computed for some typical examples and are 
compared with the results obtained using simulations 

As noted in Chapter 2, the non-preemptive MMPP/D/1 priority system has 
several similarities to the N/G/1 queue By the same arguments it can be 

verified that the finite capacity priority system has several similarities to 

the N/G/1 finite capacity queue studied in detail in Blondia 111 It differs 

from the N/G/1 finite capacity queue as follows The evaluation of the OLD of 
Q1 requires the knowledge of the busy period distribution of QZ The number of 
customers with which the busy period of Q2 starts depends on the traffic 
offered at Q1 The transition probability matrices pertaining to Ql and 02 are 
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coupled and the QLDs have to be evaluated iterati\ely 

7.2 EMBEDDED SEMI- MARKOV SEQUENCE AND STATE TRANSITION 
PROBABILITY MATRICES OF Q1 AND 02 

Evaluation of the QLDs at Ql and Q2 at the departure instants of the 
cells from their respective queues is carried out along the same lines as for 
the infinite capacity case For brevity of notation, we consider the composite 
process obtained by superposition of the phase processes of the MVlPPs to Ql 
and Q2 As noted in Chapter 3, at any time t, given the phases of the MMPPs to 
Ql and Q2, the phase of the composite process can be uniquelj determined and 
vice versa We define the various parameters pertaining to Ql and Q2 in terms 
of the phase of the composite process The symbols used to denote the various 
parameters of the finite capacity queueing s>stem are the same as those used 
for the infinite capacity case For ease of reference we summarize the 
parameters used We shall assume the capacit> of the queues Ql and Q2 to be 
and M respectively It may be recalled that the case where Ql capacity is 
finite has already been considered in Chapter 5 Hence, the modifications 
required to account for the finite size of Q2 are considered in more detail in 
this chapter All parameters pertaining to Ql are indicated by a superscript 
of (’) and those of Q2 by (") The notations used are - 

(Q*’,Q*") Infinitesimal generator matrices of MMPPl, MMPP2 to Ql and Q2 

Q» Infinitesimal generator matrix of the composite process 

(A’ , A") Arrival rate matrices of MMPPs to Ql and Q2 

^ Arrival rates at Ql and Q2 corresponding to 

the different phases of the composite process 

/_i .pttj Departure epochs of cells from Ql and Q2 

n ’ n 
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(M, N) No of phases of MMPPl, MMPP2 

( 1 )’ ( 2 )’ 

J . Phase of MMPPl, MMPP2 at x’ 

n n n 

( 1 )" ( 2 )" 

Jjj . Phase of MMPPl. MMPP2 at x" 

J{t) Phase of the composite process at time t 

J’ , J" Phase of the composite process at x’ , x" 

-n -n n n 

X’(t), X"(t) No of cells in Ql, Q2 at time t 


X’ , X” No of cells in Ql, 02 at x’ . x" 

[P’(n,t)3^^ P[n cells arrive at Ql in (0,t3, J(t)=j j J(0)=i] 

[P"(n,t)]^^ P[n cells arrive at Q2 in (0,t3, J(t)=j | J(0)=i] 

[x”3 PfX" = m. J" = i] 

[y^]^ P[X"(t) = 0, J(t) = i] at any time t 


p^ , p^ P[Q1 empty at time t], P[Q2 empty at time t] 

[U’(t)] P[Busy period of Ql starts and k cells arrive at Ql 

K IJ 

at or before time t , J(t) =jjX’(0)=0, J{0)=i] 

[Uj^(t)]^j P[Busy period of Q2 starts and k cells arrive at Q2 

at or before time t, J(t) =j|X"(0)=0, J{0)=i] 

P[(t; - x;.j) = t, I r .J = . and x;,_, > 

P[(t; - r;.,) a | r., = . and X;,, > 

u(t) unit step function 

5’(t), 5 , Dirac, Kronecker delta 

lie 

I , e MNxMN identity matrix, MNxl unit vector 

MN 

The inter departure time of cells from Ql (x^ - x^_j) for X^_j> 0, 

consists of one Ql cell service time and the busy period (BP) of Q2 if any 

The duration of this BP depends on the phase of MMPP2 at Hence, the 

sequence (X^ forms a SMC with the state space 
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10,1, ;«]xll,2, M]x[1.2. N) Similarly (X" forms an SVfC 

n n n 

with the state space {0,1, A'JxIl,2, M]xll,2, M In view of the 
uniqueness of the phase of the composite process, it can be shown that the 


sequences (X”, jp 

and 


J ’ ) also 
-n^ 

form 

SMCs 

'With 

the 

State space 

[0.1, NMUZ, MN] 

and 

[0.1, 

>«]x[1.2. 

m] 

respectively 

Hie 

transition 

probabi 1 1 ty matrices 

of 

these 

SMCs 

are 

denoted 

as 

Q"(t) 

and Qlt) 


respectively Q"(t) can be expressed in terms of the MNxMN matrix mass 

functions A"(t), B"(t) as follows 
m m 

t 

A"(t) = f dH"(o-)P"(m,cr) ma0,t2:0 (721) 

m J 

0 - 


m+1 

B" (t) =y ur(t-D)P"(m-k+l,D)u(t-D) 
m L k 

k=l 



B"(t) 

0 

B"(t) 

1 

B”(t) 

2 


A"(t) 

0 

A’'(t) 

1 

A"(t) 

2 

Q'’(t) = 

0 

0 

A"(t) 

1 


0 

0 

A"(t) 

0 


0 

0 

0 

Similarly, 

Q*(t) can 

be expressed in terms 

A ’ (t). B ’ (t) given by 
m m ^ 


A ’ (t) 
m 

= 1 dH’(o-)P’(m.(r) 

m 2: 0 


0 - 


(7 2 2) 



00 


B"(t) 

J 

B”(t) 

A-i 

m=A 

00 

m 

A"(t) 

y 

A"(t) 

A -1 

L* . 
m=A 

00 

m 

A"(t) 

y 

A"(t) 

A -2 

L* . 1 

, m 


m=A 

00 

“1 

A:(t) 

y 

A"(t) 

A -3 

Li 4 

m 


m=A 

00 

-2 

A"{t) 

y 

A"{t) 

0 

Li 

m=i 

m 


of the M\’xM\’ matrix mass functions 

: t t 0 (7 2 4) 
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m+1 

Uj^(t-D)P’(m-k+l,D)u(t-D) (7 2 5) 

k=l 

In view of the constant service time requirement of D sec /customer, we get 

H''(t) = u(t-D) I (7 2 63 

Computation of the elements of the Q''(t) proceeds along the same lines as in 

Chapter 3 and are given by 

Am(t) = P (m.D)u(t-D) (7 2 7) 

m+1 

Bi^(t) = [ uj^(t-D)P’’(m-k+l,D)u(t-D) (7 2 8) 

k=l 

\ Du(t-D_)+tu(D-t) 

t1 It t « *« 

^Uj^(t) = Jp {0.w)A dw P (k-l,t-w) + PqSjjjP (O.t)A (7 2 9) 

0 

A" ^ ^ 


where is the MxM identity matrix and ® is the Kronecker product 

The corresponding equations for Q1 are considered next To determine the 
elements of Q’(t) an expression for H’{t) is required Proceeding along the 
same lines as in Sec 3 4 it can be verified that to determine H"{t) an 
expression for the busy period distribution of Q2 has to be developed first 
The fact that Q2 is of finite capacity makes the busy period distribution 
(BPD) of Q2 to be different from that corresponding to the infinite capacity 
case Since the inter departure time of cells from Q1 depends upon the BPD of 
Q2, the elements of Q’(t) are also different from that corresponding to the 
infinite capacity case 

Generalizing the G( ) matrices corresponding to the infinite capacity case, 
for the finite capacity Q2, we define MNxMN matrices G^'''^^(t) The (i.j)’^*' 
element of these matrices gives the probability that the BP of Q2 is of 
duration at most t sec and ends with MMPP 2 in phase j given that the BP of 
Q2 with a capacity of N started with k cells and with MMPP 2 in phase i Since 
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the service time/customer is assumed to be constant (D sec }, the busy period 
duration is an integral multiple of D In view of this the distribution 

function of the busy period can be expressed as the weighted sum of the 
probabilities of the busy periods being of length D sec» 2D sec and so on 

Towards this end we define M\xMN matrices for t =1,2,3, The 

{i,j)^^ elements of these matrices denote the probability that the BP of Q2 of 
size is of duration ID sec and ends when the MMPP 2 is m phase j given that 
the BP started with k customers in 02 with MMPP 2 in phase i Using these 
matrices the distribution function of the BP of 02 is gi\en by- 

oo 

G^^’^^u(t-£D) (7 2 11) 

£=k 

where u(t) is the unit step function In (7 2 11), the lower limit for f is k 

as the busy period which starts with k customers has to be at least of 
duration kD seconds As in Sec 3 5, we define MNxI vectors c(k), the i^^ 
elements of which are denoted as c(k,i) Here c(k,i) gives the joint 
probability that the BP of Q2 of capacity A' is of length kD sec and starts 
with MMPP 2 in phase i Using Fig 3 3 and the arguments given in Sec 3 5 it 
can be verified that c(k,i) is given by 


c(k,i) 


= I 

m: 


MN 




y 

' „ y" 

P" (m.D) 

r g(A,m) 

L 

J=1 

Po ° 

V, / 

Ji 

i 1=1 ■' ) 


for k < A 


(7 2 12) 


J/-1 MN 

/ > 

!■ ■' 

, MN N 

= y y 

-i y** 

P" (m.D) 

I 

Li Li 

m=(l-5_) j=l 

p" *^0 

*^0 j 

Ji 

Imd iC * 

1 (=1 J 


MN 

I 

m=A' j=l 


E 


1 

P" 


P" (m.D) 


MN 

I 

^ = l 


JA'.A') 

^i. 

■it 


for k £ A' (7 2 13) 


For ease of notation we define to be I. the MNxMN identity matrix Let 

us compare the expression for c(k.i) for both the infinite and finite capacity 
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cases Comparing (3 5 2) with (7 2 12) - (7 2 13) two differences can be 

noted Firstly, the matrix has been replaced b> to account for the 

finite capacity of Q2 Secondly, c(k,i) has tw’o different expressions 

corresponding to the finite capacity case depending on the value of k The 

second term on the RHS of (7 2 13) is obtained as follows For m > A (i e 

number of customers arriving at 02 is greater than the capacity of Q2), only ^ 

of them receive service Next, let C(k) denote the MNxMN diagonal matrices 

whose diagonal element denotes the probability that BP of 02 of capacit> A 

IS of duration kD sec given that it started at time x’ with M\!PP 2 m phase 

th 

t Using (7 2 12) and (7 2 13). it can be verified that the (i.j) element of 
C(k) IS given by 

[C(k)]^ ^ = P[BP of Q2 with capacity A is of duration kD sec| 


MN 


= c(k 


,i)j^ ^ c(k,£)j 
£ = 1 


-1 


U 


(7 2 14) 


As noted earlier, given that the previous departure from Q1 left Q1 

non-empty, the inter departure time of the next customer from Q1 being equal 

to t sec, implies that the intervening BP of 02 is of duration t-D sec In 
dH’(t) 


view of this 


dt 


IS given by 


dH^(t) 


dt 


= C(k-l)6Tt-kD) 


(7 2 15 ) 


Using (7 2 15) m (7 2 4) we get 


A’(t) = y u(t-kD)C(k-l)P’(n,kD) (7.2 16J 

n L 

k=l 

An expression for Uj^(t) can be obtained by considering the situation for the 
f irst cell arrival to Q1 when Q1 is empty but Q2 is not empty For this cell, 
the delay in service is equal to the sum of the residual service time of the 
Q2 cell currently being served and the additional BP (ABP) that the cells in 
after this (Note that service to the Q1 cell can start only 


Q2 may require 
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when Q2 is empty) As in Sec 3 5 we define diagrml matrices Fikl mhose 

diagonal element denotes the probability that ABF^ of 02 of capacit> A, ss 
of length kD sec given that it started at time 0 with MMPP 2 in phase i In 
the finite capacity case the maximum number of customers with v^hich ABP can 
start IS M Hence the expression for F(k) for the finite capacity case is 
different from that of the infinite case Except for this difference* the 
expression for ^^(t) can be obtained by proceeding along the same lines as for 
the mfnite capacity case (as m Sec 3 5) and we get - 

^ ^ Du ( t-c+lD^ ) + ( t-tD ) u ( I+ID - 1 ) 

"" I I |u{t-tD)J P’(0.t-tD-w)A’dw P’(n,w) 

t=0 n={k-l )6 ^ 0 

tO 


F(c)P’(k-n-l,tD) 




(i-p;) 

D 


P;5j,P’(0.t)A* 


(7 2 17) 


A’ = A’ ® I 

— N 


(7 2 18) 


Finally, we obtain an expression for F(t) Analogous to the computation of 

C(k), we define MNxl vectors f(t) whose i^^ element is denoted as f(t,i) where 

f(i,i) gives the probability that ABP of Q2 of capacity A', is of duration tD 

sec and starts with MMPP 2 in phase i It may be noted that the probability 

that the ABP starts with m customers and with the MMPP 2 in phase i is given 

bv x" Given that the BP of Q2 of capacity N, starts with m customers and in 
•' mi 

phase 1, the probability that the BP is of duration <J) sec is given by the 

1 ^^ row sum of the matrix Removing the condition on the number of 

customers with which the BP starts we get 
c MN 


fU.i) 


-I I =‘m. 
m=l 


^"(A,m) 

Se 


for t < A” 


(7 2 19) 
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A' MN 


I 




X 


mi 




for t i A (7 2 20) 


The upper limit for m is in (7 2 20) as the ABP cannot start uith more than 
Af customers for 02 with capacity A It ma> be recalled that the diagonal 

element of F(t) denotes the conditional probability where as the element 

of f(i) denotes the corresponding joint probability Hence the diagonal 
elements of F{^) are given by 



r MN 

= f(t,i) [ fU,£) 
£ = 1 




(7 2 21 ) 


7.3 CHARACTERISTICS OF THE BUSY PERIOD OF 02 

As in Chapter 4, the characteristics of the busy period of f mite sized 
Q2 can be studied by considering the properties of the so called G( ) 
matrices Generalizing the G( ) matrices corresponding to the infinite 
capacity case, for the finite capacity Q2, we define MNxMN matrices 
The (i,j)^^ element of these matrices gives the probability that 
the BP of Q2 is of duration at most t sec, consists of I services and ends 
with MMPP 2 in phase j given that the BP of 02 with a capacity of A started 
with k cells and with MMPP 2 in phase i The evaluation of the moment 
generating function of these matrices is considered first Using this, the 
computation of the busy period distribution is considered next Finally, the 
computation of the mean number of cells served during a busy period and the 
mean duration of the BP are considered 

PROBABILITY GENERATING FUNCTION OF , t) 

As in Chapter 4, we define the Markov renewal process Q"( ) to be in 
level i when the number of cells in Q2 is i and the phase of the MMPP 2 is j 
i.e i is the set {i,j is j s MN} We denote the LST of the z transform of 
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G (£,t) as G (z.s) 1 e 


G (z,s) 


-I J 




1=1 t=0 


(7 3 1) 


It IS shown in Neuts [2] that for A' = », ’^\z,s) can be written as 

;;{eo,k), . Tpilco,!), 

G (z.s) = G (z.s) (7 3 2) 

This relationship is obtained by noting that for the infinite capacity case 
the first passage time from level I to 0 is identical to that from i+l to i 
for 1 > 0 In the finite capacitj case these two first passage times are not 

identical This can be verified as follows When the busy period of 02 with 
capacity jV starts in level 1 (i e with one customer in 02), M customers can 
arrive during the service time of the first customer and all these customers 
will be accepted into the queue Next let us consider the case when the BP of 
this queue starts in level i for i > 1 During the service time of the first 
customer of this busy period, only a maximum of A' + 1 - i customers are accep- 
ted into the queue Hence the evolution of the busy period and the maximum 
number of new customers that can be accepted into the queue depends on the 
level of Q”( ) Hence the first passage times are not identical The evaluation 
of the double transform corresponding to the finite capacity case can be 
earned out exactly along the same lines as m Blondia li] This is because in 
the non-preemptive priority system considered here and in the N/G/i finite 
capacity queue the busy period can in general start with more than one custo- 
mer and the maximum number of customers with which the busy period can start 
IS also finite 

Proceeding as in Blondia [ll, next, we obtain a recursive procedure for 

(A^ k) 

the computation of the double transform of G * (l,t) We first define MNxMN 
matrices denoted as for n=l,2, N and k =1,2, N The (i,j) 

/ I \ 

elements of these matrices, denoted as ’ . are random variables and they 

* > J 
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denote the length of the busy period of 02 Vrhich ends v^hen MMPP 2 is m phase 
j given that the BP of 02 v^ith capacity n started uith k cells in 02 and v^ith 
MMPP 2 m phase i Let the distribution function of 5^ denoted as 

It may be noted that is equal to the marginal 

distribution function of obtained by summing the later expression 

writ 1 e 


p[^(n.k) ^ 


t] = 

t=l 
s(n,k) 


(7 3 3) 


It may be noted that the ^ is the sum of k random variables This can be 
verified as follows Let us consider the computation of the time taken for 
Q"( ) to go from level k to k-1 when 02 capacity is n During this first 

passage time only a maximum of n-k+1 new customers can be accepted into 02 

Hence the first passage from level k to k-1 with 02 size of n is equal to the 

first passage time of 02 of size n-k+1 from level 1 to 0 By extending this 

observation it can be shown that the first passage time from level k-i to k-2 
with 02 size of n is equal to the first passage time of Q2 of size n-k+2 from 


level 


fn,k) 


1 to 0 By similar arguements it can be concluded that '§ \ is 

1 » J 


the 


sum of k random variables and writing the sum in matrix form we get 
n 

,(n,k) e(^.l) (7 3 4) 


e=n-k+l 


(n.k) 


Hence the generating function of 5 ’ is given by the product of the 
generating functions of for t = n-k+1 to n In view of (7 3 4), 


and (7 3 3) we get 
n 

=I1c''-Vs) 

<=n-k+l 

Here (7 3 5) can be rewritten by writing out the first term of the product 
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and reusing (7 3 5) as follows 

f=n-k+2 


n 3 6! 






g‘"’’''^^(2.s) 


(7 3 7} 


Hence G^^*^^{2,s) can be recursivel> computed using {7 3 7) Next* an express- 
ion for G^^*^^( 2 ,s) is obtained Towards this end, we consider the \ari 0 us 
possible transitions from level 1 of 02 of capacity n m a single service 
time If no customers arrive during the service time, the BP e*^ds a^ter the 

service and the probability of this event is characterized by the matrix 
A”(s) If k customers arrive during the first customer service and k s n-1, 

all these customers will be accepted into Q2 and will receive the service 
When k 2: n, only n of these customers are accepted into 02 The probabiht> of 

these two events are characterized b> the matrices A"(s) Considering these 

three events we get 


n- 1 


G^"’^\z,s) = 2 A|^(s) + z[ A^(s)C^"’‘^^2.s) + zj^ A"{s)G^^’"'(z.s) (7 3 8) 

k=l k=n 

Substituting (7 3 5) m (7 3 8) we get 


r »» 


.;x(n,n). 


G^^*^^(z,s) = z 


00 n 


n-1 n 

A^(s) + AJ^(s)n G^^’^\z,s) + Aj^(s)n G^^’^^( 2 ,s) 
k=l £=n-k+l k=n £=1 


(7 3 9) 


where (7 3 9) gives the functional equation satisfied by G^^’^^z.s) 


COMPUTATION OF THE BUSY PERIOD DISTRIBUTION OF Q2 

As for the infinite capacity case, the busy period distribution can be 
computed by the approach given in Ramaswami [3] Since this approach requires 
the computation of inverse LST, we shall consider an alternate approach 
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The method proposed for the infinite capacity case in Chapter 4 is modified 
here appropriately for computing the busy period distribution of the finite 
sized Q2 Since the service time/customer is assumed to be constant (D sec 5, 

the busy period duration is an integral multiple of D In view cf this the 

distribution function of the busy period can be expressed as the weighted sum 
of the probabilities of the busy periods being of length D sec, 2Dsec and so 
on Towards this end we define MNxMN matrices for i =1,2,3, The 

(i,j)^^ elements of these matrices denote the probability that the BP of 02 of 

size IS of duration £D sec and ends when the MVIPP 2 is in phase j given that 
the BP started with k customers in Q2 with MMPP 2 in phase i Using these 
matrices G^'*^’^^(t), the distribution function of the BP of 02 is given by 




(A',k) 


u(t-£D) 


(7 3 10) 


£=k 


where u(t) is the unit step function In (7 3 10), the lower limit for £ is k 

as the busy period which starts with k customers has to be at least of 

duration kD sec In view of (7 3 10), finding the busy period distribution 

(A k) 

of Q2 reduces to the computation of the matrices G^' ’ for £=1,2,3, Using 

(A k) 

(7 3 1) ,(7 3 3) and (7 3 10) it can be verified that the LST of G ’ (t). 


denoted as G 


(s), IS given by 


'(l.s) 


(7 3 ID 


,(iV.k) ^-s£D 


(7 3 12) 


Evaluating 
(7 3 8) we get 


£=k 

~(n,l)jz s) at z=l and using (7 3 ll)-(7 3 12) and (3 4 2) in 


n-1 


£=1 


(n,l)^-s£D 


k=l 


-sD r T ^1 “SD r -(n.k) -s£D 

= P"(0,D)e +5^ P"(k,D)e ^6^ e 

£=k 
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- [ P-(k.Dk-'“ I 

k=n i=l 


Comparing the coefficient of 




m 


on both sides of (7 3 13) we get 


(7 3 13) 


s(n,l) 


= P"(O.D) 


for m=l 


17 3 14} 


n-1 00 

,(n.l) 

_ rv\rN ^ k) 


= y P"(k.D)G^";*^^ + y P"(k,D)€"^'^ for m>l (7 3 15) 

L m-1 L m-1 


m 


k=l 


k=n 


A procedure for the evaluation of t^e matrices using {7 3 145-17 3 15J 

can be formulated better by defining two sets of infinite dimersioral matrix 
arrays {Y(l), Y(2), Y(n)} and {X(l), X(2). X(n)> The matrix a-ra\s 

Y(i)*s give the busy period distribution of Q2 starting with a single customer 
when the Q2 capacity is i In other words the element of the array Y(i) 
VIZ Y(i,j) denotes the probability that the duration of the BP of 02 of 
capacity i starting with a single customer is jD sec i e Y(i,j) is guen by 
Y(.,J) . n 3 

Y(i,j) IS a matrix as the phase of the MMPP 2 must also be kept track of at 
the beginning and the end of the BP The matrix arrays X(i3 s gi^e the busy 
period distribution of Q2 of capacity n when the number of customers at the 
beginning of the BP of Q2 is i In other words the element of the array 
X(i) VIZ X(i,j) denotes the probability that the duration of the BP of 02 of 
capacity n starting with i customers is jD sec i e X(i,j) is given by 

X(M) - 

Using (7 2 16) and {7 3 17) it may be verified that 
Y(n) = X(l) 

Substituting (7 3 16)-(7 3 18) in (7 3 l4)-(7 3 15) we get 


(7 3 18) 
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Y(n,l) = P"(0,D) C7 3 19) 

n-1 00 

Y(n.m) = J] P'’(k 

k=l k=n 

To compute Y{n,m) using (7 3 20), X(k.m-l) for k ==!»2, n should be known 
These matrices can be found by evaluating (7 3 7) at 2=1 Substituting 
(7 3 11) m (7 3 7), evaluated at 2=1, we get 


,D)X(k,m-l) + P"(k.D)X(n,m-l) for m>l 17 3 20) 


g(n,k),^, 




(7 3 21) 


Substituting (7 3 8) in (7 3 21) w-e get 


V ^(n.k) -siD r Jn-k+1.1) -s£D r _(n.k-l) -sfD 
i=k ^=1 l'=k-l 


Comparing the coefficient of e 
m-1 

^(n,k) 


-smD 


on both sides of (7 3 22) we get 


m 


Y ^{n-k+1,1) ^(n,k-l) 

L c m-£ 

£ = 1 

Using (7 3 16) and (7 3 17) in (7 3 23) we get 


X(k,m) 


m-1 

= Y(n-k+l.£)X(k-l,m-f) for m t k 

l=l 
= 0 


(7 3 22) 


(7 3 23) 


(7 3 24) 

(7 3 25) 


for m < k 

Here (7 3 25) is obtained by noting that a BP which starts with k customers 
should be at least of duration kD sec It may be noted that, for k > 2, Xlk.m) 
can be recursively computed using (7 3 24) and (7 3 25) if the values of the 
first m-1 elements of the matrix arrays Y(l). Y(2). Y(n-k+l) are known It 
may be recalled that X(l,m-1) is equal to Y(n,m-1) Noting that the maximum 
value of k is n (Q2 size), it can be concluded that the mth element of the 
arrays X(k) for k =1,2, n can be determined if the first (m-l) elements of 
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the arrays Y(k) , for k =1,2, n are knov^n 

It may be recalled that we observed earlier that to ccT*pjte Yin, ml using 
(7 3 20), X(k,m“i) for k =1,2, n should be known This implies that Yfn,ml 
can be recursively computed and the recursive procedure can be stated as 

follows - 

(1) Let n =1 

(2) Compute Y(i.l) using {7 3 19) Set X{k,l) to be zero for k >1 

(3) Compute Y{l,k) for k =2,3, using (7 3 20) until Yfl,k] is less than a 

threshold t) 

(4) Increment n Compute Y{n,i) using (7 3 19) Set X(k,i) to be zero for 
k>l Let I = 1 

(5) Increment I and Compute Y(n.£) using (7 3 20) and X(k,i) using (7 3 24)- 
(7 3 25) 

(6) If Y(n.£) > T) goto step 5 Else go to step 4 if n < ^ (the actual buffer 
size of Q2) 

It may be noted that for computing the busy period distribution of Q2 of 
size the busy period distribution of Q2 of size 1,2, A-1 should first 

be found The recursive procedure for the computation of Y(n) also yields the 
matrix arrays X(k) for k = 1, 2,3.4, N Hence the bus} period distribution 
of Q2 of size N starting with k customers is also computed as a by product of 
the recursive procedure 

Next we consider a technique for minimizing the cc""c«t3t s'* a* complexity 
required for implementing the recursive procedure given above le shall refer 
to this method as the indirect method and the method which uses the recursive 
procedure directly is referred to as direct method It may be recalled that 
the (i,j)^^ element of is given by 
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= P[BP of 02 of capacity n is of Icfifth fEi sec 


and ends with MMPP 2 in phase j jit started 
with k customers in phase i] {7 3 265 

In view of the one-one mapping of the phases of MMPP 2 to those of MMPP 1 and 
MMPP 2, (7 3 26) can be rewritten as 

= P[BP of 02 of capacity n is of length fD sec and ends with 

MMPP 2 in phase j" and MMPP 1 in phase j’jit started with 



k customers and MMPP 2 in phase i” and MMPP 1 in phase i’] 

{7 3 27) 


= {P[BP of 02 of capacity n is of length fD sec and ends with 

MMPP 2 in phase j"|it started with k customers in phase i"]) 

{P[The phase of MMPP 1 is j’ at time fDjit is 

in phase i’ at time 0]} (7 3 28) 

where i = (i’-l)M + i" and j = {j’-l)M + j" (7 3 28) is obtained from 
(7 3 27) by noting that the phases of MMPP 1 and MMPP 2 are independent 
Let us define NxN matrices whose (i,j)^^ elements are given by 

= p[BP of 02 of capacity n is of length sec 

^ ■'i.J 

and ends with MMPP 2 in phase j jit started 
with k customers in phase i] (7 3 29) 

It may be noted that the recursive procedure that we have arrived at for the 
computation of the busy period distribution is independent of the number of 
phases of the MMPP Hence the above recursive procedure can also be used for 
the computation of Using (3 6 2) it may be noted that 

= {P[The phase of MMPP 1 is j at time iDjit is 



in phase i at time 0]) 


(7 3 30) 
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Usjng (7 3 29) and (7 3 30) in (7 3 28) we get 



By computing (7 3 31) for various values of i and j it can be verified that 


(7 3 31) can be written in matrix form as 

^(n,k) , ^Q"(D . -(n,k) 


a 3 32) 


where ® is the kronecker product of matrices Hence the computaticn of the 

MNxMN matrices is reduced to the computation of NxK rratnees As 

noted earlier the computation of the bus> period distribution of 02 of 

capacity n requires the computation of the BPD of 02 of capacities 1 to n-i as 

a prerequisite Hence computational savings of the order of OCM I results in 

each of these n stages of computation It may be recalled that M denotes the 

Q**£D 

total number of phases of MMPP 1 The computation of the matrices € is 

considered in Sec 5 8 The computation of these matrices and performing the 
kronecker product of (7 3 32) are the overhead involved in the indirect 
method This overhead is expected to be small compared to the savings in the 
computation referred to above It should be pointed out here that even for the 
infinite capacity case the indirect method is applicable However, since the 
recursive procedure is run only once, the reduction in the computational 
effort with the indirect method is not worth the complexity in the 


implementation and hence was not considered earlier 


COMPUTATION OF THE AVERAGE DURATION AND THE Nli^ER OF 
CUSTOMERS SERVED DURING THE BUSY PERIODS OF Q2 

The computation of the average duration and the number of customers 
served during the busy periods of a finite capacity Q2 can be earned out 
along the same lines as for the infinite capacity case considered in Sec 4 4 
We define the MNxMN matrices of mass function L"(k,t) whose (j.j’)^^ element 
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gives the probability that the first busy period of QZ of capacity A is of 
duration at most t sec and consists of k services and ends with MMPP 2 
phase j* given that it started in phase j denote the double transform of 
L”(k,t) as L”(z*s) Considering all the possible ways in which the BP of 02 
can start, we get 

L"(z.s) = ][ Uj^(O) ^ U^(0) G^^’^^z.s) (7 3 34) 

k=i k=^+l 

The second term on the RHS of (7 3 34) is obtained by noting that when more 

than // customers arrive bef ore the busy period starts only A of them are 

th 

allowed into Q2 Let u” and u" be the MNxl vectors whose i elements denote 
respectively, the mean number served during and the mean duration of the first 
busy period of Q2 given that X"(0) = 0 and J”(0)=i p” can be obtained by 
dif f erentiatmg (7 3 34) with respect to z It may be noted that a busy period 
of Q2 of capacity n starting with k customers will eventual!} end with 
probability one Therefore G^^*^^(1,0) is stochastic and hence w^e get 
g(n.k)ji o)e = e 1 s n 5 A', 1 s k s n (7 3 35) 

Differentiating (7 3 34) w r t z and using (7 3 5)-(7 3 7) we get 

= JI" = U"(0) ^ G^^'^'^^’^\z,s) G^‘^’^“^\l.0)e 

z=l,s=0 k=l 


■|i L"(2.s)e| 


gW-k+l.l),i^0)- 






G^^’k"^)(l,0)e 


A^-1 


. n G^''^^(1.0)4 G^^*^^z.s)e ] 


^=A'-k+l 


z=l,s=0 


6Z 

k=A^+l 


« c'^’^>(z,s)e 


(7 3 36) 


z=l,s=0 


Let 
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g(n,k) ^ 


M (z,s)e 


|z=l,s=0 

For notational convenience, let 
and combining the like terms we get 


{7 3 37) 

(7 3 38) 

Using (7 3 35), (7 3 31M1 3 38) 


N 

/ k-1 /^-k+j 4 

fiO 

A'-l j > 

fl” = UJ^(0)4 

J- n g(i.l) jyv-ktj^l 

► + 1 Uj^(O)- 

[ nc‘'’V‘- 

k=l 

1 j=0 i=A-k+l j 

k=A+l 

J*0 1=1 ' 


The term in the second braces of (7 3 39) is obtained b> substituting k=A in 
the previous term inside the braces This follows by comparing the first and 
the second terms of (7 3 34) Next, using (7 3 5) in (7 3 39) we get 


// k- 1 a> M - 1 

S; = I I 1 1 0-(o) [ c'J-'’ 17 3 401 

k=l j=0 k=A'+l j=0 

From (7 3 40) it can be noted that for the computation of p" , the ca’'-'“fcte"s 
( n k ) *^11 

G * and fx have to be evaluated and these are considered next 

First, the evaluation of is considered It may be noted from 

(7 3 6) that for m =1,2, A and k = 1,2, m, can be recursively 

computed if for n =1,2, m is known can be :: as 

f ollows 

Let n > 1 Evaluating (7 3 9) at z=l. s=0 and using (7 3 37) we get 


n-1 


:(^,l) 


^(n.l) = f] G*"'-' + 

k=l £=n-k+l 


[Ajjnc 

k=n £=1 


?:(£.l) 


(7 3 41) 


n-1 n-1 


n- 1 


(£,l)=(n,l) 


= a; + li ^ I a;; n * I ^k ^ ^ ^ 


(7 3 42) 


k=2 £=n-k+l 


k=n t= 1 
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where A” ^ obtained from (7 3 41) by taking out the terin 

corresponding to k«l in the summation and removing the term of I m the 
product Combining the like terms we get 


g(n,l) 


n-1 n-1 


CO n -1 -1-1 


s 

’ - - Z 


k= 

=1. 

the second ■ 


1 

1 

8 C 

II 

Mk 

L k=n J 


A" for n > 1 
0 


(7 3 43) 


When n=l, the second term of (7 3 41) is zero and in this case we get 

■ -1 

:{ 1 . 1 ) 


(7 3 44) 


The inverses of (7 3 43) and (7 3 44) exist as they have the form [1 - f] \ 
where ? is a sub-stochastic matrix Finally, it may be noted that can 

be recursively computed using (7 3 44) and (7 3 43) 


Next, the computation of is considered From (7 3 38) it can be noted that 
th 

the 1 element of this vector gives the average number of customers served 
during a busy period of Q2 of capacity n which starts with the MMPP 2 in phase 
1 Differentiating (7 3 9) wrt z, setting 2 = 1 , s=0 and postmultiplying by e, 


n 




is given by 


00 n-1 k-1 n-k+j a n-1 j 

^ ' I * I ^ I n c'’’*’ [ AJ [ n c‘‘-V“ c 3 45) 

k=0 k=l j=0 i=n-k+l k=n j=0 i=I 


To simplify this further, the term corresponding to k=l is written out 
separately Next, in the second and third terms the term corresponding to 
j=k-l and n-1 are separated out With this (7 3 45) becomes 


n-1 n-1 

pili.l) r:n 




k=0 


k=2 i=n-k+l 


oQ n- 1 
G 

k=n 1=1 





QLDs of MMPF/D/l/K priority system 


275 


n*“ 1 k“2 n“k+J oo n— 2 j 

k=2 J=0 i=n-k+l k=n j=0 i*=l 

Using (7 3 43)-(7 3 44) and (7 3 5) in (7 3 46) we get 


(7 3 465 


~n ^ g(n,l)j- a; |e + [ A" [ ~n-k+j+l 


n-1 

k-2 


[e 

k=2 

J=0 

00 

n-2 



k=n 

J=0 




(7 3 47) 


can be recursively computed using (7 3 47) This completes the computation 
of The average duration of the busy period can also be computed along the 

same lines It should be pointed out here that our approach f or the 
computation of the average number served during the busy period follows 
closely the approach given in Blondia ll] for the N/G/i finite capacity queue 


7.4- COMPUTATION OF THE STATIONARY QUEUE LENGTH 
DENSITIES AT Q1 AND 02 

Computation of the vectors x” and as well as are considered first 
m this section As in Chapter 5, an approximate model is considered for the 
finite capacity case as well The numerical results obtained through numerical 
computation as well as through simulations are presented next Knowing the 
values of and y” the average queueing delays at Q1 and Q2 are computed 
using the results of Chapter 5 It may be recalled that the i^^ element of x^ 
gives the probability of finding the queue length at Q2 to be k and the phase 
of MMPP 2 to be 1 at a departure instant of Q2 The vector x’ is simiiariy 


def ined 
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COMPUTATION OF x;; AND 

The computation of is carried out along the same lines as fc<r the 

infinite capacity case considered in Sec 5 2 We def me MNxMM matrix mass 

functions K^(n,t) whose element gives the conditional probability, 

given that the busy cycle of 02 starts with MMPP Z m phase j, that the busy 

cycle consists of n services, is of duration at most t and ends in phase j’ 

Let K"(z,s) denote the double transform of K"{n,t) Proceeding along the same 
0 0 

lines as in Sec 4 6 it can be shown that 

00 

K^(z.s) = ^ U^{s) G^^’*^^(z,s) + 5^ Uj^(s) d^'^*'^\z,s) (7 4 1! 

k=l k=,y+l 

The probability x"(0,j), the element of x^ , is the inverse of the mean 
recurrence time the state (0,j) of the Markov chain 0"(o») WTienever Q"{oa) 
visits the state (0,j), the Markov renewal process of the lattice type K"(z,0) 
also visits the state (0,j) Hence the MRT of the state (0,j) of Q"(®) and 
K"(z,0) are the same It may be noted that K^Cz.O) is equal to L"(z.O) by 
comparing (7 3 34) and (7 4 1) By applying Theorem 2 11 of Hunter [4], the 
mecin recurrence time of (0,j), denoted as m"(0,j), is given by 


m"(0.j) = (rp') [(r)ji‘^ 

where is given by (7 3 40) and (ItQ)j 
the invariant probability vector of K^(1,0) 



(7 4 2) 

denotes the element of k^ is 
Hence x^ is given by 

(7 4 3) 


The computation of proceeds along the same lines as in Chapter 5 In the 
present case the parameters corresponding to the finite capacity case has to 
be used Since the arguements are essentially the same, for the finite 
capacity case as well, is given by (5 5 9) The expressions for x; and y; 
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corresponding to both finite and finite capacity case are considered in 
Chapter 5 and hence they are not reproduced here 

COMPUTATION OF THE QLDs USING THE APPROXIMATE MODEL 

As in Chapter 5, we consider an approximate model for the computation of 
the QLDs of Q1 and Q2, when Q2 has finite capacity As in the infinite capac- 
ity case, we treat the inter departure time of cells from a non-empty Ql to 
consist of busy periods of a hypothetical process The busy period distribu- 
tion of the hypothetical process is obtained as the weighted average of the 
BPDs of Q2 of capacity N, corresponding to each possible initial phase of MMPP 

2 In this case the matrices A"(t), B"(t) and P"(m,t) become NxN matrices and 

m m 

depend only on the phase of MMPP 2 but not that of MMPP 1 Similarly, A^(t), 

B’(t) and P’(m,t) become MxM matrices and depend only on the phase of MMPP 1 
m 

but not that of MMPP 2 The recursive procedure for the computation of BPD of 
Q2 of capacity N is also valid for this case In this case the parameters of 
the approximate model should be used in the equations given in Sec 7 3 and 
the phase of MMPP 2 should be replaced by that of MMPP 2 

NUMERICAL RESULTS 

The results on the computation of the busy period distribution of Q2 and 
the queue length densities at Ql and Q2 as well as their average delays are 
presented in this section The results obtained through the numerical 
computations are compared with those obtained using simulation We refer to 
the exact model and the approximate model as model I and II respectively The 
traffic to Ql and Q2 are assumed to originate from Nl. N2 on/off sources We 
assume the on/off sources to be of identical type However, the equations 
given in this chapter are also valid for the case where the on/off sources to 
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Q1 and 02 are dissimilar. The on/off sources have average on daration* X on 
duration and bit rate during on duration as 33 msec, 357* and 1 Mbps 

respectively The on and off durations are exponentially distributed A cell 
size of 53 bjrtes and output link capacity of 150 Mbps are also assumed The 
composite traffic at Ql and 02 are approximated by two independent 2 phase 
MMPPs using the method proposed in Heffes (51 

First, the evaluation of the busy period distribution of Q2 of capacity A 

starting with one customer is considered It may be noted that when the busy 

period starts with a single customer, the busy period distribution of 02 is 
the same as that of the MMPP/D/l/K queue with the FCFS discipline The 

recursive procedure of Sec 7 3 giVes only the conditional BPD i e the BPD 
given that the busy period starts in phase i for i=l,2, MN In order to 

obtain the unconditional BPD we should know the probability of the BP starting 
in phase i Since, Ql and Q2 are coupled, this information cannot be obtained 
without solving for the QLDs at Ql and Q2 However, for the FCFS queue, this 
probability can be readily obtained If we plot the conditional BPD the need 
f or the FCFS queue does not arise However, in order to present the results 
conveniently, the busy period distribution of the equivalent FCFS queue is 
considered 

Let N be chosen to be 25 Let N1 and N2 be 180, 180 Corres|X)ndmg to this 
case, the parameters of the 2 phase MMPPs (A*, Q**) and (A*^, Q*”) are found 
Using (3 1,1), (3 1 5) and (3 1 6), the parameters of MMPP i and MMPP g are 
found The parameters of the MMPP to the FCFS queue is chosen to be the same 
as that of MMPP 2 Using the recursive procedure given m Sec 7 3, the 
conditional busy period distribution at Q2 is found using both the direct and 
indirect method The unconditional BPD is found using the equation given by- 
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P(BP=nD) 


^0 n 


^0* 


(7 4 45 


where the element of gives the probability that the FCFS queue is empty 
and the MMPP is in phase i at an arbitrary time instant The results from both 
the methods are found to match well and the indirect method is found to 

require about 50% less computation time than the direct method The 
probability mass function (P M F ) of the unconditional busy period computed 
above is shown in Fig 7.1 As both the indirect and direct methods agree we 
have shown only one curve correspionding to the computations The bas> period 
is also computed using the simulation routine discussed in Sec 5 9 It may be 
noted that the computation of the BPD using the simulation routine does not 
require any additional effort In the infinite capacity case the capacity of 
Q2 IS chosen to be an arbitrarily large value In the finite capacity case it 
IS chosen to be A' The cells which arrive when 02 is full are discarded The 


results obtained using simulation corresponding to N2=180 is also shown in 
Fig 7 1 The results obtained using both computation and simulation 
corresponding to Nl=150 and N2 = 240 are shown in Fig 7 2 (It may be noted 
taat for the simulation routine the value of N1 is not required. For computing 
the parameters of MMPP 2 it is required) From these two figures it can be 
concluded that the results obtained through the recursive procedure match well 
with the simulation results 

Next, the results on the evaluation of the QLDs at Q1 and 02 are 
considered We first consider two examples in which the capacities of Q1 and 
Q2 are » and 25 respectively In the first example. NT and N2 are chosen to 
be both equal to 180 The traffic offered to both Q1 and Q2 are equal to 0 42 
The MMPP model parameters are found as mentioned above The QLDs are computed 
using the equations given in Sec 7 2 - 74 For the computation of the 
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invariant probability vectors of 0 *(cd) and Qlm), the Toeplitz inversion 

method discussed in Sec 5 6 is used The compulation of using (7 4 II is 

not preferred for the finite capacity case as the computation of {as given 
by (7 3 40)) requires considerable computational effort Since the dimension 
of Q"(co) is not large, we have not used the recursive procedure In view of 
the coupling between the two queues, the QLDs are iteratively computed The 
iterative procedure is found to converge fast and typically it requires about 
8 Iterations for a relative accuracy of 10 The QLDs at Ql and Q2, 

obtained using both the exact model (model I) and approximate model (model II! 

are shown in Fig 7 3 and Fig 7 4 respectively The QLDs at Ql and Q2 are also 

evaluated using the simulation routine discussed in Sec 5 8 and the results 
are also presented in Fig 7 3 and Fig 7 4 The modifications '•equ.’"ed in the 
simulation routine to account for the finite capacity of Q2 have already been 
mentioned The results corresponding to both computations and simulations for 
Nl=150 (p = 0 35) and N2 = 240 (p = 0 56) are shown in Fig 7 5 and Fig 7 6 

In the next two examples we assume the capacities of Ql and Q2 to be 475 

and 25 respectively In the first example, N1 and N2 are chosen to be 225 and 
180 respectively The traffic offered at Ql and Q2 become (0 525, 0 42) The 
QLDs at Ql and Q2 obtained using both computation and simulation are shown in 

Fig 7 7 and Fig 7 8 In the second example N1 and N2 are chosen to be 165 and 

240 respectively The traffic offered at Ql and Q2 become (0 385, 0 560) The 
QLDs at Ql and Q2 obtained using both computations and simulations are shown 
in Fig 7 9 and Fig 7 10 From these f igures it can be concluded that the QLDs 
of Ql and Q2, obtained using exact model agree well with the simulation 
results for both Ql auid Q2 The point estimates of the queue lengths as well 

as the busy period distribution are obtained by choosing long runs for the 

$ 

simulation The number of cells served from both Ql and Q2 are of the 10 in 
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each of these runs Using the equations given in Sec 5 8, the confidenrr 
intervals were also computed The 95% confidence interval was found tc lie 
from 1 to 15 % of the point estimates in the entire range Hence, the results 
obtained through the simulation may be considered to be sufficiently reliable 

The QLDs of Q1 obtained using the approximate model differ from the exact 
model results at higher queue lengths The QLDs of 02 obtained using the 
approximate model agree well with the simulation results in all these 
examples In all these figures, we have also shown the traffic offered at 01 
and Q2 at each of the phases of MMPP 1 and MMPP 2 The phase transition rates 
of the MMPPs are also shown From these values, it can be noted that when both 
the MMPPs are in phase 1 the traffic offered to the server becomes close to 
the capacity of the server and hence as noted m Sec 5 10 the app»"oximate 
model under estimates the QLDs at Q1 

As the queue lengths at Q1 computed using model I and 11 differ only at 
the higher queue lengths, we expect that and y” will only be marginally 
different for models I and II The probability of the low priority queue, 01 
being empty at an arbitrary time instant is computed for different values of 
N1 for N2 = 180 (p” = 0 42) and N2 = 240 (p” = 0 56) (p” is the average 

traffic offered at Q2) The results obtained using both model I and 1! are 
presented in Fig 7 11 From this figure it can be concluded that the results 
using both these models agree The average queueing delays at Q2 are computed 
using the results of Chapter 6 for the both p” = 0 42 and p** = 0 56 The 
results obtained using model I, model II and simulation are presented in Fig 
7 12 and are found to agree well 
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Fig 7 12 Meorf delay for Q2 cells in an MMPP/D/l/K priority 
system obtained using model I. II and simulation 
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CHAPTER 8 

EXTENSION FOR THREE OR MORE PRIORITY CLASSES 
8.1 INTRODUCTION 

In this chapter, We study a non-preemptive MMPP/D/i priont> s>stciii with 
more than two priority classes As in the previous chapters, we assume the 
traffic from each priority class to arrive at separate queues and the service 
time IS the same for each priority class le D sec /customer The queues are 
labelled in the increasing order of priority such that Ql is the lewdest prior- 
ity queue and Qi is the highest priority queue in a system having i priority 
classes We f irst consider the case where the number of priority classes is 
equal to three For this the evaluation of the queue length densities at the 
departure instants of customers from the respective queues as well as the 
average queueing delays at these queues are considered The extension of these 
results for the case with more priority classes is considered subsequently 

8.2 EVALUATION OF THE QLDs OF A NON-PREEMPTiVE 
MMPP/D/1 TRIPLE PRIORITY SYSTEM 

In this section, we consider the case where the number of priority clas- 
ses IS equal to 3 The traffic from the three priority classes arrive at Ql. 
Q2 and Q3 and Q3 has the highest priority The QLD of Q3 at the departure 
instants of customers from Q3 can be obtained as follows If a departure from 
Q3 leaves the system non-empty, the next departure from this queue occurs 
exactly D sec later and its departure instant is independent of the state of 
Ql and Q2 If the departure leaves the system empty, the next departure inst- 
ant from Q3 does depend on the state of Ql and Q2 However, the effect of the 
customers in both Ql and Q2 on the waiting time of the first customer arriving 
at the empty Q3 is essentially the same They delay his service for a maximum 



Extension for more priority classes 


290 


of D sec Hence for the evaluation of the QLD at 03, the customers at both 01 
zmd Q2 may be considered to belong to the same class and to arrive at a hypo- 
thetical queue denoted as 012 Now the dual priority system with queues 012 
and 03 with 03 as the high priority queue can be solved using the steps given 
in chapter 5 This procedure, yields the OLD of 03, the probability of 03 
being empty and the probability of either Q1 or 02 being empty at an arbitrary 
time instant It may be noted that since we are interested only on the OLD of 
Q3, the QLD of Q12 need not be evaluated It may be recalled that we have 
indicated how the QLD of the high priority queue can be evaluated without 
evaluating the QLD of the low priority queue in Sec 5 6 

The evaluation of the QLD of Q1 at the departure instant of customers 
from Q1 IS considered next It may be noted that Ql, being the low’est priority 
queue, receives service only when both Q2 and Q3 are empty Given that the 
previous departure from Ql left the system non-empty, the inter departure time 
of the next customer from Ql consists of one customer service and the time 
required to serve all the customers that might have arrived at both 02 and Q3 
during this service time and the busy periods required by these customers 
Similarly, if the first customer arriving at an empty Ql finds either Q2 or Q3 
to be non-empty, it receives service only after both these queues become 
empty As far as Ql is concerned, the effect of the customers in both 02 and 
Q3 on the Ql customers is the same Hence for the computation of the OLD of 
Ql, the customers arriving at Q2 and Q3 can be considered to arrive at a 
single queue Q23 and treated with high priority compared to Ql The QLDs of 
the dual priority system (Ql, Q23) can be obtained using the results of chap- 
ter 5 In this case the QLDs of both Ql and Q23 should be found This proced- 
ure also yields the probability of Ql being empty and the probability of 
either Q2 or Q3 being empty at an arbitrary time instant 
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The evaluation of the OLD of 02 is considered next Since the procedure 
for this IS involved, we shall consider the equations required for this purp- 
ose in detail We denote the parameters corresponding to 01 and 02 by supers- 
cripts of { ) and C ) respectively and those of 03 wnthout any superscript 

For the study of this queue we have to keep track of the phases of the MMPPs 

to both 02 and 03 simultaneous!} Let the number of phases of MMPP 2 and MMPP 
3 be M and N respectively As m Chapter 2, we consider the composite phase 
process obtained by superposing the phase processes of MMPP 2 and MMPP 3 We 
consider the hypothetical MMPPs MMPP 2 and MMPP 3. the phases of which are 
equal to that of the composite phase process The arrival rates of these MMPPs 
are also chosen as in Chapter 2 Let denote the n^^ departure epoch of 
customers from Q2 Let (X” , ) denote the number of customers m 02 system 

and the phase of MMPP 2 at x" Given that the previous departure from 02 left 
the system non-empty, the time at which the next departure from this queue 
occurs depends on the state of 03 If Q3 is empty, it occurs D sec later 

Otherwise it occurs after an additional period of one busy period of Q3 The 
duration of the busy pienod of Q3 depends on the phase of the MMPP to Q3 at 
the previous departure instant from Q2 Hence it can be verified that (X^ , 

, ^n+1 ” ^ forms a semi-Markov sequence with the state space 

[0,1, lx[l,2, MN] As in Chapter 2, the transition probability matrix of 

this SMC denoted as Q”(t) and can be expressed in terms of MNxMK matrix mass 

functions A"(t) and B"(t) whose (i,j)^^ elements are defined as follows 
m m 

rA"(t)] = P{ Given that a cell departed from Q2 at time 0, leaving at least 

^ m 

one cell m Q2 and the arrival process MMPP 2 m phase i, the 
next departure occurs at no later than time t with MMPP 2 m 
phase j, and in the intervening period there were m arrivals} 
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= P{ Given that a cell departed from 02 at time 0, leaving 02 empty 
and the arrival process MMPP 2 in phase i, the next departure 
occurs at no later than time t with MMPP 2 in phase j, and 
in the intervening period there were n arrivals} 

As in Chapter 2, we define MNxMN matrices P"(m,t), H”(t) and Uj^{t) whose 


(i.j) 


th 


elements are defined as follows 


ij 


[P"(n.t)] 

N"(t) 

[u;;(t)]i^ 


P[N''(t)=n. J(t)=j j N"(0)=0. J(0)=i] 

No of arrivals at Q2 in (O.tl from MMPP 2 

P[(t” - t” j s t. I J” = 1 and X" , > 0] 6 
'• n n-1 ' -n-1 n-1 ■' ij 

P[Busy period of 02 starts at or before time t, k arrivals 
at 02 in (O.tl. J(t} =jjX"(0)=0. J(0)=i] 


A"{t) and B"(t) can then be expressed as follows 

m m 


A"(t) = f dH"{(r) P"(m.(r) 
m J 

0 


m i 0 , t a 0 


(8 2 1 ) 


m+1 

B" (t) =y u"(t-D)P’’{m-k+l.D)u(t-D) (8 2 2) 

m Ld K 

k=l 

The computation of A^(t) proceeds along the same lines as the computation of 

A ’ (t) of the dual priority system considered in Chapter 2 These details have 
m 

therefore not been presented here 

Next we consider the computation of U^(t) Let us consider the first 
customer arriving at an empty 02 and denote him as F2 F2 receives service 
immediately only if both 01 and Q2 are empty We refer to this case as case 1 
F2 waits for receiving service under the following three cases 
Case 2 If Q3 is receiving service, F2 waits for the on going service as well 
as the additional busy period (that 03 might require after this service) to 

be over 

Case 3 If Q1 is receiving service, F2 waits for the on going service to be 
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over If Q3 is empty at this instant then F2 begins service 

Case 4 If Q1 is receiving service, F2 waits for the on going service to be 

over At this instant if 03 is found to be non-empty, then the bus> period of 

Q3 starts and Q2 receives service only after this period is over 
The introduction of three priority classes increases the complexity of estima- 
ting the probability of occurence of these four cases In the dual priority 

system, the first customer arriving at the low priority queue waits for recei- 
ving service if the high priority queue is found to be non-empty at that 

instant Hence the probability of this event is equal to the probabilit> of 

the high priority queue being non-empty However, in the triple priontj 

system, the first customer arriving at Q2 may find 03 to be non-empty under 
the following two conditions (i) Q3 is actually receiving service (ii) At 

the time when the ongoing service started, Q1 was non-empty but Q3 was empty 
When the service was in progress, one or more customers arrived at 03 Hence 
the probability of occurence of case 2 should be computed as the probability 
of F2 finding the server to be busy with a 03 customer 

Let us define p to be the probability of the server being busy with the 

SI 

customers from 0i P can be evaluated along the same lines as in Conway [ll 

S3 

and IS given by 


„ _ It (8 2 3) 

Ps3 " 

S3 ft 

where p, p are the mean busy period and mean busy cycle of 03 respectively 
These parameters can be computed considering the dual priority system (Q12, 
03) and using the equations given in Sec 4 5 and 4 6 For both event 2 and 3 
to occur, F2 should find the server to be serving a 01 customer The probabi- 
lity p , that the server is busy serving a 01 customer is given by 

u»’D (8 2 4) 
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where p** and jut* are the number of customers served during the busy cycle and 
the duration of the busy cycle of Ql respectively It may be recalled that the 
busy period of the low priority queue is defined m Chapter 2 to be the time 
that elapses between the instant when the f irst customer begins service and 
the instant when the queue becomes empty again The intervening fxricxl may 
consist of one or more busy periods of the high priority queue That is why 
the form of the equations for p and p are different p can be computed 

SI S3 SI 

by considering the dual priority system (Ql, 023) and using the equations 
given m Sec 4 3 and 4 4 

The quantity be evaluated under the condition that case i is 


true for i=l,2.3 and 4 and the details for this are given m Appendix (8 A1 


Multiplying these expressions by the probability that case i is true, we gel 

4u-(,) . p-(0.t)A- a,. 


+ P, 


S3 


00 Du(t-t+lD_) + (t-tD)u(t+lD-f ) 

1 I p"(n,tB)FU)P (k-n-l,tD) 


n=nQ .1=0 0 


Du(t-D_) + tu{D-t) •> 

I P"{0.i-D)P*(0.0,D-iB)A"du» P*(k-1.0.w) ■ 
0 


* P 


Si 


00 k-1 00 Du(i-<.+ lDj+(t-i.D)uTT+lD-t) 


n=l n=0 1=1 0 

The matrices P*( ) and P( ) are def med the in Appendix (8 A) 


(8 2 5) 


Knowing the matrices A^(t) and U^(t), Q”(oo) can be found The invariant proba- 
bility vector of Q"(oo) gives the QLD of Q2 This completes the evaluation of 
the QLDs of a triple priority system 
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8.3. EXTENSION FOR MORE THAN THREE PRIORITY CLASSES 

First, we consider the application of the results obtained for evaluating 

the QLDs of a non-preemptive MMPP/D/i pnoritj sjstem in which the nu.'nber of 
priority classes are four As in the previous section assume the traffic 
from each priority class to arrive at separate cjueues and customer from each 
priority class demands the same service time of D sec /customer The labelling 
of these queues are also same as before, i e Ql refers to the lowest priority 
queue 

The quadruple priority system can be split into two triple priorit> s}stem 
For example, the customers arriving at queues Q1 and Q2 can be treated to 

arrive at a single queue Q12 and considered to belong to a single class as far 
as the higher priority classes are concerned Kow this triple priority system 
consisting of queues Q12, Q3 and Q4 can be studied using the results of Sec 
8 2 This gives the QLDs of 03 and 04 in addition to that of 012 To obtain 

the QLDs of Q1 and Q2, the traffic arriving at both Q3 and 04 can be treated 

to arrive at a single queue Q34 and can be offered the highest priority Now\ 
the triple priority system consisting of the queues Qi, 02 and 034 can be 
analysed using the results of Sec 8 2 This gives the QLDs of Qi and 02 m 
addition to that the QLD of Q34 Thus the QLDs at ail the four queues can be 
found 

The same ideas can extended for any number of priority classes and the QLDs 
can be recursively computed i e knowing the QLDs of a 4 priority system, the 
QLDs of a 5 priority system can be found This m turn can be used to find the 
QLDs of 6 priority system and so on It should be mentioned here that the 
assumptions that the service/customer is constant and is the same for each 
priority class allows us to combine the various priority classes and study 
them using a lower priority system In an ATM network, the cell size is the 
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same for customers with different requirements on OOS and hence customers with 
different priority levels do require the same service time/cell Hence these 
assumptions are valid in an ATM network 

8 4. COMPUTATION OF THE AVERAGE QUEUEING DELAYS OF THE 
MULTI-PRIORITY SYSTEM 

Computation of the average queueing delays of a non-preemptive M\fPP/D/l 
priority system with more than two priority classes is straight forward and 
requires less computational effort compared to the evaluation of the QLDs at 
these queues Knowing the average queueing delays, the a\erage queue lengths 
at the various queues can be obtained using Little* s formula (see for eg 
Kleinrock [2]) 

First we consider the triple priority system As in Sec 8 2, we can split 
the triple priority system into two dual priority systems (Ql, 023! and (Q12, 
Q3) The average queueing delays of these dual priority systems can be obtai- 
ned using the results of Chapter 6 This gives the a\erage queueing delays at 
Q1 and Q3 The average queueing delay at 02 can be found using the M/G/1 
conservation law (see for eg Kleinrock [3]) as follows Let us consider a 
composite queue denoted as Q to which the traffic from all the priority clas- 
ses are fed and served on a First Come First Served (FCFS) basis Let the 
average traffic offered and average queueing delay of the customers at this 
queue be and respectively By the M/G/1 conservation law, given that the 
service disciplines conserve the work, the average queueing delay is indepen- 
dent of the service discipline Hence the average queueing delay at Q is 
related to that of Ql, Q2 and Q3 as follows, Let the traffic offered and the 
average queueing delays at Ql, Q2 and Q3 be denoted as (p^, p^, p^) and 

W , W ) respectively Using these parameters is given by- 

2 3 



Extension for more priority classes 


291 


pw s=pW+pW+pW 

T 1 ^^2 2 3 3 


18 4 II 


Since the average queueing delays at 0» 01 and 03 are knov^n, the average 
queueing delay at QZ can be found 

Extension of these results for the case where the number of pricntv clas- 
ses are more than 3 is straight forw^ard For example, to compute the average 
queueing delays at the quadruple priority system, we consider the hypothetical 
triple priority systems (Ql, Q2, Q34) and (012, Q3, 04} By obtaining the 
queueing delays of these triple priority systems, the queueing delays at all 
the priority queues can be found Tlie queueing delays of the higher priorit> 


systems can also be recursively computed m a similar fashion 


APPENDIX (8.A) 

In this appendix, the details on the evaluation of under the 

condition that case i is true, (for i=l,2,3 and 4) are presented 
Case 1 In this case the busy period of Q2 starts with a single customer If t 
IS the time at which the BP of Q2 starts and at time 0 if Q2 was empty then 

= P"(0.«A" 5,, tS.A 1) 

dt k - IK 

t=t, case 1 

Case 2 Let t be the time when the busy period of Q2 starts As shown in Fig 
8 1 the interval (O.t) consists of three parts an initial idle period when Q2 
IS empty, the residual service time (RST) of the Q3 customer and the 
Additional busy period of Q3 (ABP) Let the duration of these three intervals 
be (t-u>-tD), m and -cD respectively Let the number of arrivals at the second 
interval be n The probability that k arrivals occur in (0, t) can be computed 
by considering the mutually independent events that 0. n. k-n-1 arrivals occur 
in the above three intervals Let the phase of MMPP 2 be i. t, tn and j at 
times 0, t-tD-m, t-tD and t respectively as shown in Fig 8 1 
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ser V 1 ce for the 1st 
02 cell starts * 


time 0 t-cD-m ^ -tD t 

phase 1 £ „ j 

«'= RST of a Q3 cell -===-♦ | <==_ ABP of 03 — 

n cells arrive at 02“=^ | <=« k~n~l more cells 

Q2 becomes 1st cell 
idle arrives 

at 02 

Fig 81 The various eients that preceed the BP of 02 gaen that F2 
finds the ser\er to be busy uith a 03 customer 


Considering the arrivals in the three intervals and keeping track of the phase 
of MMPP 2 we get 


(t) 
dt ‘^ij 


k-1 N N 

""I I I Pj£(0.t-<.D-U5)A^ dus P^(n,U5)P^^{k-n-l,tD) (8 A 21 


n=n^ £=1 m=l 
RST=ici 0 

ABP=tD 

t=t, case 1 

Here, n^ denotes the minimum value of n The value of n^ depends on the 
existence of the ABP following the Residual service time of a Q3 cell seen by 
the first cell arriving at an empty Q1 When ABP is not present (i e i=0), 
then out of the k cells present at the time when BP of 01 starts , k-1 cells 
arrive during the RST of the 03 cell undergoing service Hence the minimum 
value of n is equal to k-1 in this case When ABP is non-zero, n^ is zero and 
hence n^ is given by 

Hg = (k-l)S^O IS A 3) 

We also define the MNxMN diagonal matrices F(k) whose ith diagonal 
element denotes P[ABP= kD sec |ABP starts at time 0 with MMPP 2 in phase i ], 
le the probability that an ABP of Q3 is of length kD sec given that it 
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started at time 0 with MMPP 2 in phase i Removing the condition on the length 
of ABP using the matrices F{k), (8 A 2) becomes - 


dU,(tl 
dt ij 


k-1 N K „ „ „ 

=y y y P.(0,t-iD-iis)A„da>P, (n,w}[Fu:] P »K-n-l, D) 
L LL\l ll or. '■ ^rzri mj 


n=n„ £ = 1 m=l 
RST=uj 0 

t=t, case 1 


(8 A 4) 


This can be written in matrix form as 


d U. (t) 
dt 


RST=uj, 


S ^ « f» M 

= 2^ P (0,t-cD-u>)A du» P (n,<a)F(i) P (k-n-l.<.D)u{i-iD) 


<-=0 n=n- 


(8 A 5) 


t=t, case 1 


The residual service time of a Q3 cell seen by the first cell arriving at an 
empty Q2 is also uniformly distributed between the interval (0,D) and hence 
Its pdf IS given by (3 3 4) Removing the condition on the RST using 
(3 3 4) and noting that when 0 < t-cD < D, the maximum RST is t-iD, we get the 
terms inside square bracket of the second term of (8 2 5) 

Case 3 Let t be the time when BP of Q2 starts Let ta be the residual service 
time of a Q1 customer Then F2 arrives at time t-u} and k-l more customers 
arrive at Q2 during the RST of Q1 For case 2 to be true , no arrival should 
occur at Q3 in the interval (i-D, t) Hence we consider the following three 
intervals as shown in Fig 8 2 (0,t-D), (t-D, t-i») and t) In the last 

two intervals there should be no arrivals at Q3 The probability that k 
arrivals occur in (0, t) can be computed by considering the mutually 
independent events that 0, 0, k-l arrivals occur in the above three intervals 
Let the phase of MMPP 2 be i, I, i and j at times 0. t-D, t-w and t 
respectively as shown in Fig 8 2 Considering the arrivals in the three 
intervals and keeping track of the phase of MMPP 2 we get 
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du^ct) 

dt ij 


MN 

= I 

1 = 1 

RST=us 


MN 

Y P"A0.t-D)P" (0,D-i»)P. (O.D-uj)A" du» P" (k-l,ui)P (O.ttt) 

L il ti tj. 

^ = 1 

(8 A 6) 


t=i, case 2 


time 0 


service fora 
Ql ceil I starts 

t-D 


serv ice for the 1st 
02 cel 1 starts ^ 

I 

t-m t 


phase 


t 


i 


J 


Q2 empty 


02 and Q3 empty 


= RST of a Ql 

k- i more cell at 02 *4 
and 03 empty 


Q2 becomes 
idle 


1st ceil 
am ve s 
at Q2 


Fig 8 2 The various events that preceeds the BF of Q2 given that F2 
finds the server to be busy with Ql and Q3 empty during the RST 


To simpiify the notation we define MNxMX matrices P*(n2,n3,t) whose (i,j) 
are given by 

rP'CnZ.nS.t)] = P" (n2.t)P {n3,t) (8 A 7) 

*- ■'i.J ^ 

It may be recalled that the parameters of Q3 are written without the 
superscripts and the phase of MMPP 2 is equal to that of MMPP 3 at all time 
instants Using (8 A 7) in (8 A 6), writing it in matrix form and removing 
the condition on the RST we get the terms inside the braces of the 3rd term of 
(8 2 5) 

Case 4 In this case during the residual service time of the Ql customer n, a 
(a >0) customers arrive at Q2 and Q3 respectively The busy period of Q3 
follows this RST Let N denote the number of customers of Q3 with which the 
BP of Q3 starts Let the duration of the BP of Q3 be tD (<- = 1.2, ) Let t 
be the time at which the BP of Q2 begins and let there be k arrivals in (O.t) 
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In the interval (O.t-iD-m) 02 is empty As shown in Fig 8 3, let the phase of 
the MMPP 2 at times 0, t-tD-w, t-iD and t be i, # and j 

respectively Considering the arrivals at 02 and the phase transitions of MMPP 
2 in the three intervals shown in Fig 8 3 and using equation 18 A 7) we get 
MN k-1 MN 

= [ [ P'yO,t-i.D-u>)A^ du» PJ^(n.n.u>)P'’^(k-n-!.<D) (8 A 8) 

RST=m 
BP=tD, //=n 
t=t, case 4 

serv ice for the 

1st Q2 cell starts! 

time 0 t-cD-w t-iD t 

phase 1 i j j 


d U"(t) 
dt ij 


Q2 becomes 
idle 


«== RST of a 01 cell ==> «= BP of 03 
/^<= n, n cells arrive at =» «= k-n- 1 more cells =♦ 
02. Q3 at 02 

1st cell 
arrives at Q2 


Fig 8 3. The various events that preceeds the BP of Q2 given that F2 


finds the server to be busy with Q1 first and then with Q3 


To simplify (8 A 8), we define the MNxM\ matrices whose (i.j)^^ element 
denotes the probability that the BP of 03 is of length tD sec and ends with 
MMPP 2 in phase j given that it started at time 0 with n cells in Q3 and with 
MMPP 2 in phase i Removing the condition on the length of BP using these 
matrices (8 A 8) becomes - 


MN k-1 MN 


^U^(t) 

dt '^ij 


RST=i« 


E I E P’^’g(0,t-<.D-us)A^ dusP|^(n.n,tB)G'^ P^^(k-n-i,<,D) 

£ = 1 n=0 m=l (8 A 9) 


jt=t, N=n, case 4 

To simplify (8 A 9) further we define MNxMN matrices Pln.t.k.n) whose (i.j) 
elements are given by 
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P(n.i.k.n) - o'? P" (k-n-l.lD) (8 4 10) 

L Jij ‘J 

Using (8 A 10) in (8 A 9) and writing in it matrix form and removing the 
condition on the duration of the RST of 01 as well as the condition on the 
number of customers with which the BP of 03 starts v»e get the terms inside the 
braces of the last term of (8 2 5) 
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9 1 INTRODUCTION 

In this thesis, the queueing analysis of a non-preemptive MVIPP/D/I/K 
priority system with either infinite or finite buffers, is carried out 
assuming the traffic from each priority class to arrne at separate queues 
(In a system with n priority classes we assume the traffic from each of these 
classes to arrive at n separate queues Qi for i=1.2 n with Qn having the 
highest priority) The customers from each priority class are assumed to 

demand the same service time/customer Computation of the queue length density 
(QLD) of the low and high priority queues (Ql, 02) of the dual priority system 
IS considered first Computationally and storagewise efficient approximate 
models have also been considered The computation of the average queueing 
delays at the low and high priority queues and the percentile of the queueing 
delay at the high priority queue are considered next Finally, the extension 
of these results for the finite capacity system as well as for the case where 
the number of priority classes are more than two are considered For both the 
infinite capacity and the finite capacity cases, the numerical results 
obtained using both the exact and approximate models are compared with those 
obtained using simulation for the dual priority system 

9 2 APPLICATION OF THE MATRIX ANAYTIC APPROACH FOR THE PRIORm’ SYSTEM 
For the queueing analysis, the matrix analytic approach is used The study 
of the non-preemptive MMPP/D/1 priority system has been earned out in the 


frame work of "Queues of the M/C/1 type" with FCFS discipline by incorporating 
some generalization in the method used for the latter queues as given below 
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1 The inter departure time of customers from the lo\^ priority queue dcf.«nds 
on the phase of the arrival process to the higher priority queues and hence 
It should be treated as a vector random variable 

2 In the priority system, the time when the first customer arrives at an 
empty queue and the time when the bus> period of the server starts need not 
be identical In view of this, the bus} period of Qi {for i=l, 2) is defi- 
ned to be the time that elapses since the beginning of the service for the 
first customer arriving at Qi and the time when Qi becomes empt} again 

The above generalizations are also useful for the studv of a quciieing s}stem 
in which the service time distribution depends on the state of the input 
arrival process 

9 3 SOME OBSERVATIONS AND CONCLUSIONS DRAWN IN THE EVALUATION 
OF THE QLDs OF THE DUAL PRIORITY’ SYSTEM 
The computation of the QLDs at each of the queues in a dual prior.!} s}stem 
IS posed as the problem of evaluating the busy period distribution (BPD) of 

the higher priority queue, the counting functions associated with the MMPPs to 
QI and Q2 and the probability of finding the queues QI, 02 empty at an 

arbitrary time instant In order to arrive at an efficient procedure for the 

computation of the QLDs. the following problems have been considered 

1 Development of efficient recursive procedures for the computation of the 

busy period distribution of the server in each of the queues when the 

buffer size is either infinite or finite This approach does not require 
the inversion of the LST of BPD 

2 Development of an efficient procedure for the computation of the counting 
functions associated with the MMPPs 

3 Ensuring the convergence of the procedure for the computation of the above 
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counting functions at higher traffic rates 
These problems are solved by exploiting the fact that the serViCe tin-'' 
demand/customer is constant and is the same for each priority class 

Numerical computation of the QLDs requires the evaluation of the invariant 
probability vectors of the transition probability matrices pertaining to 01 
and Q2 Towards this end the following issues are considered in detail 

1 Computation of the probability of finding zero, one cel! at the departure 
instant of cells from Qi (for i=l, 2) using first passage time arguements 

2 Computation of the probability of Qi being empty at an arbitrary t.me t 

3 Evaluation of the moments of the queue lengths at QI and 02 

4 Details and the relative advantages of the computation of the QLDs cf QI 
and Q2 using (i) Gaussian elimination method (ii) Block Toeplitz in*ers.cn 
method and (iii) Recursive procedure 

The following observations are made after considering the above issues 

1 The evaluation of the QLDs using the recursive method requires the 

evaluation of x’ and x" , or equivalently, the probability of QI. Q2 being 
0 0 

empty at their respective departure instants The other two methods do not 
require this step 

2 The evaluation of x’ and x" involves several intermediate steps such 

0 0 

as finding the average number of customers served during the busy periods 
of QI and Q2, finding the invariant probability vectors g’ and g" associa- 
ted with the matrices G’(z,s). G"(z,s) characterizing the busy periods of 
QI and Q2 

3 When the total traffic offered to the server is not very high, the Toeplitz 
matrix inversion method turns out to be more efficient than the other two 
methods for evaluating the QLDs This is because this method exploits the 
structure of Q’(co) and Q"(a)) for minimizing the computational efforts and 
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does not require the evaluation of x’ and x" 

0 0 

4 When the traffic offered to the server is close to the capacitj 
server the computational and storage requirements of metbiods 

become prohibitively high and the recursive method becomes quite attracine 

5 Of all the three methods, the Gaussian elimination metbsod 
minimum implementation effort 


For the evaluation of the QLDs at high traffic rates, two altee^natc approaches 
are suggested In one approach, the Q1 buffer size is treated to be 
the resulting system is studied to evaluate the QLDs In einother 
computation of the QLD of Q2 and the moments of the queue len^h at 0' ^’‘thcat 
evaluating the QLD of Q1 is considered 

It may be noted that the computational and storage complexity req^^ted for 
the evaluation of the QLD of Q1 and Q2 under the priority system increased 

by a factor of O(N^) and O(M^) over that of the corresponding priority 

system (Here M, N denotes the number of phases of the M\lPF»s to 

This is because in the priority system the phases of the MMPPs to bo^b 01 and 

Q2 need to be tracked at all departure instants An approximate which is 

computationally and storagewise efficient is proposed next This rnodei keeps 
track of the phase of only one of the MMPPs at a time Using thi^ mode., 

evaluation of the QLDs of Q1 and Q2 when the input to Q2 is approximated by 


Poisson processes, has also been carried out 

For validating the results obtained through the numerical 
simulation rontmes have been developed For the computation of tn<t 
two simulation models have been used In the first model, denoted 
the traffic to Q2 is assumed to be generated by N2 identical 00 /°" 

in the second model denoted as model B. the traffic is assumed to « 

j -ro he obtai- 

by a single MMPP source The parameters of this source is assumed 
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ned by superposing the N2 on/off sources For obtaining the OLDs of 01 and 02. 
each queue is assumed to be fed by two independent MMPPs 

Results on the computation of the BPD of 02 and the QLDs of 01 and 02 using 
the exact model (model I) and approximate model (model II) are presented next 
for a number of examples and compared with those obtained using simulation 
For numerical computations. We assume the traffic to Q1 and 02 to originate 
from N1 Type i on/off sources and N2 Type j on/off sources, respectively 
(i=j implies identical type of on/off sources to Q1 and Q2) An output link 
of 150 Mbps and a cell size of 53 bytes are assumed The traffic to 01 and 02 
are approximated by two 2 phase MMPPs Knowing the MMPP mode! parameters, 
Q’(®) and Q"(«) are then found and the QLDs are obtained iterativelv Due to 
resource constraints, the evaluation of the OLD is considered only for cases 
where the traffic offered to Q2 is less than or equal to 0 35 For cases where 
the high priority load is greater than 0 35 a finite capacity non-preemptive 
MMPP/D/l/K priority system is suggested for the evaluation When the total 
traffic offered to the server is close to the capacity of the server the 
computational and storage requirements become high and hence in these cases 01 
buffer size is assumed to be finite Based on the examples considered the 
following conclusions are drawn 

1 The BPD of Q2 obtained using simulation models A and B match well and the 
model B requires about 40% less computation time than that of model A 

2 The BPD of Q2 obtained using the computation and simulation agree well 

3 The QLDs of Q1 and Q2 obtained using the exact model agrees well with those 
obtained using simulation in all the examples considered 

4 It appears that model II should not be used if either of the following two 

conditions are true 

(a) if A"/X" is significantly leirger than 1, where X” denotes the arrival 

1 tL 
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rate of the MMPP to Q2 in the ith phase and are labelled such that 
(b) there is a particular phase pair of the two MMPPs which tends to 
overload the server and this phase pair is fairly likely to arise 
In these cases, the model 1 is recommended for computations Otherwise, mod«“l 
II may be preferred due to its simplicity 

5 The QLDs of Q1 computed using model II agrees with those of mode! I at low 
queue lengths even when conditions (a) and (b) are true Because of this 
the probability of Qi being empty at an arbitrary time instant computed 
using model I and II turns out to be essentially the same 

6 The QLD of Q2 computed using all the three methods agree under ah 
conditions 

7 The Iterative procedure for the evaluation of the QLDs of Ql and 02 coni' er- 
ges fast For a relative accuracy of 10 it requires about 8 iterations 

Finally, the results on the computation of the QLDs of Ql and Q2 obtained by 
assuming the traffic to Q2 to be modelled as Poisson process, are presented 
for some typical examples In this case, the QLD of Ql agrees with that 
obtained using model II The QLD of Q2 differs from those of model 1 and 11 at 
higher queue lengths 

9 4 EVALUATION OF THE QUEUEING DELAYS 

The expressions for the distribution of the virtual waiting time of a 
customer arriving at Q2 and its Laplace Steiltjes Transform are obtained 
Using these results, the average queueing delay at Q2 as well as that in Ql 
are obtained Extension of these results for the approximate model as well as 
the degenerate case of non-preemptive WD/i priority system are considered 
For the examples considered earlier for the evaluation of the QLDs, the 
average queueing delays at Ql and Q2 are computed using the exact as well as 
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approximate models and are found to be in agreement with the results obtained 
using simulation For the M/D/1 system, the average queueing delays are 
computed and are found to be in agreement with the results obtained using an 
alternate approach The expression for the LST of the virtual waiting time 
distribution also enables the computation of the percentile of the queueing 
delays at Q2 


9 5 FINITE CAPACITY DUAL PRIORITY SYSTEM 

The computation of the QLDs of a non-preemptive MMPP/D/1 dual priority 
system with finite capacity at Q2 is also considered in this thesis As in the 
inf inite capacity case, the evaluation of the QLDs needs the computation of 
the BPD of Q2 with finite capacity The BPD of the server in Q2 with finite 
capacity differs from the infinite capacity case as follows 

1 Customers arriving when the buffer is full are denied service 

2 The maximum number of customers that can be admitted into the system during 
the service time of a customer depends on the empty space in 02 Because of 
this, the distribution of the first passage times are not identical and 
depends on the state of Q2 

As m the infinite buffer case, a recursive procedure for the computalicr. of 
the BPD IS developed, using the fact that the service time/customer is 
constant Computation of the BPD for the finite rapacity case requires 
considerable computational effort compared to that of the infinite capacity 
case This is because, m the present case to compute the BPD of 02 of 
rapacity A. the BPD of rapacity of 1, 2, A-l should be oompu.ed first An 
indirect method for the efficient computation of the BPD of finite capaC, 02 
proposed Modifications of the equations of the infinite capacity system 


IS 


for the present case is discussed 
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The busy period distribution at Q2 is computed for some examples using both 
the direct and indirect methods The latter method is found to require 507. 
less computation time The BPD numerically computed is also compared with the 
simulation results and is found to match well For some typical j " of 
traffic from on/off sources, the QLDs at Ql and Q2 are evaluated using the 
exact model and the approximate model and compared with simulation results 
The conclusions drawn for the infinite capacity is found to be valid for this 
case as well Computation of the average queueing delays is also considered 
for the finite capacity case 

9 6 EXTENSION FOR THREE OR MORE PRIORITY CLASSES 


Finally, the computation of the QLDs and the queueing delays of a non- 
preemptive MMPP/D/1 priority system with more than two priority classes are 
considered The traffic from each priority class is assumed to arrive at 
separate queues and demand the same service time of D sec /customer The 
computation of the QLD of a triple priority system is considered first and the 
extension of this result for higher number of priority classes are indicated 
The computation of the average queueing delay also proceeds in a similar 

f ashion 


9 7 SUGGESTIONS FOR FURTHER WORK 

The following problems may be taken for further work* 

1 The evaluation of the LST of the lower priority queues 
of the queueing delays at these queues 

2 Study of a non-preemptive priority system m 


and the percentile 


which the service 


time/customer is 


constant but its actual value depends on the priority 


class 


3 Study of service and space 


priority mechanisms together. 






fate 

This boolT^ to be returned on the 
date last stamped 


££- - f)- VEM- <5'^'= 



